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The connection between the S matrix and causality suggested by Kronig is analyzed, and it is found that 
the condition of causality implies that the poles of the analytical functions S(&) are either on the imaginary 
axis or in the lower half-plane. The possibility of a close connection between the properties of the derivative 
R matrix and causality is also analyzed. Although all the properties of the R matrix could not be deduced 
from the requirements of causality, it is considered as an encouraging preliminary result that: (1) The 
referred distribution of the poles of S(&) can be obtained from the properties of the R matrix. (2) These 
properties of the corresponding R matrix are unchanged under a transformation S(k)—>e***S(k), with X 
positive, which preserves the causal nature of the theory. 


T has been suggested recently! that the imposition of 
the causality condition on the scattering matrix 

(S matrix) formalism? for the scattering of particles 
would result in a supplementary condition for the S 
matrix. “Causality condition” in this connection means 
that there can be no scattered wave before tlie incident 
wave reaches the scatterer. It seems also natural to 
surmise that this causality condition is the deeper cause 
of the properties of the R function® (the reciprocal 
logarithmic derivative of the wave function) found 
recently by Wigner and Eisenbud.‘ According to the 
latter, the R matrix is a single-valued analytic function 
of the energy E. It is real for real EZ, its poles are all on 
the real axis and have negative residues. It follows from 
this condition that, if R(Z) is regarded as a function of 
complex £, its imaginary part has the same sign as the 


*A preliminary report on this work has been published in 
Anais acad. brasil. cienc. 22, 348-I (1950). 

t Rockefeller Foundation Fellow at Princeton University at the 
time when this work was started. 

t On leave of absence from the University of Sado Paulo, Brazil, 
with a Rockefeller Foundation Fellowship. Present address: 
Departamento de Fisica da Universidade de Sado Paulo, Sao 
Paulo, Brasil. 

1R. Kronig, Physica 12, 543 (1946). 

2J. A. Wheeler, Phys. Rev. 52 (1107(1937); W. Heisenberg, 
Z. Physik 120, 513, 673 (1943), Z. Naturforsch. 1, 608 (1946). 

3 This surmise made by Professor E. P. Wigner was the starting 
point of the present investigation. 

4E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 


imaginary part of E; we shall call any function with 
this property an “R function.” 

We have not succeeded in deriving all the above 
properties of the R matrix from the requirements of 
causality. However, we have derived a consequence of 
these properties, for the S matrix, which may be of con- 
siderable interest, since it permits one to understand the 
behavior of the cross sections within not too wide 
ranges of the energy.® This property is the analog of 
the one discovered by Foster, Campbell, and Zobel* for 
radio amplifiers and by Krénig and Kramers’ for the 
scattering of light on atoms.® For these cases the above 
authors have shown that the poles of the scattering 
function S are all in the lower half-plane of £. 

We shall restrict ourselves in what follows to the 
S-scattering of nonrelativistic particles by a scatterer 
of finite radius a, and shall derive first the property in 
question from the properties of the R function. In the 
case in question, the connection between the scattering 


5 Pp. L. Kapur and R. Peierls, Proc. Roy. Soc. (London) A166, 
277 (1938); A. Siegert, Phys. Rev. 56, 750 (1939). 

6 See various articles in Bell System Tech. J., 1922-1924. 

7H. A. Kramers, Atti. Congr. di Fisica, Como, 1927, p. 545; 
R. Kronig, Nederland. Tidschr. Naturrk. 9, 402 (1942). 

8 Professor {. A. Wheeler and Mr. J. Tol! recently made an 
extensive analysis of this question and related ones. We are 
thankful to them for letting us see a preliminary draft of their 


paper. 
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function S and the derivative function R is‘ 
S(k) = e7***9(1+-72R)/(1—ikR), (1) 


1 S(k)e*#**—1 
RR) ern, (1a) 
ik S(k)e?**2+-1 
where & is the wave number of the incident particle and 
a is the point at which the reciprocal logarithmic 
derivative is taken. It follows from (1) immediately that 


S(—k)=1/S(k) (2) 


and from the real nature of R, i.e., from R(k*)=R(k)* 


that 
S(k*) = 1/S(k)*. (2a) 


Both these equations are well known and have general 
validity; they can be derived also directly from the 
properties of the S function. Equation (2a) corresponds 
to the unitarity condition for real k. 

It follows from (1) that S can have poles only where 
1—ikR=0. Let us write k=k,+2k. and R=R,+iR2; 
the sign of R; is then the same as that of the imaginary 
part of E, i.e., that of kike. From 1—ikR=0 we then 
obtain the following two equations: 


1+ Riko+ Roki =0, (3) 
kiRi— k2R2=0. (3a) 


Elimination of R, gives 
ki + Ro(kP+ k.?)=0. (3b) 


It follows that k; and R, have opposite signs at the 
poles of S. Since the sign of R2 is the same as that of kiko, 
it also follows that S can have poles only where either 
ki=0 or k2<0. 

It is this consequence from (1) and the properties of 
the R matrix which we shall now derive from the re- 
quirements of causality. 

For this purpose we form a wave packet of incident 
S-waves 

¥i(r, )= g(r, t)/r, (4) 
where 


ele, = f sersceertras, (5) 
0 
The corresponding scattered wave is 
g(r, =f [S(k)—1]f(k)e~*2*-" dk, (Sa) 
0 


these formulas being valid for r>a, and S(k) being the 
S matrix (here an ordinary function). We use natural 
units: c=h=1. We then postulate that if y,; vanishes 
at the boundary of the scatterer (r=a) for all times 
t<to, the same shall hold also for ¢, at all points outside 
the scatterer. This is equivalent, in view of the con- 
tinuity equation, to the condition that there will be no 
scattering before the incident wave reaches the scat- 
terer. 
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It is convenient to express first the integrals in (5) 
and (5a) in terms of the energy: 


ode, te f e(E)e-tBtting ER, (6) - 
0 


t= 1 [S(k)—1]e(B)e-i'-# dE, (6a) 


where g(#)=/(k)M/k, M being the mass of the particle. 

It should be observed here that since in general 
S(k)#S(—k), the analytical continuation of the func- 
tion S(Z£) is a two-valued function. As a result, we have 
to make use of two riemannian sheets in the energy 
plane. We make the cut along the positive real axis and 
proceed in the continuation in such a way that the 
upper and lower half-planes in the first sheet cor- 
respond, respectively, to the first and second quadrants 
of the & plane, and those of the second sheet correspond 
to the third and fourth quadrants. 

We consider then the function S(£) in the first sheet 
and define the quantity 


} 


+0 
a(r, 6) = ; [S(E’)—1]Je-@"-"' dE’, (7) 


T Vw 


where p> 2a. If there is any pole on the negative real 
axis (poles on the positive axis are excluded by the 
unitarity of the S(&) matrix for real k), the expression 
(7) is to be understood as the limit of the corresponding 
integral taken along a line in the upper half-plane when 
this line approaches the real axis. Here we should be 
careful and analyze the behavior of the integrand of 
the expression (7), since it is known that the function 
S(E) has in general a singularity of the type e~***/E 
at the point — © of the real E axis, which might “blow 
out” the integral. The presence of the factor e** with 
p> 2a is, however, enough to remove that singularity. 

It is clear then that the scattered wave given by ex- 
pression (6a) can be expressed as 


+o 
adicte f o(t—U;rtr)elr’, td! 8) 


for r, r’ >a. In particular for r’=a we have 


+0 


¢.(r, o-f o(t—t’; a+r) ¢,(a, t’)dt’. (9) 


—2 


Equation (9) expresses the fact that if g, is known at all 
times at the surface of the scatterer, then the scattered 
wave ¢, is determined for all times at any point outside 
the scatterer. 

It is clear that the causality condition referred to 
before implies that 


¢g.(r, t)=0 for r>a and t<0 (10) 





SCATTERING AND 


if we have 


(11) 


As Eq. (10) should hold true regardless of the type of 
time dependence of the incident wave ¢; for times larger 
than zero, it follows from Eq. (9) that 


o(r, r+a)=0 for r<0, r>a 


gi(a, t)=0 for t<0. 


(12) 


or, on account of the definition (7): 


+a 


f [S(E)—1]e [Er—k(at+r) gE =Q 


(13) 


for all r<0 and r2a. It is clear that, since S(E)e*"t™ 
is regular at infinity in the upper half-plane of the first 
sheet, we can close the path of integration on (13) by 
the upper half-circle at infinity, as both e~‘¥", for r<0, 
and e* +) (a and r are positive) are regular in this 
half-circle. Since (13) is to be satisfied for any negative r 
and for r>a, we see that the analytical function S(EZ) 
should have no poles in the upper half-plane of the first 
riemannian sheet (except the negative real axis). 
Translating this from the E to the & plane, we see that 
the causality condition requires that S(k) have no pole 
in the first quadrant, the positive imaginary axis ex- 
cluded. This condition on the S matrix is both neces- 
sary and sufficient in order to assure the causality. 

From here on we continue the analysis by means of 
the & plane [i.e., use S(k)], since the fact that S(Z) is 
two-valued makes the analysis in the EZ plane more 
cumbersome. 

If we take into account the fact that S(R) satisfies 
the relation (2b), we find that S(k) will have no poles 
in the second quadrant either. We have thus obtained 
from the causality condition the same result which was 
obtained before from the properties of the R matrix: 
that the poles of S(%) are either on the imaginary axis 
or in the lower half-plane. 

Although the results of the above analysis seem to 
indicate that there is a connection between causality 
and the properties of the R matrix, we were not able 
to derive all the properties of the R matrix from the 
causality requirements alone. We think, however, that 
the following example seems to be an even stronger 
indication of a deeper connection between causality and 
the properties of the function R (say, that of being an 
“R function”) and may be of some help for the under- 
standing of this relationship. 

Let us call a function S(k) “causal” if from the 
vanishing of ¢,(r, ¢) of (5) for t<t, r=a, the vanishing 
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of ¢,(r, t) for t<to, r>a follows. Thus we have shown 
that the necessary and sufficient condition for the 
S matrix to be causal is that S(k)e**(p> 2a) be regular 
in the upper half of the E-plane (first riemannian 
sheet). 

Now since e for \>0 is regular in the upper E-plane, 
we see that the “causal” nature of S(z) implies the 
causal nature of the function 


Silk) = S(k)e™. (14) 


Thus it is natural to ask whether the condition that the 
function R(k) which is related to S(k) by (1a) be an 
“R function” will entail a similar property for the 
function R,(k) which is related to the new “causal” 
function S;(z) by 


1 Sye?**e— 1 


1= . (14a) 
tk S,e?***+-1 

In other words, we ask whether the transformation (14), 

which preserves the “causal” nature of the S matrix, 

does not change the “R function” nature of the cor- 

responding function R. This question will indeed be 

answered in the affirmative. 

Let us first express R; in terms of R: 


k-' tan(kA) + R(k) 


i (15) 
1—k tan(kA)R(k) 


Ri(k) 





Now we observe that the homographic transformation, 
: k-' tan(kA)+Z 
Y =< —____—_ 


= , (16) 
1—k tan(kA)Z 


A>0, 


is such that: 


(a) If the imaginary part of & (or of R) is positive, 
any number Z with positive imaginary part goes into a 
number W with positive imaginary part. 

(b) If the imaginary part of k is negative, any 
number Z with negative imaginary part goes into a W 
with negative imaginary part. 


This proves that, if R is an ““R function,” then R; given 
by (15) is also an “R function.” 

We understand that Professor John A. Wheeler has 
found, using a somewhat different approach, some of 
the results given in this paper. 

We wish to express our thanks,to Professors E. P. 
Wigner and V. Bargmann for many helpful discussions, 
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Energy-Angle Distribution of Thin Target Bremsstrahlung 


L. I. Scuirr 
Stanford University, Stanford, California 
(Received April 4, 1951) 


The differential bremsstrahlung cross section of Bethe and Heitler is integrated over scattered electron 
angles to obtain an expression for the distribution in energy and angle of the radiation from fast electrons 
in very thin targets. Screening is taken into account through the assumption of an atomic potential 
(Ze/r) exp(—r/a), and the calculation is restricted to high energies and to small to moderate angles. The 
result is the same as that of Sommerfeld for no screening, except that the argument of the logarithm now 
depends on angle as well as on energy. Integration of this expression over gamma-ray angle gives an analytic 
formula for the total intensity that is nowhere more than a few percent higher than the Bethe-Heitler result 
calculated numerically on the basis of the Thomas-Fermi potential. 





HIS paper reports the result of the integration of 

the Bethe-Heitler differential bremsstrahlung 
cross section! over the angles of the scattered electron 
to obtain the distribution in energy and angle of the 
radiation from fast electrons in very thin targets. 
Targets thin enough for the present result to be directly 
applicable can be realized with linear accelerators, 
although probably not with betatrons or synchrotrons. 
This result may also prove to be of interest as a basis 
for further calculations on thick targets or on multiple 
traversals of thin targets. Calculations of this latter 
type that do not depend sensitively on the angle dis- 
tribution of the primary bremsstrahlung have already 
been made. The effect of multiple scattering on the 
thick target angle distribution’ has received satisfactory 
experimental verification,’ as have also the effects of 
multiple scattering and radiation loss on the energy 
spectrum. 

In connection with the calculations reported in 
reference 2, an approximate expression for the energy 
distribution of the radiation in the forward direction 
was obtained but not published at the time. This for- 
mula® agrees with that obtained by setting x=0 
(forward direction) in Eqs. (1) and (2) below, except 
that the constant C was estimated to be 191 instead of 
the more nearly correct value 111 given below. Except 
for very thin targets, however, this theoretical distri- 
bution would not be expected to give a precise account 
of the observed energy spectrum in the forward direc- 
tion, because of multiple scattering and radiation loss 
in the target.? 

In what follows, we use the notation of reference 1, 
according to which Ep is the energy of the incident elec- 
tron, E that of the scattered electron, k= Ey)—E that 
of the radiated quantum, u= mc? the rest energy of an 


1W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, London, 1944), second edition, p. 164. 

2 L. I. Schiff, Phys. Rev. 70, 87 (1946). 

*D. W. Kerst and E. M. McMillan (private communications) ; 


H. W. Koch and R. E. Carter, Phys. Rev. 77, 165 (1950); J. D: 
Lawson, Proc. Phys. Soc. (London) 63A, 653 (1950). 

* Powell, Hartsough, and Hill, Phys. Rev. 81, 213 (1951); L. 
Eyges, Phys. Rev. 81, 981 (1951). 

’G. D. Adams, Phys. Rev. 74, 1707 (1948); Johns, Katz, 
Douglas, and Haslam, Phys. Rev. 80, 1062 (1950). 


electron, and @ the angle between the quantum and the 
incident electron. The scattering atom, of atomic number 
Z, is represented by the potential (Ze/r) exp(—r/a), 
where a is chosen to be inversely proportional to the 
cube root of the atomic number, in general accord with 
the Thomas-Fermi model. In particular, we assume that 

= (C/137)(h®?/meZ*) =Ch/mcZ', where C is a dimen- 
sionless number of order 137, which is determined 
below by comparison with the numerical calculation of 
the energy spectrum when the screening is complete and 
the Thomas-Fermi potential is used. The atomic form 
factor that corresponds to the approximate potential 
assumed above is F(g)=[1+(ag/hc)*]}“. The differ- 
ential cross section' must then be multiplied by 
[1—F(q) F. 

In the absence of screening (F=0), the integration 
over the angles associated with the scattered electron 
has been performed by Sommerfeld.® In that calcula- 
tion, as well as in the present one, it is assumed that Ep, 
E, and & are all large in comparison with yu, and only 
leading terms are retained. Since most of the radiation 
comes off at angles @:y/Zo, it turns out that neither 
calculation is valid for angles large in comparison with 
u/Eo. The large angle distribution has been treated by 
Hough,’ and makes only a higher order contribution to 
the integrated energy spectrum; since only large 
momentum transfers need be considered in that case, 
screening can be ignored, while the finite size of the 
nucleus, which can be neglected in the present calcula- 
tion, must be taken into account. 

In performing the integration over scattered electron 
angles, terms of order (Z*/C)? are neglected in compari- 
son with unity. Further, the result obtained is not 
accurate for angles ~Z*/CE» or (u/Ep)*; however, 
these limiting angles are small enough to be of little 
physical interest, and the contribution to the integrated 
energy spectrum from this region is of higher order. It 


6A. Sommerfeld, Wellenmechanik (Ungar, New York) or 
Atombau und Spektrallinien (Friedrich Vieweg & Sohn, Braun- 
schweig, 1939), Vol. 2, p. 551. 
7p. . Hough, Phys. Rev. 74, 80 (1948); G. Parzen, Phys. 
Rev. 81, * 808 (1951) shows that the errors inherent in the use of 
the Born approximation, on which the Bethe-Heitler formula is 
based, are much less important for small than for large angles. 
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ENERGY-ANGLE 


is convenient to replace 0) by the reduced angle 
x= Eo9o/u. The cross section that gives the energy-angle 
distribution is then 


a(k, x)dkdx 


4Z?/ e? \2 dk 16x°E (Eo+ E)? 
-—( ) nds | Prt ts on 
137\mc?7_ k (x?+1)4Ey (x?+1)*E,? 
E+E? 40°F 


cnc tenia —| in, (1) 
(x?+ 1)?E9? (a? 1)4E 


1 uk \2 Z 2 
i()Heea) 
M(x) 2EcE/ - C(x?+-1) 


This agrees with Sommerfeld’s result® when Z is set 
equal to zero in the logarithm (no screening). 

Equation (1) can be integrated over x to obtain the 
energy spectrum. It is sufficiently accurate to take the 
upper limit equal to %, in which case 


@ 


ak f a(k, x)dx 
2z? ( e se | “te 2E ) 
“137\meF h Et 3k 


2 Eft 2 
x (inae(0)+1—= tan »)+ | ~ In(1+-?) 


y ,2 
«0 


tan~'b— + 
36 3b? 9 


4(2—b*) 8 “| 


+, (3) 


where 6= (2E,EZ'/Cyuk), and M(0) is given by Eq. (2) 
with x=0. Equation (3) is also obtained if the form 
factor used here is substituted into Eq. (50) of Bethe’s 
paper ;* this provides a welcome check on Eqs. (1) and 
(2). The constant C can be evaluated by comparison 
with Eq. (54) of reference 8 for complete screening; this 
leads to® 


C= 183/e§=111. 


The validity of the approximate form factor used 
here can be estimated by comparing Eq. (3) with the 
numerical results, which are based on the Thomas-Fermi 
form factor presented in Fig. 1 and Table I of the paper 
by Bethe and Heitler.!° With the choice of C above, the 
present results are correct for complete screening and 


5H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934). 

® A small correction, neglected here, has been pointed out by 
J. H. Bartlett, Jr., Phys. Rev. 55, 803 (1939). 

© H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
(1934). 
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Fic. 1. Plots of the curly bracket in Eq. (1) against the reduced 
angle x= E0)/u for Z=92 and complete screening. The labels on 
the curves are values of k/Epo. 


for no screening. In between, Eq. (3) is larger than it 
should be by less than 2 percent for moderate values 
of Z, and is never more than 4 percent high in the 
worst case of large Z and energies such that the screen- 
ing is incomplete (when the two factors on the right 
side of Eq. (2) have the same order of magnitude). It is 
useful to note that the square bracket term that multi- 
plies E/E» in Eq. (3) equals 2/9 at b=, decreases 
monotonically as 6 decreases, and can be neglected for 
b<3. 

The curly bracket in Eq. (1), which is proportional to 
the differential gamma-ray infensily (not cross section) 
per unit solid angle, is plotted in Fig. 1 as a function of 
x for several values of k/Eo, for the particular case of 
complete screening and Z=92. Complete screening 
implies that (2E,E/uk)*>>[C(2*+1)/Z'F, so that in 
this case the plotted curves are independent of the 
value of Eo. For x2, the ratio [2E,.EZ*/C(2?+1) uk 
is greater than or equal to 5 in the following cases: 
k=0.95 Eo, ‘o= 1300 Mev; k=0.9E, E,o=620 Mev; 
k=0.8Eo, Eo=270 Mev; k=0.6Eo), Eyp=100 Mev; 
k=0.4Eo, Ex>=46 Mev; k=0.2Eo, Eyp=17 Mev. In 
similar fashion, the left half of Fig. 1 (x1) is a useful 
approximation for values of Eo that exceed 40 percent 
of the limits quoted immediately above. 

It is very likely that any reasonable choice of atomic 
form factor would alter only the dependence of M(x) 
on x, given by Eq. (2), and not affect the rest of Eq. (1). 
However, a satisfactory proof of this point has not been 
devised ; such a proof would probably make it possible 
to express M(x) in terms of the atomic form factor. 
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Behavior of Space Charge in Diamond Crystal Counters under Illumination. I* 


A. G. Caynowetut 
Wheatstone Physics Laboratory, University of London, King’s College, London, England 
(Received April 9, 1951) 


The development of a technique is described whereby alternate 
electric field pulses and white light flashes are used to overcome 
the difficulty of the formation of space charge in a diamond 
crystal counter when subjected to bombardment by §-particles. 
Using the method, a study is made of the behavior of the space 
charge field when the electric field strength and flash intensity 
are varied. The manner in which the space charge grows and 
decays with time depending on the conditions of the experiment 
is described. It is shown how, under suitable conditions, steady 
counting-rates can be obtained and in particular, how the be- 
havior of the counter under space charge free conditions can be 
investigated. Qualitative results are also given concerning the 
effect of illumination of the counter with red and infrared light 


instead of white light. 
A FUNDAMENTAL disadvantage that as yet 
limits the use of conductivity crystal counters as 
detectors for nuclear radiations is the continual growth 
of a space charge field inside the crystal as the bombard- 
ment proceeds. This space charge field opposes the 
applied field, thus causing the height of the charge 
pulses produced by particles of given energy to decrease 
with time. Such behavior is obviously undesirable if 
the counter is to be of practical use; and, accordingly, 
a technique has to be devised whereby this difficulty 
can be overcome. Methods which allow the behavior 
of the crystal to be studied under conditions of freedom 
from space charge have been described by several 
authors. One of the earliest methods was that used by 
Gudden and Pohl! for studying the photoconductivity 
of diamond. When a space charge had formed, it was 
removed during a period in which the crystal was 
illuminated with red light alone, thereby causing the 
trapped electrons and holes to be released. Another 
method that has been used is to apply alternating fields 
to the crystal ;? the space charge that forms during the 
first half-cycle is then neutralized by an equal but 
opposite space charge field formed during the second 
half-cycle. Recently, this technique has been used very 
successfully by McKay;’ the applied field followed a 
sine wave and the bombardment with a high intensity 
beam of low energy electrons took place at only the 
positive and negative crests of the field cycle. This 
arrangement, though admirable for the purpose of the 
above experiments in which the actual response of the 
crystal to radiations was being studied, would not be 
so suitable when using the crystal as a counter, since 
the crystal would be inactive for much the greater part 


* N.R.C. No. 2455. 
¢ Present address: Division of Chemistry, National Research 
Council, Ottawa, Ontario, Canada. 
1 B. Gudden and R. Pohl, Z. Physik 16, 170 (1923), et seg. 
2 L. F. Wouters and R. S. Christian, Phys. Rev. 72, 1127 (1947). 
*K. G. McKay, Phys. Rev. 74, 1606 (1948) ; and 77, 816 (1950). 


Preliminary experiments on the effect of temperature on the 
counter suggest the possibility of permanently preventing the 
formation of space charge by keeping the temperature of the 
counter sufficiently high. It is also indicated how experiments at 
different temperatures could yield information concerning the 
distribution of trap depths in the crystal and the mean lifetimes 
of trapped electrons and holes. 

A new approach to the problems of solid state physics has thus 
been developed. The great advantage that it possesses over 
luminescence methods is that it does not require the emission of 
light in order to study the electron transitions between trapping 
states and the ground state and consequently, radiationless 
transitions can be investigated. 


of the field cycle. By making the applied field of square- 
wave form this criticism could be to a large extent 
removed, and in experiments where the counter field 
could be synchronized with some other function of the 
apparatus, as in a pulsed output from a cyclotron, this 
arrangement would possibly prove quite suitable.* 

Summarizing, although the space charge difficulty can 
be overcome in certain cases, none of the above methods 
are entirely satisfactory if the crystal is to be used as a 
counter for nuclear experiments on account of the 
relatively long intervening periods required for de- 
polarizing the crystal. In this case, it is much more 
desirable to have a continuously sensitive counter, or 
at least a counter that is operative for a large proportion 
of the time of the experiment. 


PRELIMINARY EXPERIMENTS WITH ILLUMINATION 


In diamond the space charge field that opposes the 
applied field is caused by electrons and positive holes 
that have become held in trapping centers throughout 
the crystal. Little is known about the nature of these 
traps in diamond, especially those for the positive 
holes; but for electrons, it has been reported*® that 
their depths appear to lie between 0.25 and 0.75 
electron-volt. It should therefore be possible to eject 
these trapped electrons by irradiating the crystal with 
light of appropriate wavelengths, i.e., with the red and 
near infrared part of the spectrum. The ejection of 
trapped electrons in this way, using light or by warming 
the crystal, has been suggested before,® although few 
detailed reports of the use of light in this respect, i.e., 
in connection with crystal counters, have been pub- 
lished. In an earlier letter? the author reported the 

4R. R. Newton, Phys. Rev. 75, 234 (1949), quotes the experi- 
ments of A. J. Ahearn to estimate that the trap depths lie between 
0.25 and 0.75 electron-volt. 

5 C. Bull and G. F. J. Garlick, Proc. Phys. Soc. (London) A63, 
1283 (1950). 

6 E.g., R. Hofstadter, Nucleonics 4, 14 (1949). 
7A. G. Chynoweth, Phys. Rev. 76, 310 (1949). 
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maintenance of a steady counting rate in diamond 
crystal counters under alpha-ray bombardment by 
simultaneously illuminating the crystal with the light 
from a Nernst filament. These results showed that the 
illumination was efficient in removing the space charge 
field that formed in the crystal, although their complete 
interpretation must take intw account some ionization 
of the surrounding air by the a-particles. Because of 
this effect, quantitative examination of the results was 
not possible. Results which seem to confirm, at least 
partially, the author’s findings have been given by 
Freeman and van der Velden.* Willardson and Daniel- 
son’ have also published somewhat similar results of 
experiments in which diamond crystal counters were 
illuminated while under bombardment with beta-rays. 

In repeating the experiments of Willardson and 
Danielson, the author found several diamonds that 
responded to the beta-rays from radium £; but, when 
illuminated with the unfiltered light from the Nernst 
filament, they all showed behavior very similar to that 
of the specimen TSC-2 of Willardson and Danielson; 
that is, no great or permanent improvement in the 
counting rate was obtained on illumination. At its 
commencement, however, the counting rate did exhibit 
a transient increase, this increase quickly giving way to 
a continuing decay. The rate of decay under illumina- 
tion was found to increase with the intensity of the 
light. A similar behavior was obtained with either of 
two arrangements of the electrodes: (i) when placed 
on opposite parallel faces of the crystal, (ii) when on 
the same face and separated by a gap of about 2 mm. 
The explanation of these phenomena is possibly as 
follows. In the dark, as the bombardment proceeds, a 
space charge will accumulate, the electrons being 
trapped mainly towards the anode and the positive 
holes towards the cathode. In the given experimental 
conditions it is likely that, except at the lowest applied 
fields, the “centers of gravity” of these negative and 
positive space charge distributions will be fairly close 
to their respective electrodes. In this case, it is the 
net field (equal to the difference between the applied 
field and the space charge field) which will be the main 
factor controlling the size of the pulse caused by a 
particle of given energy, especially with the second 
electrode arrangement. The effect of illuminating the 
crystal with visible and infrared wavelengths will be to 
cause many of the trapped electrons and holes to be 
freed. Under the action of the field they can then move 
closer to the electrodes, either reaching them or be- 
coming retrapped on the way. Hence, the over-all effect 
will be that the centers of gravity will have moved 
apart to a slight extent and, therefore, the net field over 
the greater portion of the crystal lying between the 


8H. A. van der Velden and G. P. Freeman, Physica 16, 493 
(1950). Also G. P. Freeman and H. A. van der Velden, Physica 
16, 486 (1950). 

*R. K. Willardson and G. C. Danielson, Phys. Rev. 77, 300 
(1950). 
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planes parallel to the electrodes and passing through 
the centers of gravity will have increased slightly. 
Consequently, there will be a small rise in the pulse 
height and, likewise, the counting rate will show an 
increase, since there is a wide distribution of pulse 
heights. Thereafter, as the bombardment continues, the 
space charge will proceed to accumulate as before, 
though in its new distribution, and again the counting 
rate will decay. If the light is itself capable of creating 
electron-hole pairs by some mechanism, either from the 
lattice atoms, from any impurity atoms present, or by 
any other process, the space charge will grow still 
more rapidly and the counting rate will show a steeper 
rate of decay. 

Since all the available crystals that responded to 
beta-rays showed a similar behavior to that just 
described, illumination of the crystal simultaneously 
with the bombardment was useless as a means of 
removing the space charge difficulty; in fact, the diffi- 
culty was made worse by the illumination. Conse- 
quently, a reversion had to be made to pulsing tech- 
niques in order to study the space charge free behavior 
of the crystals. In order that the inoperative time of the 
counter could be reduced to a minimum, the scheme 
that was finally adopted was as follows. Alternately, a 
field pulse and a light flash were applied to the crystal. 
During the field pulse, with the crystal in the dark, a 
space charge formed. The field was then removed and a 
brief light flash was given to the crystal. The light 
caused many of the trapped holes and electrons to be 
released; and, when free, they could drift through the 
crystal lattice under the influence of the residual space 
charge field. The latter would cause the electrons and 
holes to drift towards each other, and from the results 
of McKay’s work it appears probable that most of 
these freed electrons and holes would recombine, thus 
reducing the space charge field. Even if recombination 
were far from complete, the electrons and holes would 
have drifted nearer to each other (i.e., the positive and 
negative space charge regions would have intermingled), 
and the net effect of the light flash would again be a 
reduction in the space charge field. In addition, the 
light may also free electrons and holes from the lattice 
and impurity atoms. When free, these would behave 
just like those electrons and holes freed from traps and 
the space charge neutralization process would take 
place even more rapidly. If, therefore, the light intensity 
were sufficiently great, almost all the space charge 
formed during the field pulse could be dispersed and 
neutralized during the subsequent light flash. Hence, 
when these conditions had been reached, any further 
increase in the light intensity produced no appreciable 
change in the recorded value of the counting rate. 
With increasing light intensity the neutralization 
process could be completed more rapidly, thus making 
it possible to operate the counter in the normal manner 
for a greater proportion of the time. With very high 
light intensities, as long as the rate of influx of charged 
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Fic. 1. Schematic representation of the experimental arrangement. 


particles was not too great, the duration of the field 
pulse could be made much greater than that of the 
light flash. 


EXPERIMENTAL ARRANGEMENT 


The experiments to be described below were all made 
using the second arrangement of the electrodes, i.e., 
the two electrodes were placed on the same face of the 
crystal. The brass electrodes were made thick enough 
to prevent the most energetic of the beta-particles used 
from reaching the crystal except through the gap 
between them. Experiments were made in which (i) the 
brass electrodes which were clamped on to the diamond 
made contact with it via evaporated aluminum elec- 
trodes also separated by the same distance, and (ii) no 
evaporated electrodes were used. It was found that the 
behavior of the counter was similar, qualitatively, in 
both arrangements and, in most of the experiments 
described, no evaporated electrodes were used. The 
fact that the behavior was very much the same in 
both these arrangements suggests that, as expected, 
the majority of the trapping centers for the electrons 
and holes responsible for the accumulation of a space 
charge at the low applied fields used exist in the body 
of the crystal and not at the crystal electrode boundaries. 

Though preliminary tests were made on a number of 
diamonds, all the experiments to be described were 
performed on only one specimen. The diamond used 
was a twinned triangularly shaped crystal about three 
mm thick. On macroscopic examination, it appeared 
to be very free from mechanical flaws such as lamina- 
tions and fractures. Between crossed polaroids, most 
of the crystal was seen to be strongly birefringent 
except at the vertices of the triangle, and there were 
two dark streaks running right across the crystal from 
two of the vertices to the opposite sides. The ultraviolet 
transmission spectrum of the diamond showed that it 
transmitted down to wavelengths of at least 2500A. 

The crystal and the electrodes were assembled on a 
polythene insulator in such.a way that no polythene 
was actually exposed to the radiations. One electrode 


was attached to the control grid of the input valve by a 
very short wire, the grid leak being 3X 10° ohms. The 
other electrode could be held at any positive or negative 
voltage required. A slow, non-feedback amplifier of 
the type used for electron collection in gas ionization 
chambers was employed; it had time constants of the 
order of 10~* sec. The output pulses from the amplifier 
were fed into a scaling circuit via a pulse height dis- 
criminator. To keep the temperature of the crystal 
steady, a heating coil was placed around the crystal 
holder and a thermojunction for recording the temper- 
ature was mounted so that it almost touched the 
crystal. 

The light from the Nernst filament was focused on 
to the crystal by an aluminized concave mirror and the 
flashes were controlled by a light shutter that was 
caused to move sharply in and out of the light beam 
by electromagnets. Light intensities were measured 
with a photoelectric cell. The field applied to the 
crystal could be removed by earthing the H.T. line 
through a leak resistance using an electromagnetic 
relay. Hence, the field pulse and the light flash could be 
alternated by suitable timing of the relay and electro- 
magnetic circuits; this latter was controlled by a 
commutator, the action of which can be understood by 
referring to Fig. 1. The commutator consisted of a 
cylindrical drum of Tufnol, one foot long and three 
inches in diameter. It was rotated at a constant speed 
of 30 rpm by a synchronous motor. Wrapped round 
this drum and stretching from one end to the other 
was a thin sheet of soft copper, which if flattened out, 
would have the shape of an isosceles triangle. The apex 
of the triangle was clamped at one end of the drum, 
while the base was wrapped round the other so that the 
base angles of the triangle just overlapped. Pressing 
against the drum as it rotated were four phosphor 
bronze contacts, one of which was in continual contact 
with the base end of the triangle. Through the latter 
current was fed from the dc mains; and, when the 
triangular sheet completed the circuit, the current was 
tapped off via the other contacts to activate the 
electromagnetic relays. 

As the drum rotated, contact 1 was the first to be 
made, and this activated the electromagnet which 
caused the shutter to cut off the illumination from the 
crystal. Next, contact 2 was made causing the field to 
be applied to the crystal. Disregarding for the moment 
contact 3, it is seen that as the rotation continued, 
contact 2 was the first to be broken, thereby cutting off 
the field. This was followed by the breaking of contact 
1 which caused the electromagnet to withdraw the 
shutter from the light beam, thereby illuminating the 
crystal. By suitable placing of the contacts 1 and 2 
along the drum, the ratio of the durations of the field 
pulse and the light flash could be varied within very 
wide limits. In practice, it was found that sparks at 
the various makes and breaks resulted in an undesirable 
background counting rate even when a large number of 
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smoothing circuits had been added. Consequently, a 
third electrode was placed on the drum as shown. This 
activated another relay immediately after the field had 
been switched on, causing the pulses from the discrimi- 
nator to be fed into the scaler. When contact 3 was 
broken immediately before. removing the field, the 
pulses were diverted to earth. Hence the scaler was 
operative only while a field was applied to the crystal, 
and during this time no other makes or breaks occurred. 
In this way the background counting rate due to all 
causes (radioactive contamination, spurious electronic 
pulses, and the pick-up of external transients) was 
found to be reduced to the order of, at most, 5/minute 
and was therefore entirely negligible compared with 
the counting rates used. 


FIELD-LIGHT CYCLE 


During the field pulse, the space charge will show 
an increase, this being followed by a decrease during 
the subsequent light flash. Let the space charge field 
be represented by the number of trapped electrons, n, 
and let No correspond to the space charge field that 
exactly balances the applied field. Suppose that at the 
commencement of a light flash there are No trapped 
electrons. Then, during the flash this number will 
decrease to a value ';, only to increase again to a value 
Ni’ during the subsequent field pulse. If the intensity 
of the light, J, is sufficiently great, No— JN; is greater 
than N,/—N;,. The space charge field will therefore 
vary with time in a manner similar to that shown in 
Fig. 2; and, in time, a condition of equilibrium will be 
attained in which the amount of space charge formed 
during a field pulse is equal to the amount removed 
during a light flash. 

During the light flash, the fall in the space charge 
may be ascribed to several causes: 

1. The light will release trapped electrons and holes, 
the probability of an electron being released in time dé 
being proportional to nJdt. 

2. Over the region into which the beta-particles 
penetrate, they also (and probably the freed electrons 
as well) will be able to release trapped electrons. The 
probability of the release of an electron by this method 
in time dt will be approximately proportional to npdt, 
where # is the intensity of the beta-rays. 

3. It is quite possible that the light can liberate 
electrons directly from the lattice atoms, though it is 
known that, in diamond, the quantum efficiency of this 
process is very low.’ Furthermore, only relatively few 
of the quanta present in the incident spectrum are 
capable, theoretically, of releasing lattice electrons. 
The contribution of this process to the decay of the 
space charge is difficult to formulate although a first 
approximation may be made as follows. The contribu- 
tion to the decay of the space charge by this method 
will be zero when the space charge field is zero (no net 


See N. F. Mott and R. W. Gurney, Electronic Processes in 
Tonic Crystals (Oxford University Press, New York, 1948), p. 140. 
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field during light pulse to separate appreciably the 
newly formed electrons and holes). The effect will be a 
maximum when the space charge field is a maximum. 
Accordingly, suppose that, to a first approximation, 
the probability of an electron being released from the 
lattice to set up an opposing space charge is proportional 
to the space charge field, i.e., m. Therefore, the proba- 
bility per unit time of an electron being freed by this 
process is proportional to mJ. 

4. The beta-rays will also liberate lattice electrons, 
thus causing a decay in the space charge field in the 
same way as the light, and therefore the probability 
per unit time of an electron being freed by this process 
is, to a rough approximation, proportional to mp. 

5. Finally, electrons and holes will be released from 
their traps thermally. McKay’ describes experiments 
that show that at room temperatures, the rate of 
thermal ejection of at least some of the electrons is 
very rapid (half-life of the order of microseconds) 
through the positive holes are released relatively slowly. 
If all the electrons were released rapidly, then they 
would either recombine with the holes or distribute 
themselves in such » way as to neutralize the space 
charge of the holes. However, if a space charge is formed 
inside the diamond, which is then left in the dark 
without an applied field, a residual space charge can 
still be detected on bringing up a §-ray source, even 
after several hours have elapsed. Recently, Bull and 
Garlick® have described experiments in which glow 
curves were obtained with diamonds left for several 
hours at room temperature in the dark after being 
activated. It therefore seems likely that there are two 
active types of electron trap, i.e., one in which electrons 
have a very short lifetime at normal temperatures and 
the other showing a very slow rate of release (half-life 
of the order of minutes, or hours). For the present 
purposes, we can assume that the electrons that are 
trapped in the short-life traps are released in a time 
that is very short compared with the lengths of the light 
flash and the field pulse, and hence do not play any 
part in the space charge fields that are being considered. 
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Fic. 2, Representation of the variation with time of the space 
charge field during the field-light cycle. 
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The appropriate differential equation approximately 
representing the decay of the space charge during a 
light flash will therefore be 


dn/dt= —anI —bnI—cnp—dnp, (1) 


where the first and second terms represent the release 
of trapped and lattice electrons, respectively, by light, 
the third and fourth terms represent the release of 
trapped and lattice electrons, respectively, by the beta- 
rays, and a, b, c, d are constants. 

Experimentally, it was found that when the crystal 
was illuminated by light of any except the lowest 
intensities used, the space charge decayed much more 
rapidly than when the crystal was subjected to the 
beta-ray bombardment alone. This indicated the greater 
effectiveness of the light in removing the space charge. 
Consequently, save for the lowest values of J, only the 
first two terms of Eq. (1) are of importance and it 
then becomes 


dn/dt=—aln, (2) 


where a=(a+6). Imposing the condition that n= No 
when /=0, the solution of this equation can be written: 


n= No exp(— all). (3) 


The growth of the space charge during a field pulse 
is caused by the formation of free electrons and holes 
by the beta-rays. Normally, the crystal is in the dark 


during a field pulse but the effect of illuminating the 
crystal simultaneously with the application of the field 
will also be considered, the light assisting in the forma- 
tion of space charge by liberating lattice electrons and 
holes. Again, the light and beta-rays will be capable of 
releasing trapped electrons and holes; but, owing to the 
applied field, these will be prevented from recombining 
with each other. These electrons and holes which were 
originally trapped will move towards their respective 
electrodes probably becoming re-trapped, and hence 
the net space charge due to this effect alone will not 
alter greatly. 

As the total number of traps which can be occupied 
is No, the number of unoccupied traps at a given 
instant is effectively No—m. Therefore, the probability 
of a free electron being trapped in time dt is proportional 
to (No—n)di as long as all the freed electrons become 
trapped within the crystal. It will be assumed that, 
with most of the field strengths used in the experiments, 
this condition was obeyed approximately. Next, the 
probability of a lattice electron being released by the 
beta-rays in time dé is proportional to p, and therefore 
the probability per unit time that a beta-ray may form 
a space charge electron is proportional to p(No—mn) ; and 
similarly, for the light, it is proportional to 7(N;—n). 
The differential equation representing approximately 
the growth of the space charge can then be written: 


dn/dt=a'p(No—n)+b'I(No—n), (4) 


where a’ and b’ are constants. Since n=0 when /=0, 
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the solution to this equation is 
n= No[1—exp(—6é)], (5) 


where 8=(a'p+0'I). For convenience a change of 
coordinates will be made; i.e., when m traps are 
occupied, let 9U operative traps be unoccupied. Then 
n= No—X and substituting into Eq. (5): 


N= No exp(—B). (6) 


Equations (3) and (6), though very much over- 
simplified, will give an approximation to the behavior 
of the space charge during the light field cycle; and, in 
particular, they describe the effect of the intensity of 
the light and the ultimate steady conditions. We 
proceed as follows. During the first light flash, the space 
charge decays from No to a value N,, where, from (3), 


N1/No=exp(—al7;)=A (say), 
in. (7) 
N, = A No, 


where 7; is the duration of the light flash. The quantity 
A depends only on the intensity of the light [assuming 
that the approximate Eq. (2) can be used instead of 
(1) ]. The space charge then grows during the following 
field pulse to a value N,’, after which it decays to a 
value N2, where 

Nz = A Ny’. (8) 


Similarly, VN3=AN,’', etc. Also, if at the end of the 
first light flash the number of unoccupied traps is 9, 
this number decreases to 9,’ during the subsequent 
field pulse where, from (6), 


M1'/Ni = exp(—Br2)=B (say), (9) 


where 7 is the duration of the field pulse. B depends 
only on the intensity of the beta-ray bombardment, 
since there is no illumination during the field pulse, 
i.e., 7=0. Then, 

(10) 


Similarly, 22’= Bs, etc. Using the above relations the 
values of Ni, Neo, N3---+ in terms of No, A and B can 
be determined. In particular, it can easily be shown 
that the value of the space charge remaining after r 
light pulses is given by 


(B—AB)(1— AB) 
tel 1- | (11) 


N,/= BN. 


N,=AN 





(1—AB) 


Since r can be taken to represent the time that has 
elapsed since the commencement of the cycles, this 
equation gives the way in which the residual space 
charge approaches its steady value. To determine the 
ultimate residual space charge, N.«, let r tend towards 
infinity and then, since A, B are both less than unity, 


N=ANo(1—B)/(1—AB). (12) 


The findings of this section will now be compared with 
experiment. 
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EXPERIMENTAL RESULTS FOR THE GROWTH AND 
DECAY OF THE SPACE CHARGE 


From Eqs. (3) and (6) it is seen that the space 
charge should decay and grow approximately obeying 
exponential laws. This deduction was tested experi- 
mentally by the following technique. Using initially a 
high light intensity during the field-light cycle, a curve 
showing the variation of the counting rate with the 
applied field was obtained, i.e., under virtually space 
charge free conditions. Next, a saturation space charge 
was formed in the crystal (by the action of light and 
beta-rays); by “saturation” is meant that the space 
charge field was equal in magnitude to the applied field. 
The time required for this condition to be obtained was 
determined by separate experiment. On removing the 
field, space charge pulses were obtained, the size and 
counting rate of these decreasing steadily with time as 
the space charge field became neutralized. The counting 
rate decay curves were obtained by noting the times of 
occurrence of each successive hundred pulses recorded 
by the scaler enabling an integral curve (total number 
of pulses recorded with time) to be plotted. Differenti- 
ating this gave the counting rate decay curve for the 
space charge pulses. Cross interpolating between this 
curve and that of counting rate against field, it was 
possible to deduce the decay of the net field inside the 
crystal with time. These curves were obtained when 
the crystal was in the dark (the beta-rays then being 
the only agent neutralizing the space charge) and when 
illuminated at various intensities. The results are 
shown in Fig. 3, where the logarithm of the space charge 
field is plotted against time. From Eq. (3) this should 
yield a straight line and it is seen that those curves 
obtained using the higher light intensities are indeed 
satisfactorily linear. At the lower light intensities and 
in the dark, the curves show marked deviations from 
the straight line form. These deviations are probably 
due to the action of the 8-rays and light in releasing 
lattice electrons, for it is very unlikely that the simple 
relations that were used in the above theory are very 
satisfactory. In particular, when the space charge field 
is very low, it is likely that the probability of a newly 
formed electron-hole pair separating from each other 
to add to the space charge field instead of recombining 
is very much higher than that given by assuming it to 
be proportional to the net field in the crystal. This 
effect in itself could probably explain the deviations 
observed. The fact that the deviations from the straight 
line are not nearly so apparent at the higher light 
intensities seems to indicate the far greater effectiveness 
of the 8-rays in freeing lattice electrons. No attempt 
has yet been made to try other functions for the 
probability of release of a lattice electron, as it is felt 
that the accuracy of the curves does not warrant such 
a procedure. More recent modifications to the apparatus 
may lead to information concerning the various 
processes involved in the release of the lattice electrons. 
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Fic. 3. Log plot of the decay of the space charge field with 
time for various intensities of illumination of the crystal. The 
intensity, J, is in arbitrary units. 


Besides the errors in the theory, there are more 
errors inherent in the experimental procedure. They are: 

1. Examination of the decay curves shows that when 
the net field inside the crystal is high or low, the 
counting rate for the space charge pulses changes 
slowly. This makes accurate differentiation of the 
integral curves more difficult over these regions with a 
corresponding loss of accuracy in the space charge 
field decay curves. For medium fields, however, satis- 
factory accuracy is obtained. 

2. Slight errors in the counting rate as obtained by 
differentiating the integral curves over the region 
corresponding to a high net field result in relatively 
large errors in interpolating the net field from the curve 
of counting rate against field as the latter approaches 
saturation at high fields. 

3. At low counting rates, i.e., at low fields, the 
counting rate-field curve is not so accurate as at higher 
fields, since the recording of a smaller total number of 
pulses at these fields introduces a relatively larger 
random counting error. 

4. It has been assumed that the counting rate-field 
curve was obtained under conditions of freedom from 
space charge. Although relatively high light intensities 
were used, there must still have been a small residual 
space charge which would have a slight effect on the 
shape of the curve. 

The general conclusions are therefore that the experi- 
mental curves are satisfactorily accurate except at very 
high and low net fields in the crystal. At low light 
intensities, the dominant process causing the neutral- 
ization of the space charge must presumably be the 
liberation of lattice electrons by the beta-rays; and it 
must be concluded that, as expected, this process does 
not obey such a simple law as that indicated. There is 
no reason to doubt that the process of liberating the 
lattice electrons by the light must also be more complex, 
neither of these processes resulting in the simple expo- 
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nential decay law. However, at the high light intensities, 
the simple law is obeyed (to within the limits of the 
experiments), and the conclusion is that under these 
conditions the dominant process is the liberation of 
trapped electrons by the light as opposed to the libera- 
tion of lattice electrons. In particular, in most experi- 
ments the light intensity during the field-light cycle 
was well above 50 units (the highest values used in 
obtaining the decay curves); and, in fact, in obtaining 
the counting rate-field curves, it was of the order of 
500 units. In this case it is probably sufficiently accurate 
to use the simplified Eq. (3) in the subsequent theory. 

The curves showing the growth of the space charge 
under different intensities of illumination are shown in 
Fig. 4. (Actually, the log of the net field is plotted 
against time, and from Eq. (6) this should be a straight 
They were obtained in a similar manner to those 
of Fig. 3, the crystal first being made free from space 
charge by illuminating it for a few minutes in the 
absence of a field. On applying the field the decay 
curves for the pulses were obtained. Since the growth 
of space charge is caused by the release of lattice 
electrons by the beta-rays and the light, it is not 
expected in view of the foregoing paragraphs that the 
log plots of the space charge field with time will be 
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TaBLeE I. Value of the constant, B, as obtained over different 
regions of the curve showing the growth of space charge with 
time under the conditions of the experiment. 


_Range (sec B 


0.953 
0.956 
0.961 
0.955 
0.954 
0.950 
0.950 
0.955 
0.962 


Range (sex B 


10-15 0.990 55- 60 
15-20 0.973 60- 65 
20-2 0.952 65- 70 
25-3 0.948 70- 75 
30-35 0.958 75- 80 
0.960 80- 85 
0.954 85— 90 
0.959 90- 95 
0.953 95-100 


perfectly linear. It is again evident from Fig. 4 that a 
more complex law than that assumed in the above 
theory is necessary ; however, Eq. (6) should enable a 
qualitative prediction regarding the behavior of the 
space charge in the field-light cycle. 


DEPENDENCE OF COUNTING RATE ON LIGHT 
INTENSITY DURING CYCLE 


When equilibrium in the cycle has been attained, the 
space charge present is given by Eq. (12). If Fz is the 
net field inside the crystal corresponding to a value V, 
for the residual space charge, then 


F./Fo=(No—Na2)/No=1—(Neae/No), 


where Fy = the applied field (Fo corresponds in magni- 
tude to Vo). By means of this relation the net field 
existing inside the crystal under steady conditions can 
be determined in terms of A and B. If the value of B 
is known, arbitrary values for A can be substituted 
into Eq. (12) thereby giving values for the fraction 
F,/Fo. Since Fo is known, Fz is therefore determined, 
i.e., the net field that corresponds to the value chosen 
for the constant A, and therefore depends only on the 
light intensity (in arbitrary units). Since the curve 
showing the dependence of the counting rate on the 
net field inside the crystal is known, the theoretical 
curve showing the dependence of the counting rate on 
the light intensity can be interpolated. This can be 


compared with the curve obtained directly by experi- 
ment and thus serves as a check on the theory developed 
in the above section. 

First, the method of determining the value of B will 


be described. The crystal was first freed from space 
charge, after which a curve was taken showing the 
growth of the space charge field with time under the 
conditions of the experiment for which the counting 
rate-light intensity curves were obtained. From Eq. (7) 
it is seen that B is the ratio between the ordinates for 
any two points on the space charge growth curve,the 
points being at an interval 72 apart and the ordinates 
being measured downwards from the asymptote to 
which the curve approaches. The value of 72 was 1.5 
seconds, and it is obvious that the ratio of the ordinates 
separated by this interval would be difficult to obtain 
with any accuracy. Hence the ratio between the ordi- 
nates separated by an interval of five seconds was 
obtained and the value of B deduced by assuming that 
the curve was approximately straight over an interval 
of five seconds. By carrying out these measurements 
over various parts of the curve the average value of B 
could be obtained. 

Table I gives the values of B obtained from various 
regions of the curve; and it is seen that, except immedi- 
ately after the commencement of the curve, they are 
consistent. Ignoring the first two values, 
the average value of B becomes 0.955. 

Substituting this value and suitable values for 
A(O<AK+~) into Eq. (12) and carrying out the 
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processes described above, it was possible to plot the 
theoretical curves of counting rate against light intensity 
for various applied fields. In Fig. 5 are shown such 
curves for applied voltages of 600 and 300. The experi- 
mentally obtained points are also shown. The theo- 
retical curves have been fitted to the experimental 
points in the following manner. Both curves should 
correspond for infinite light intensity, and thus the 
ordinates of the theoretical curve were not altered. 
The abscissas of the theoretical curves were then 
multiplied by the factor required to make the curves 
fit as well as possible over the initial rise. It will be 
noticed that the fit obtained in this way is not very 
good for the higher light intensities; this corresponds 
to conditions where the crystal is largely free from 
space charge. The fact that the experimental points 
reach saturation more rapidly than the theoretical 
curves probably results from the approximations made 
in the theory for the growth of the space charge field. 
In Fig. 4 it is seen that the tendency is for the space 
charge field to grow rather less than it would if the 
simple exponential law were obeyed. This makes the 
equilibrium space charge field somewhat less than that 
given by Eq. (12); and, hence, the experimental counting 
rate-light intensity curve will be expected to deviate in 
the manner obtained. 


EFFECT OF CONTINUOUS ILLUMINATION 
OF THE CRYSTAL 


It has been stated that it was found to be necessary 
to use pulsing techniques in order to disperse the space 
charge in the crystal as opposed to continuous illumi- 
nation of the crystal. As various authors have reported 
results using the latter method, it is of interest to give 
our findings in more detail. The crystal used by the 
author in his earlier communication was found to 
respond only to alpha-rays and not to beta-rays. 
Consequently, a different crystal had to be used for the 
present experiments. As stated above, constant illumi- 
nation of the B-particle counting crystal with the full 
spectrum from the Nernst filament caused a space 
charge to be created by the light itself. Since the ultra- 
violet absorption limit was 2500A for this diamond, it 
might be thought that light of wavelengths longer than 
4000A could safely be used without raising electrons 
from the full band up to the conduction band. This 
proposal was tested experimentally as follows. The 
crystal was first made free from space charge by 
illuminating it with white light in the absence of a field. 
The light was then passed through a filter with a sharp 
cut-off at 6900A; i.e., only the red and infrared light 
reached the crystal. During this illumination with red 
light, the field was applied though the beta-rays were 
not allowed to strike the crystal. Finally, the field and 
light were removed and the crystal was then bombarded 
by the beta-rays. It was found that space charge pulses 
were present. Hence, it could only be concluded that 
light of wavelength longer than 6900A was still suffici- 
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ently energetic to liberate electrons by some mechanism 
inside the crystal. This is apparently contrary to the 
results of Freeman and van der Velden,* who found that 
(using alpha-ray bombardment) their crystal could be 
illuminated with light of wavelength longer than 6900A 
simultaneously with the bombardment without any 
apparent disturbing effect. However, they observed 
that a filter cutting off at 6000A was not successful and 
this suggests that, as with many of the physical prop- 
erties of diamond, the intrinsic cut-off values for this 
effect varies from specimen to specimen. Nevertheless, 
there still remains the problem of the origin of the 
electrons that are liberated by wavelengths greater than 
6900A. The presence of impurity levels at a depth 
below the conduction band less than, or of the order of, 
the energy of the transmitted quanta, could possibly be 
the source of these electrons; or perhaps successive 
transitions between various intermediate energy levels 
are possible. 
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Fic. 5. Variation of ‘the counting rate with the intensity of 
illumination during the field-light cycle. The full line shows the 
expected variation; the points plotted are those obtained experi- 
mentally. 


In another experiment it was found that illumination 
of the diamond using the same filter in the absence of a 
field was still able to remove the space charge. This 
suggests that no, or very few, traps exist at an optical 
depth greater than that corresponding to 6900A, i.e., 
1.8 ev. This conclusion is in agreement with the results 
of other workers** who have estimated_the trap depths 
in diamond. 


EFFECT OF TEMPERATURE ON THE SPACE CHARGE 


The actual distribution of trap depths in diamond 
has been investigated® by obtaining thermoluminescence 
curves. These curves show that if the temperature of 
the crystal is raised to about 600°K, almost all of the 
electron traps become empty. In the glow curve there 
is a large peak at a temperature of about 520°K and a 
much smaller one at about 420°K. This indicates that 
most of the traps are at a thermal depth of about 
520°K, which has been found experimentally from the 
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Fic. 6. Variation of the counting-rate with the temperature of 
the crystal. The warming and cooling rates were about 15°C per 
hour. Thirty-five divisions on the thermocouple scale approxi- 
mately represent a temperature range of 30°C. 


glow curves to correspond to roughly 0.7 ev. Hence, 
raising the temperature of the crystal above room 
temperature should enable some of these deeper traps 
to be thermally emptied and the net space charge 
thereby reduced. If the temperature were to be raised 
to 600°K, only a negligible amount of space charge 
should be left in the crystal, and it might be possible to 
obtain a continuously sensitive counter with a constant 
applied field. 

The design of the apparatus did not permit raising 
the temperature by more than thirty or forty degrees 
above room temperature. However, over this range of 
temperature some traps could become empty, and hence 
the net space charge would be altered slightly. The 
apparatus was therefore arranged so as to detect any 
small change in the space charge, this being accom- 
plished by applying a high field to the crystal and 
carrying out the usual cycle at a low light intensity. 
(When the cycle was continued without illumination, 
a certain amount of space charge formed during a field 
pulse was removed by the beta-rays in the subsequent 
“dark” pulse with the field removed. Empirically, it 
was estimated that this removal of space charge corre- 
sponded to an initial light intensity of 15 units. Conse- 
quently, in Fig. 5 the experimental points do not 
commence until the light intensity is 15. In particular, 
for the investigation into the effect of temperature, no 
illumination was used during the cycle.) From Fig. 5 
it is then seen that if the residual space charge is reduced 
slightly (corresponding to a slight increase in the light 
intensity), the counting rate shows a relatively large 
increase. 

Under the conditions just described, the temperature 
was raised steadily (at a rate of about 15°C/hour), the 
counting rate being recorded at regular intervals of 
temperature as recorded by the thermocouple. Having 
reached a sufficiently high temperature, the crystal was 
allowed to cool (at the same rate), still recording the 
counting rate. 

The results are shown in Fig. 6. The graph was 
plotted by first taking, for any particular temperature, 


the mean of five successive readings about that temper- 
ature. This was carried out while the crystal was 
warming and again when cooling. The points plotted 
are the means of these two sets of readings. It is evident 
that the space charge was considerably altered by the 
rise in temperature, and for this reason it was important 
to keep the temperature of the crystal constant for all 
the experiments. 

It seems very unlikely that this relatively large 
increase in the counting rate can be due to anything 
but a purely crystal phenomenon. To prove that it was 
not caused by spurious pulses due to the possible 
breaking down of the insulators at the higher tempera- 
tures, the beta-ray source was removed at the highest 
temperature attained and it was found that the back- 
ground counting rate was less than 10/minute. A rough 
calculation showed that the increase in the counting 
rate caused by the increase in the noise level of the 
input circuit of the amplifier was also negligible, i.e., 
it was estimated that for a 30°C rise above room 
temperature, the maximum possible increase in the 
counting rate from this cause was 25/minute. 


RETENTION OF SPACE CHARGE BY THE CRYSTAL 


If the crystal were to be saturated with space charge 
and then left to itself, i.e, removing the beta-ray 
bombardment, the light irradiation, and the field, the 
only way in which the electrons could escape from the 
traps would be by thermal ejection. Considering traps 
of only one depth, £, the probability, p, of an electron 
escaping from a trap at a temperature T is of the form" 


p=s exp(—E/kT), (13) 


where & is Boltzman’s constant, and s is a constant 
which may, however, vary slowly with temperature. 
(From the experiments on thermoluminescence,® s is 
found to be of the order of 10°/sec in diamond.) If n 
is the number of trapped electrons at time /, the rate of 
escape of these electrons is then 


dn/dt= —ns exp(—E/kT). (14) 


For this formula to be correct it has to be assumed that 
there is negligible retrapping; i.e., a liberated electron 
combines directly with a positive hole under the action 
of the space charge field. If is taken to be proportional 
to the space charge, then »=No when ¢=0, and the 
solution to Eq. (14) can be written, 


log.n= —st exp(—E/kT)+log.No, (15) 


and hence plotting logw against ¢ should yield a value 
for sexp(—E/kT). Essentially this relation has been 
tested by Bull and Garlick using data from the glow 
curves; and it was found to hold reasonably well except 
for small values of /, i.e., ¢ less than three hours at room 
temperature. This indicates that most of the traps in 
diamond can be regarded as being of the same depth; 


"J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
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from the glow curves this depth is found to be approxi- 
mately 0.7 ev. 

In principle, the depths of the traps in diamond can 
also be obtained from measurements of the decay of 
the space charge. As described above, values for 
sexp(—E/kT) could be obtained over a range of 
temperatures. Let {(T)=s exp(—E/kT). Then we have, 
assuming that s remains fairly constant, 


f(T:)=sexp(—E/kT:) and f(T:)=s exp(—E/kT:), 
where 7; and T2 are any two temperatures. Hence, 


f(T) wets 1 
Aor T. 7: 


and therefore, from the experimentally obtained plot of 
f(T) against 7, E and finally s can be determined. 

The techniques developed by the author allow rela- 
tion (15) to be tested. It was desired to measure the 
space charge n still existing in the crystal after having 
been left undisturbed for a time ¢. To do this, the 
crystal was first saturated with space charge by irradi- 
ating it with intense light in the presence of a field. 
The light was then removed and the field switched off. 
After a time ¢ had elapsed (¢ being anything up to 
several hours), the beta-ray bombardment was com- 
menced and the initial slope of the integral decay curve 
gave the counting rate corresponding to the space 
charge field remaining in the crystal after a time ¢. From 
the curve of counting rate against applied field as 
obtained under space charge free conditions, the corre- 
sponding space charge field could then be interpolated. 
This process could be repeated for various values of ¢ 
and hence a graph of the log of the space charge plotted 
against ¢. Preliminary results seem to confirm the 
experiments on thermoluminescence, and it is hoped to 
publish a full account of the results at some later date. 


CONCLUSIONS 


It has been shown that the technique of using a high 
intensity light flash is particularly effective in removing 
space charge from a diamond crystal counter when the 
applied field is switched off. Alternating the applied 
field with light flashes results in a steady counting rate. 
By using high field strengths the counting rate remains 
almost steady until a fairly large space charge field has 
been built up and hence, if having reached this point a 
high intensity flash of light is given to the crystal in 
the absence of the field, the counter is again ready to 
count at the same rate as before. In this way the 
counter can be left in an operating condition for a high 
proportion of the time. Allowance can usually be made 
for counts missed during the light flash. 

In the opinion of the author, this method is more 
simple and convenient in most cases than the alter- 
nating field technique of McKay. However, in some 
respects, the two techniques are complementary for 
studying the solid state, e.g., McKay can study only 
short time changes in the space charge field, whereas 


log. (16) 
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the pulsing method can study the long period changes. 
Both methods are equally satisfactory for studying the 
behavior under space charge free conditions. The 
apparatus used by the author was basically simple in 
design although many improvements may be suggested. 
In particular, it might be advantageous to control the 
pulsing circuits electronically; the light could possibly 
be controlled by a Kerr cell shutter, and in this way the 
cycle could be performed at much higher rates than 
when controlled mechanically. This could lead to a more 
sensitive apparatus for studying the behavior of the 
space charge. 

Experiments of the type described can lead to 
information concerning the trapping and release of 
electrons and holes inside the crystal. A simple theory 
was suggested in order to account for, at least quali- 
tatively, the observed behavior of the space charge 
although the experimental results show that the actual 
processes are rather more complex than indicated. 

Promising possibilities are suggested by the experi- 
ments on the variation of counting rate with tempera- 
ture. As proposed, increasing the temperature of the 
crystal to about 600°K should be sufficient to prevent 
the space charge from forming, and it might thus be 
possible to obtain a continuously sensitive counter by 
this means. Possibly, diamond is the only crystal yet 
studied as a crystal counter which might still function 
at high temperatures. 

Besides the interest in its temperature behavior from 
the point of view of its possible use as a counter, it has 
been shown how investigations of the variation of the 
space charge field with temperature can be made and 
how the trap depths in the crystal may be estimated. 
It would be interesting to find how the trap depths 
obtained in this way compare with those found from 
the thermoluminescence curves. 

Concluding, although the above study of the problems 
of crystal counters has not resulted in a very practical 
instrument, it has suggested a new way of approaching 
the problems of the solid state. Unfortunately, it is 
rather limited in scope by severe restrictions imposed 
by the requirements of crystals if they are to be suitable 
for these types of experiment, i.e., in particular they 
must remain insulators, preferably over a wide range 
of temperature. Further, they must respond to indi- 
vidual beta-particles, or they must exhibit a current 
when bombarded by intense beams of electrons. Also 
it is desirable for the crystal to be as transparent as 
possible. 

In the next paper, the behavior of the crystal under 
conditions of freedom from space charge will be described. 

The author wishes to express his appreciation to Dr. 
F, C. Champion for his interest and encouragement 
during the investigations. He is also indebted to the 
late Professor W. T. Gordon for the loan of the dia- 
monds from his own collection. 
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Department of Scientific and Industrial Research grant. 
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By using the technique described in the preceding paper a study is made of the behavior of a diamond 
crystal counter under space charge free conditions when subjected to bombardment by beta-rays. The 
pulse heights caused by the beta-particles are found to be proportional to the energy of the beta-particles 
over the range 0.66 Mev to 1.0 Mev when a low field strength is used. The trap density in the crystal is 
found to be of the order of 2X 10'* per cc and the mean energy required to form an electron hole pair is 


approximately 7 ev. 





THEORY 


APER I' described how the behavior of a diamond 
crystal counter could be studied under conditions 
of freedom from space charge by applying an electric 
field and illumination alternately to the crystal, the 
light intensity being sufficiently great to remove during 
the illumination period all the space charge formed in 
the preceding field pulse. Furthermore, if the rate of 
formation of space charge due to the beta-rays is not 
too great, the crystal remains relatively free from space 
charge throughout each field pulse. 

In formulating the behavior of the counter, various 
assumptions are made; as these have been given in 
detail by McKay,’ they will not be repeated here. Let 
Az, A- represent the mean free paths of the holes and 
the secondary electrons in the crystal lattice. Then it 
can be shown that at low fields when all the freed 
electrons and holes terminate their paths inside the 
crystal, the recorded pulse height is 


q=ne{(A4+A_)/d}, (1) 
where » is the number of electron hole pairs formed, 


e is the electronic charge, and d is the distance between 
the_electrodes. The mean free paths are given by the 
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Fic. 1. Curves showing the distribution in pulse heights at 
various applied fields. 
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expression, 
Az =k FT, (2) 


where &, and k_ are the mobilities of the holes and 
electrons, F is the applied field strength, and T, is 
the time for which the holes and electrons are free. 

For high fields or when the beta-ray strikes the 
crystal near to an electrode, the expression for the 
mean path has to be modified, since some electrons and 
holes will have their paths interrupted by reaching the 
electrodes. It can be shown® that the new mean free 
paths \, and )_ are given by, 


A, =A,{1—exp[—(d—x)/A,]} 


. (3) 
A_=A_{1—exp(—x/A_)} 
where x is the distance between the anode and the place 
of formation of the secondary electrons and _ holes. 
From Eqs. (1) and (3) the pulse height is now given by 


g/ne= (5/d){1—exp[— (d—x)/A,]} 
+(0/d){1—exp(—2/.)}. (4) 


This assumes that, as was the case, the time constants 
of the amplifier are large compared with the transit 
times of the electrons and holes. The expression shows 
how the recorded charge pulse q varies with the applied 
field (since \s is proportional to the field) and with the 
position (x) of the track of the beta-particle. Similar 
expressions showing these variations have been plotted 
by Corson and Wilson.‘ 


EXPERIMENTAL INVESTIGATION OF THE 
PROPORTIONALITY OF THE RESPONSE 
OF THE COUNTER TO 6-RAYS 


Experimentally the field across the crystal was kept 
at a known value while a curve was obtained showing 
the counting rate against the setting of the pulse height 
discriminator (the bias curve). Differentiation of these 
curves yielded the counting rate against pulse height 
curves; these are shown in Fig. 1 for a number of 
different field strengths. If the counter were behaving 

3See N. F. Mott and R. W. Gurney, Electronic Processes in 


Ionic Crystals (Oxford University Press, New York, 1948), p. 122. 
4D. R. Corson and R. R. Wilson, Rev. Sci. Instr. 19, 207 (1948). 
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TasBLe I. Energy lost by 1-Mev beta-particle in traversing 
different thicknesses of absorber. 








Absorber 
thickness 
mg/cm? 


Extrapolated max. 
pulse height 


Energy lost 
ev 





0 

0.004 
0.031 
0.078 
0.127 
0.282 
0.364 


0 
56.1 
139.1 
190.9 
244.0 
300.0 
330.0 








in a proportional manner, these curves should represent 
the energy spectrum of the beta-rays striking the 
crystal. From the foregoing considerations if the field is 
sufficiently small for all the electrons and holes to be 
trapped within the crystal, the pulse height is approxi- 
mately independent of x for (d—A,)>x>_. If d>A, 
and \_, the pulse height is therefore constant for most 
values of x; and, assuming that the number of electron 
hole pairs formed is proportional to the energy of the 
beta-particle, the counter would then behave in an 
approximately proportional manner. 

On the other hand, if the field were sufficiently great 
for all the electrons and holes to reach the electrodes, 
the pulse he'ght would then become g=ne, and again 
the counter would behave proportionally. For inter- 
mediate fields the pulse height would depend very 
largely on x and the response would not be proportional 
to the energy of the 6-rays. Summarizing, the differ- 
ential bias curve should approximate to the energy 
spectrum of the beta-rays when the applied field is 
either very low or very high. 

At first sight the curves for the lower fields shown in 
Fig. 1 resemble the usual shape of the beta-ray energy 
spectrum, the maximum intensity occurring for an 
energy approximately one-third of the maximum beta- 
ray energy. However, this is probably due to the 
accidental canceling of errors as a large number of 
extraneous effects were present. As very small fields 
could not be used, since the pulse heights would then be 
little greater than the noise level of the amplifier, the 
counter could not be strictly proportional. Also, many 
of the beta-particles striking the crystal will have 
already suffered scattering with a consequent loss of 
energy either in the source or by apparatus surrounding 
the crystal. Some will be scattered out of the crystal 
before giving up all their energy, and some energy will 
be lost by radiation in the lattice field. The actual 
design of the counter introduces other errors; i.e., some 
particles will strike the rough edges of the crystal 
between the electrodes. Also, the higher energy particles 
will penetrate more deeply into the crystal where the 
field is a little weaker as a result of distortion, and this 
will result in too low a pulse height. The net result of 
these factors will be a preponderance of the lower pulse 
heights. Finally, there are the statistical fluctuations in 
the number of beta-particles striking the crystal in a 
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given time and in the number of secondary electrons 
that they create. Counting errors are present; also 
slight fluctuations in the noise level of the amplifier 
will occur, thereby causing a similar fluctuation in 
otherwise equal pulse heights. The latter effect will be 
relatively more serious for the smaller pulses such as at 
small field strengths. 

As very high field strengths could not be used because 
of spurious pulses arising in the counter from charge 
leaks, the proportionality of the counter was not tested 
in this region. 

In consequence of the foregoing considerations a new 
approach was made in order to test the proportionality 
of the counter at low fields. It is obvious that irre- 
spective of the shape of the beta-ray spectrum, the 
largest pulse (at low fields) should represent those 
particles of highest energy which have given up the 
whole of their energy to the crystal lattice. Hence, by 
interposing metal absorbers of various thicknesses in 
the beta-ray beam, the maximum incident beta-ray 
energies can be varied and the effect on the maximum 
pulse size studied. 

With the beta-rays from RaE (maximum energy 
approximately 1 Mev) bias curves were obtained with 
aluminum absorbers of thicknesses ranging up to about 
300 mg/cm*. For the thicker absorbers a stronger 
source was used; but even so, curves could not be 
obtained for thicknesses greater than 300 mg/cm’, as the 
signal-to-noise ratio became too low. The bias curves 
were differentiated and extrapolated in order to find the 
maximum pulse height corresponding to each absorber. 
These extrapolated heights are given in Table I. 

With no absorber present the pulse height was 55 
volts, and taking this to represent beta-particles of 
1 Mev energy the energy lost by these beta-particles in 
traversing the various absorbers was determined by 
assuming that the response of the counter was propor- 
tional to the energy of the beta-particles. This energy 
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Fic. 2. Curve showing the energy lost by a 1-Mev beta-particle 
in traversing various thicknesses of aluminum as found experi- 
mentally. 
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Fic. 3. Plot of #dT/dx against log[6*/(1—*)] where £ is the 
ratio of the velocity of the beta-particle to that of light and dT 
is the energy lost by the beta-particle in traversing a thickness 
dx of the absorber. 


loss is given in the final column of Table I. It is plotted 
in Fig. 2 against the absorber thickness. 

Bohr has shown that the rate of loss of energy by a 
charged particle in traversing a thickness x of material 
is given by 

dT 4ne'Z? < 
area,” AF log | 
dx =m? hw [1—(2*/c*)] 


2 
mv 
? 


where m is the rest mass of the electron, »v is the velocity 
of the beta-particle, w; is the vibration frequency of the 
ith atomic electron, m is the number of atoms/cc, Z is 
the number of electron charges in the bombarding 
particle, and f; is the oscillator strength corresponding 
to the ith electron. Hence, if 8=v/c, a graph of #*dT/dx 
against log[ 6?/(1—*) ] should be a straight line. 

From the curve of Fig. 2 the values of d7/dx corre- 
sponding to various values of x were obtained and also 
the corresponding values of T, the energy of the beta- 
particle. Knowing 7, 8 was determined and hence 
log[_6?/(1— 8") ] and 6°dT/dx. These are shown plotted 
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Fic. 4. The full curve shows the theoretical variation of pulse 
height with field strength (A/d is proportional to the field). The 
plotted points are those obtained experimentally ; they are fitted 
to the theoretical curve by means of the scaling factors given on 
the axes. 


in Fig. 3, and it is seen that the relation is reasonably 
linear over the range of values of d7/dx that it was 
possible to obtain. Besides the errors involved in the 
experiment already referred to, it is not accurate to 
assume that the highest energy beta-particles striking 
the crystal are 1-Mev particles. The upper limit to the 
beta-ray spectrum is 1.05 Mev, and it is probable that 
the energy lost by the beta-particle in passing through 
the thin cover over the source was rather less than 
0.05 Mev. If this were the case, it would lead to too 
low an experimental value for 8 and this would cause a 
deviation in the direction observed for small absorber 
thicknesses. Further errors are introduced, since, 
strictly, the equation applies only to absorbers formed 
of heavy atoms where the orbital electrons can 
be treated statistically as a gas. Finally, it has been 
tacitly assumed throughout that the energy required 
to liberate an electron from the crystal lattice is inde- 
pendent of the energy of the beta-particles. However, 
it is felt that the plot shown in Fig. 3 is strong evidence 
for the proportional behavior of the counter for p- 
particles of energies between 0.66 and 1 Mev. 


VARIATION OF PULSE HEIGHT WITH FIELD 


By extrapolating the bias curves obtained for various 
applied fields, the variation of the maximum pulse 
height with field could be obtained. The theoretical 
variation of the pulse height can be obtained as follows: 
Eq. (4) shows the variation of g with x and for the 
maximum pulse height, 


d/dx(q/ne)=0. 


This gives the condition for maximum pulse height, 


i.e., when 
w=dh_/(A4+2_), 


and this is independent of the field strength. Substi- 
tuting this value for x into Eq. (4) gives 


Qmax/ne= (A_+A/d){1—exp[—d/(A,+A_) ]}, 
or writing A=A_+A,, 
Qmax/ne=d/dl1—exp(—d/n)]. 


This describes the variation of the maximum pulse 
height with the applied field. 

In Fig. 4 the theoretical curve of g/ne against arbi- 
trary values of \/d is plotted. Also shown are the 
points experimentally obtained, these having been fitted 
to the theoretical curve by using the scaling factors 
that are given on the axes. It is seen that the agreement 
between the theory and the experiment is quite satis- 
factory. 

As was pointed out by McKay,’ curves of this type 
yield useful information concerning the crystal; i.e., 
from the scaling factors the density of trapping states 
in the crystal can be estimated together with the mean 
energy required for a §-particle to release a lattice 
electron. 
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DENSITY OF TRAPPING STATES 


From Fig. 4 it is seen that the factor (A_+-\,)/d is 
unity when the applied voltage is 100/0.73; and, hence, 
knowing the electrode separation to be 0.15 cm, we 
obtain 

kT 4+k_T_=16.4X10- cm?/volt. 


Several authors have reported the results of experiments 
to determine the mobilities of electrons and holes in 
diamond. McKay in his second paper obtained “values 
of 8.3 10~-* and 4.6 10~* cm*/volt for ki 7, and k_T_ 
respectively. More recently, Pearlstein and Sutton® 
using a method similar to that of McKay found these 
values to be 3.5X 10-* cm?/volt and 3.8X 10° cm?*/volt, 
respectively. Finally Freeman and van der Velden® 
have described experiments somewhat similar to those 
of the author’s (except that a-rays were used) and a 
result of 5.3 10-5 cm?/volt was obtained. It appears, 
therefore, that there is quite considerable disagreement 
amongst authors concerning the value of ki 7, and all 
the experimental results lead to values for the electron 
mobility considerably different to that deduced theo- 
retically by Seitz,’ i.e., 156 cm/sec/volt/cm. It seems 
most likely that the value of k, 7 can vary appreciably 
for different diamond specimens. This is not unexpected, 
as many of the physical properties of diamonds show 
marked variation in magnitude from specimen to 
specimen. Taking the most recent values for ki 74, i.e., 
those of Pearlstein and Sutton, we can write, 


kT, aa ) ey git 
and hence, 


kT, =k_T_~8.2X10~ cm?/volt. 


Thus there is fair agreement between the author, 
Freeman and van der Velden, and Pearlstein and 
Sutton as to the order of magnitude of kT. 

Pearlstein and Sutton were able to measure 7, 
independently and hence could obtain results for k,. 
They were k,=4800+20 percent and k_=3900+15 
percent. (For another specimen preliminary experiments 
gave k_ as 2760 with a rather large expected error.) 
Klick and Maurer® by making Hall effect measurements 
in a single diamond specimen found the electron 
mobility to be 900 cm?/sec/volt though this result is 
open to some question, as they neglected the movement 
of the positive holes. Using the more recent values for 
the mobilities as found by Pearlstein and Sutton, we 
obtain 

T$~2X10- sec. 


Now the trap density J is given by 
N=1/Tou, 


5 E. A. Pearlstein and R. B. Sutton, Phys. Rev. 79, 907 (1950). 

6G. P. Freeman and H. A. van der Velden, Physica 16, 486 
(1950). 

7F. Seitz, Phys. Rev. 73, 549 (1948). 

§C. C. Klick and R. J. Maurer, Phys. Rev. 76, 179 (1949); 
and 81, 124 (1951). 
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where @ is the capture cross section of the traps and u 
is the thermal velocity of the free electrons (approxi- 
mately 1.2107 cm/sec). It has to be assumed that the 
velocity imparted to the electron by the field is small 
compared with its thermal velocity; this is true for the 
lower field strengths used. 

As the nature of the trapping mechanism in diamond 
is not known, we can obtain only an approximate value 
for o by comparing the trapping centers with the 
luminescent centers of ZnS phosphors and similar 
materials. The value of o in these studies*’ is usually 
taken to be about 10~* cm?, and hence we obtain for 
the density of trapping centers 


N~2X10'*/cc. 


This figure seems not unreasonable, for it is of the same 
order as the trap density found in many luminescent 
and photoconducting materials.* 


ENERGY PER ELECTRON-HOLE PAIR 


From Fig. 4 it is seen that for infinite field strength 
the output pulse would be about 62 volts, and this 
corresponds to the total collection of both secondary 
electrons and positive holes. The gain of the amplifier 
was measured by putting voltage pulses of known 
magnitude on to the first grid. The capacity of the 
input circuit was kept to a minimum by careful con- 
struction and it was estimated to be 8+2 uyf. Again 
assuming the largest pulses to be caused by beta- 
particles of 1 Mev energy, the mean energy required to 
form an electron-hole pair was calculated to be about 
7 ev. This value is substantially lower than the values 
previous authors have given. Ahearn’s® results give 
the value of 10 ev for the energy required to free an 
electron by alpha-rays; and McKay estimates that after 
allowing for the energy absorbed from the low energy 
electron beams by the metal electrode, his experiments 
would yield the same value (though with a rather large 
possible error). The author has found no value in the 
literature for the liberation energy in diamond for 
beta-rays of the order of 1 Mev energy. However, 
these would penetrate through the surface layers of the 
crystal without any great loss and give up nearly all of 
their energy to the interior of the crystal. Hence there 
is no need to make the necessarily highly approximate 
corrections for energy loss in the electrode. That the 
effect of the surface layer is considerable for alpha-rays 
has been shown by van Heerden” with silver chloride 
crystals. Also, Ahearn" has investigated the variation 
in counting efficiency for alpha-particles over various 
parts of the surface of a diamond crystal finding the 
best response near to a particularly large surface flaw. 
Thus it is likely that particles of low penetrating power 


* A. J. Ahearn, Phys. Rev. 73, 1113 (1948). 

10P. J. van Heerden, thesis, Utrecht, 1945. See also Physica 
16, 505 (1950). 

4 A. J. Ahearn, Rochester Report on High Speed Counters 
(July, 1948). 
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will not yield very reliable values for the liberation 
energy, and it is probable that the figure found by the 
author for 1-Mev beta-rays is somewhat nearer the 
true value. Finally, as was pointed out by Freeman and 
van der Velden,® pulse counting methods are more 
likely than current measuring methods to yield accurate 
results for measurements of kT and the energy per 
electron-hole pair. Current methods give a value for 
kT which is the average over all the electrons in the 
current. If, owing to the presence of a mechanical flaw 
or some other cause, some electrons are unable to 
contribute to the current to the extent that they would 
be able to if in a normal lattice, the measured current 
will be less than the value it would have in a normal 
lattice. This in turn would lead to a higher value for 
the energy per electron-hole pair. In pulse counting 
methods it is not necessary to assume that all the 
electrons and holes produced by al/ the beta-particles 
travel in a normal lattice. It is necessary only to assume 
that all the electrons and holes produced by some 
beta-particles travel in the normal lattice, and this is 
obviously a much more reasonable assumption. Sum- 
marizing, it seems fairly safe to assume that the maxi- 
mum observed pulse heights do represent the motion 
of the electrons and holes in the normal diamond lattice. 
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CONCLUSIONS 


It is hoped to extend the foregoing types of investiga- 
tion to a number of diamond crystals, and in this way it 
may be possible to correlate the possible variation in trap 
density or energy per electron-hole pair with some other 
physical property. In particular, it has sometimes been 
suggested that the response of the crystal depends on 
its structure, i.e., whether it is a laminated, mosaic, or 
perfect crystal lattice. The degree of imperfection of 
the structure of the crystal can be determined by means 
of the divergent beam x-ray technique developed by 
Lonsdale” and such studies may yield information as to 
whether trapping sites mainly exist at the boundaries 
of mosaic blocks or laminations; i.e., if the traps do 
occur at the boundaries, then the trap density should be 
greater for those diamonds which show the better 
divergent beam photographs. 

The author wishes to express his appreciation to Dr. 
F. C. Champion for his encouragement and interest 
during these investigations. He is also grateful to the 
late Professor W. T. Gordon for the loan of the 
diamonds. 
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Department of Scientific and Industrial Research grant. 
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The equations for electron motion in a plane diode under the influence of space charge are integrated. The 
solution is expressed in terms of four dimensionless numbers, normalized so that their range is from zero to 
unity. The gradient at the cathode is expressed as a function of the current density as it varies from zero to 
space-charge-limited values. Space distributions of potential and gradient are given in terms of the location 
of the plane of interest between the cathode and the anode for a number of specific current densities. 

Evidence is shown of the existence of a plane for which the gradient is essentially independent of the 


current density. 


INTRODUCTION 


XPRESSIONS for the complete description of the 
potential and gradient distributions in parallel 
plane diodes under conditions of emission-limited 
currents are given in terms of four dimensionless 
variables.' Others?-* have given equations for the same 


1W. M. Brubaker, Phys. Rev. 76, 592(A)(1949). 

2C. D. Child, Phys. Rev. 32, 492 (1911). 

31. Langmuir, Phys. Rev. 2, 450 (1913). 

4L. Page and N. I. Adams, Phys. Rev. 76, 381 (1949). Crank, 
Hartree Ingham, and Sloane, Proc. Phys. Soc. (London) 51, 952 
(1939). Plato, Kleen, and Rothe, Z. Physik 101, 509 (1936). 


phenomena, but those of which the author is aware all 
make use of parameters whose physical significance is 
very obscure. The variables used in this derivation 
represent current density, voltage, distance, and 
cathode gradient; normalization is such that these 
variables range between zero and unity as the current 
density varies from"zero to space-charge-limited values. 


W. Kleen and H. Rothe, Z. Physik 104, 711 (1937). B. Salzberg 
and A. V. Haeff, RCA Rev. II, 336 (1937-38). Fry, Samuel, and 
Shockley, Bell System Tech. J. 17, 49 (1938). 

5H. F. Ivey, Phys. Rev. 76, 554 (1949). 

6 G. Jaffé, Ann. physik 63, 145 (1920). 





POTENTIAL 


PROCEDURE 


We define our variables as 


current density i 


on Sa UE ea? ’ 
space-charge-limited current density is—_c_r 





voltage at distance x from cathode - 





g= 


voltage at anode, at distance x, from cathode V. 


distance from cathode «x 


anode-cathode spacing va. 





gradient at cathode under influence of space charge 





gradient at cathode in absence of space charge 
= (%a/Va)(dV/dx| m0). 


The usual assumptions of zero velocity of the par- 
ticles at the electrode of their origin, motion of the 
particles in the x-direction and conservation of energy, 
when combined with Poisson’s equation yield 


@V /dx?=4ri(m/2Ve)! 


@o/d? = 4ax(m/2e) hy? J Ng_c-rpe™. 
As is well known, 
is_c-L= [(2e/m) 1/9x Ve'/x,". 


Po/d?= (4/9) pet. 


Hence 


Integrating once 
(dg/dt)*= (16/9) pgt+-Cy. (1) 
Integrating again 
(8p¢'—9Ci)[py!+ (9/16)Ci P= 8p'(E+C2). (2) 


Now let us examine our constants of integration, C, 
and C2. They are constants in that they are independent 











j nl 
o4 o6 10 
PEM ecw Isc 





Fic. 1. Cathode gradient as function of current density. 
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of the variable of integration, ~, and are to be evaluated 
by the boundary conditions imposed on the variables. 
It is customary and convenient to set 


z=V=0 (3) 
at the cathode, and our method of normalization 
requires this. When applied to Eq. (1) 


_ fal yt, 
a-(—| )=r (4) 
dé | ¢~0 


by our definition. Equations (2), (3), and (4) can be 
solved for C2: 


C2= —(27/32)(y*/p*). 


When we substitute these values of C; and C2 into 
Eq. (2) and re-arrange the terms, we find 


16(p¢!— p*f*) = 27( py’— Ey’). (5) 
By differentiation of (5) 
dy/d&=(27y°—32p*t)/(27y°—24pe!). (6) 


This concludes the derivation of our general ex- 
pressions. From Eqs. (5) and (6) one can learn every- 
thing about potentials and gradients in the space 
between plane parallel diodes. 


CATHODE GRADIENT UNDER EMISSION-LIMITED 
CONDITIONS 


One of the interesting relations which follows from 
(5) is that between the current density, p, and the 
cathode gradient, y. For all space-charge-limited diodes, 
p=1 and y=0 by definition. Similarly, when voltage 
is applied and zero current (emission limited) is being 
drawn, p=0 and y=1. These limiting values are ob- 
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Fic. 2. Potential in space between cathode and anode for several 
current densities. 
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Fic. 3. Gradient in space between cathode and anode for several 
current densities. 


vious ; all intermediate values can be obtained by setting 
g=£=1 in Eq. (5). This is equivalent to saying that 
the voltage is anode voltage and that its location is the 
anode plane. Equation (5) then reduces to 


16(p’— p) =27(y*>—y’) 


p=3+(3—3y/4)(3y+1)*. (7) 


Equation (7) is plotted in Fig. 1. This is a general 
relation which shows the unique dependence of the 
cathode gradient on the fraction of space-charge- 
limited current being drawn from the cathode. The 
rapid rise of cathode gradient as the current is decreased 
from space-charge-limited values to emission-limited 
conditions is quite striking. A 10 percent reduction of 
current from space-charge saturation causes the gradient 
to increase from zero to more than 25 percent of its 
value in the absence of space charge. 


SPACE POTENTIAL 


For a specific current in a given diode the cathode 
gradient y, and the current density p become constants, 
Yo and po. If these values are inserted into Eq. (5), a 
relation between ¢ and & results. Because £ appears to 


the second power and ¢ to the third power, it is easier 
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Fic. 4. Gradient at plane 27/64 of cathode-anode spacing from 
cathode as function of current density. 


to solve for — as a function of ¢. We find: 


27 70° 8po¢! 16po¢! ' 
Mes PY es one 

32p02 Oyo? Oyo? 
Plots of Eq. (8) for four conjugate values of pp and yo 
are given in Fig. 2. The maximum depression of the 
space potential for space-charge-limited conditions 
(p=1) occurs at £=27/64, where the normalized slope 
is unity. 

ELECTRIC FIELD 


When we have the data of Fig. 1 and have solved 
Eq. (8) for the selected po and yo, we may turn to Eq. 
(6) for the gradient at any point. At the anode, g=&=1 
and the gradient is a function of p and ¥ or, by the use 
of Eq. (7), a function of either alone. 

For any plane between the diode boundaries, Eq. (6) 
includes all four of our dimensionless variables. Using 
the data obtained in calculating the curves of Fig. 2, 
the gradient as a function of position for several current 
densities is given in Fig. 3. 

The data of Fig. 3 suggest that the normalized 
gradient is equal to unity in the plane =27/64, inde- 
pendent of the current density p. This is only an 
approximation, however, as is shown in Fig. 4. Here we 
have a plot of the gradient in the plane §=27/64 as a 
function of p. The maximum deviation from unity is 
only 0.6 percent as the current is varied from zero to 
space-charge-limited values. 

The help of Dr. J. Slepian in the reduction of Eq. (7) 
to its simplified form is appreciatively acknowledged. 
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The absolute Hp of the K internal conversion electrons from the 2.6-Mev gamma-ray of ThD has been 
measured using a 180° magnetic spectrometer whose field was calibrated with the proton magnetic reso- 
nance. With a proton resonance frequency, vp, of 3.75 megacycles, corresponding to a field of 880 gauss and 
an electron radius, p, of 11.4 cm, the value ypp=42.528+0.008 megacycle cm was obtained for the line. 
This is equivalent, through the proton gyromagnetic ratio, to an Hp=9988.,+2 gauss cm. 





I. INTRODUCTION 


BETTER value for the absolute Hp of the K 

internal conversion electrons from the high energy 
gamma-ray of ThD has become of some importance. 
This line has been used by other workers to calibrate 
8-ray spectrographs, notably, by Bell and Elliott in 
their recent work on the deuteron binding energy. The 
present experiment, utilizing a 180° magnetic spec- 
trometer, is similar to that described by Ellis? in 1932. 
His result, Hp=10000+15 gauss cm, was limited in 
accuracy by uncertainty of the field measurement 
made with an improved flip coil technique. The present 
experiment greatly reduces this limitation by utilizing 
the proton magnetic resonance in mapping the field. 
More recently than the work of Ellis, Hornyak,’ and 
Wolfson‘ with magnetic lens spectrometers calibrated 
on lower energy lines have given the results 9998+ 15 
and 9988+ 13 gauss cm, respectively. 
Il. APPARATUS AND EXPERIMENTAL PROCEDURE 


In this experiment the field of approximately 880 
gauss was supplied by an Alnico V permanent magnet 
(Fig. 1) having a working gap of rectangular cross 
section, one inch high and two inches wide. The flat 
pole faces produce a field that falls off parabolically for 
small distances (less than a centimeter) on either side 
of the mean radius of about 11.4 cm. This shaping of 
the field gives a partial second-order correction to the 
semicircular focusing of the spectrometer and thus 
improves the image intensity. 

For exploration of the field in the median plane, the 
proton magnetic resonance in mineral oil was observed 
using the negative resistance oscillator circuit developed 
by Pound and Knight.’ With a proton sample 2.2 mm 
in diameter and about 1 cm long, the resonance fre- 
quency appropriate to the field at the mean radius 
could readily be measured to +50 cycles in 3.75 mega- 
cycles. At points on either side of the mean radius the 


* Now with Bell Telephone Laboratories, Murray Hill, New 
Jersey. 

t The research was supported by the joint program of the ONR 
and AEC. 

1R. E. Bell and L. G. Elliott, Phys. Rev. 79, 282 (1950). 

2. D. Ellis, Proc. Roy. Soc. (London) 138, 318 (1932). 

* Hornyak, Lauritsen, and Rasmussen, Phys. Rev. 76, 731 
(1949). 

4 J. L. Wolfson, Phys. Rev. 78, 176 (1950). 

5 R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 (1950). 


magnetic inhomogeneity across the sample broadens 
the proton resonance and reduces the precision with 
which the field can be determined. However, these 
points are important only as they specify the radial 
shape of the field and hence the extent of the second- 
order correction to the ordinary semicircular focusing. 
In the present case, this shape was found not to depend 
upon the angular position of the probe in the magnet 
gap and was given by H(r)=Ay[1—0.46(r—10)?/re? ], 
where Hp is the field at the mean radius, ro, and r may 
differ from 79 by as much as 8 mm. Unfortunately, Hy 
itself was not independent of the angular position and 
actually varied about 0.1 percent over the 180° sector 
used and several times this much over the rest of the 
magnet. This inhomogeneity is small enough so that it 
does not complicate the focusing, and it can be included 
as a simple correction to yield the effective Ho over the 
complete electron orbit from measurement of Hp at 
some specific angular position. 
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Fic. 1. Top and cross-section views of the magnet, showing the 
vacuum chamber in place. 
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Fic. 2. Schematic diagram of steps in the measurement of p. 


During a run, field measurements could not be made 
over the semicircle traversed by electrons. However, Ho 
was monitored at an angular position outside the 
vacuum chamber, and tests had shown that any varia- 
tion of the field in time occurred uniformly over the 
whole magnet within +100 cycles, the accuracy with 
which such comparisons could be made. Variations 
during a run did occur, due principally to a reversible 
temperature dependence of the magnetic field amount- 
ing to 1 kilocycle/°C in the total of 3.75 megacycles. 

Thorium sources were prepared by electrostatic col- 
lection of the thorium active deposit on a 1-mil platinum 
wire about 8 mm long. A 2-mm slit at the source selected 
the central section of the wire’s length when mounted 
in the spectrometer. Otherwise, the electron beam was 
defined only by a single slit placed half-way around the 
orbit and having a radial opening of 1 cm. Four alu- 
minum baffles were spaced equally around the orbit to 
prevent electrons scattered from the walls of the vacuum 
chamber from reaching the photographic detector. 
These, however, played no part in limiting the beam. 
The photographic plate was accessible to electrons over 
a height of about 1 cm and a radial distance of 1 inch. 

A calculation of the electron intensity at the detector 
gives a maximum value of 0.045 electron/cm? for every 
electron emitted from the 2-mm central section of the 
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source wire.® If a one-millicurie ThB source can be 
prepared on the wire, about 10’ electrons/cm* should 
fall at the position of maximum intensity over a twenty- 
one hour exposure period. Acceptible image intensities 
were found to require sources of approximately this 
magnitude. 

Eastman NTB-3 and Ilford G-5 nuclear plates were 
used as detectors with exposures of about twenty-one 
hours, two half-lives of ThB, the controlling product in 
the decay series. There was considerable difficulty with 
the emulsion of the Eastman plates stripping off the 
glass backing under these long vacuum exposures. Even 
in cases where the plates could be processed, the lateral 
distortion resulting from incomplete adherence of the 
emulsion was troublesome. Such exposures were some- 
times usable because a scale produced on the plate (to 
be discussed below) allowed the distortion to be es- 
timated. The Ilford plates did not show stripping 
tendencies and were used exclusively in final exposures. 

The measurement of p, the radius of the electron 
orbits, was made by means of a fiducial scale which was 
projected on the plate before processing and whose lines 
appeared at known distances from the source. The 
steps in this procedure are shown schematically in 
Fig. 2. 

(1) At the end of an electron exposure, with the 
chamber still under vacuum, a large “c”-shaped 
micrometer made of channel Duraluminum was placed 
over the magnet. Brass screws in either end of the 
micrometer were brought into low voltage electrical 
contact with the plugs supporting the source and 
detector. The screws were clamped in this position 
through the remaining steps. 

(2) The micrometer was removed from the magnet 
and placed on a separate stand. A small projector 
containing a scale ruled on a black photographic plate 
was inserted through the back of the “c.”” The vacuum 
chamber was brought to atmospheric pressure and the 
source plug removed. With this plug in electrical 
contact with one micrometer screw, the projector was 
moved until a line of the fiducial scale was brought into 
coincidence with the source wire, this operation being 
observed through a telescope. 

(3) A 9-inch end measuring rod was placed in contact 
with the other micrometer screw, and the detector plug 
in contact with the rod. Turning on the projector then 
cast the image of the fiducial scale on the photographic 
plate. 

The result of this procedure was to produce a scale 
on the plate so that.a particular line of the scale lay a 
known distance from the source wire, as the source and 
detector were held during exposure. The determination 
of the diameter of the electron orbits was thus reduced 


6 The portion of the plate which received any electrons was only 
1 cm high by 0.02 cm in radial width, and the intensity is much 
less than its maximum value over most of this area. The solid 
angle at the source contributing to the image is actually 10~ of a 
sphere. 
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to the measurement of the short distance on the 
processed plate from the electron line to the fiducial line. 


Ill. THE RESULTS 


Figure 3 shows the radial dependence of the photo- 
graphic image as traced with a microphotometer which 
scanned a swath 1 mm in height across the center of 
the plate. The evenly spaced vertical lines are 0.1 mm 
apart and are made by the microphotometer. The three 
similar peaks are lines of the fiducial scale, one of which 
lies at a known distance from the source. The principal 
peak is the K internal conversion electron distribution, 
with its sharper rise on the side of large radius in the 
spectrometer. 

A detailed second-order calculation similar to that 
of Beiduk and Konopinski’ has been made under the 
present conditions of focusing, and it is found that 
ideally the sharper rise of the line would have a width 
insignificantly greater than 1 mil, the width of the 
source. The distance measurement should, under this 
condition, be made to the center of the rise, since this 
position lies just the diameter of the electron orbits 
from the center of the source and the fiducial line in 
step (2) was made to coincide with the center of 
the source. Actually, the rise is about three times as 
broad as its theoretical minimum value. There are a 
number of factors which can contribute to this broad- 
ening: (1) Variations in the permanent magnet field 
during an exposure generally amounted to 300 or 400 
cycles in 3.75 megacycles, corresponding to a radial 
shift of the whole electron distribution at the detector 
of about 1 mil. (2) The source wire may not be aligned 
exactly parallel to the axis of the magnet. From obser- 
vations made of the mounting, it is not unlikely that 
this gives the source an apparent width 50 percent 
greater than the diameter of the wire. (3) The emulsions 
used were thick, 100 to 200 microns, in order to get as 
dense a photographic image as possible. A calculation 
of multiple scattering shows that the electron beam will 
suffer a mean square lateral displacement of the order 
of a mil in traversing even the thinnest of these. (4) The 
width of the microphotometer trace used in scanning 
the processed plates is not at all negligible. In a typical 
case it will be between one and two mils. 

These four factors together can easily account for the 
observed broadening of the rise of the electron line, 
With the exception of the improper vertical alignment 
of the source, they will not, however, broaden the rise 
symmetrically about its center. A reasonably uniform 
change in magnetic field during exposure as well as 
the other two effects will tend to shift the toe of the rise 
more in one direction than they shift the peak in the 
other. This would require that the distance measure- 
ment be made to some point higher on the rise than its 
center. However, since the details of broadening are 
not known, the measurements have been made to the 


7 Beiduk and Konopinski, Rev. Sci. Instr. 19, 594 (1948). 
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Fic. 3. Microphotometer trace of the K-internal 
conversion electron line. 


center in all cases and an uncertainty included in the 
measurements covering two-thirds of the total rise. 
The proper point will almost certainly lie within this 
range. 

The uncertainty in selection of the proper point on 
the electron line is the predominate one in the value of p. 
The actual measurement of the distance on the micro- 
photometer trace from the center of the fiducial mark 
to the center of the rise of the electron line contributes 
no significant error. The length of the 9-inch end 
measuring rod has been calibrated by the National 
Bureau of Standards to five parts in a million. The 
temperature correction to be applied to this length in- 
troduces an uncertainty of about one part in a hundred- 
thousand. 

The proton resonance frequency appropriate to the 
magnetic field seen by the electrons fluctuates during 
an exposure, as previously mentioned. The maximum 
extent of the variation measured at the monitoring 
point added to the +100 cycle limit, within which the 
field seen by the electrons is known to vary in the same 
way as the field at the monitoring point, determines the 
uncertainty ascribed to the frequency measurement. 

The mean of a total of seven usable exposures gives 
the value 


vpp= 42.528+0.008 megacycle cm, 


where vp is the frequency of the proton resonance in 
mineral oil, and p is the radius of the electron orbits. 
Among the seven cases, the maximum deviation from 
the mean is 0.006, and the mean deviation 0.003. The 
+0.008 megacycle cm represents the sum of the limits 
of error assigned to the independent measurements of 
vp and p, as described above. 

Combining this result with the Thomas, Driscoll, and 
Hipple® value of the gyromagnetic ratio of the proton 
in mineral oil, the K conversion electrons are found to 
have 


Hp=9988.4-+2 gauss cm. 


The values given by other observers, previously quoted, 
all easily agree with this result within their stated 
errors. 


’ Thomas, Driscoll, and Hipple, Phys. Rev. 78, 787 (1950). 
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In finding the electron energy, 
E.=m¢\[1+ (Hep/me*)? }}— 1}, 


it is desirable to use Gardner and Purcell’s® ratio of the 
electron cyclotron frequency to the proton resonance 
frequency, w,/wp=657.475+-0.008. In terms of it, 
Hep/mc?=(22/c)(w./wp)vpp. Thomas” value of e/mc 
= (1.75891+-0.00005) X 107 and Hansen and Bol’s value 
of c=(2.99790+0.000007) X10! (discussed by Bear- 
den") give an electron rest energy mc?=0.51096 
+0.00002 Mev. Using these constants, the internal 


® J. H. Gardner and E. M. Purcell, Phys. Rev. 76, 1262 (1949). 
10H. A. Thomas, Phys. Rev. 80, 901 (1950). 
4 J. A. Bearden and H. M. Watts, Phys. Rev. 81, 73 (1951). 
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conversion electrons are found to have an energy 
E.=2.5267+0.0006 Mev. 


Adding the K-shell absorption limit of Pb which 
Compton and Allison” give as 0.0880 Mev, the energy 
of the original ThD gamma-ray is found to be 


E,=2.6147+0.0006 Mev. 


The author is indebted to Professor E. M. Purcell 
who inspired and encouraged this work and to Pro- 
fessors K. T. Bainbridge and R. V. Pound for their 
generous help and advice. The author was assisted by 
a Shell Oil Company predoctoral fellowship. 


2A H. Compton and S. K. Allison, X-Rays in Theory and 
Practice (D. Van Nostrand Company, Inc., New York, 1935). 
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Proton-Proton Scattering at 105 Mev and 75 Mev* 


RosBert W. Birce,t Utricu E. Kruse, AND NorMAN F. RAMSEY 
Harvard University, Cambridge, Massachuseits 
(Received March 7, 1951) 


The proton-proton differential scattering cross section has been measured at 105 Mev and at 75 Mev by 
using the internal beam of the Harvard cyclotron. Scintillation counters detected the scattered and recoil 
protons in coincidence while the beam current was monitored by measuring the absolute activity of C" 
formed in the polyethylene scattering foil. The cross section as a function of angle in the center-of-mass 
system appears to be isotropic within statistical deviation. It has the values 5.4X 10-” cm? and 6.6X 10” 
cm? at 105 Mev and 75 Mev respectively, with an estimated error of twenty percent. 


I, INTRODUCTION 


HE scattering of protons by protons provides an 
important method for studying the nature of 
nuclear forces. At low energies, less than five Mev, the 
de Broglie wavelength X of a proton is large compared 
to the range of nuclear forces, and the interaction is 
effective only in states of zero orbital angular momentum 
(S states). Recent proton-proton scattering experi- 
ments at energies as high as thirty Mev! have failed to 
show any appreciable contribution to the cross section 
from higher angular momentum states, but it is neces- 
sary to bring in tensor forces to explain the magnitude 
of the observed cross section.? 

Further experiments now in progress at Berkeley,’ 
in the 350-Mev region, indicate spherical symmetry, but 
with twice the cross section that can be explained 
theoretically by the use of central force scattering 


* Assisted by the joint program of the ONR and AEC. 

t Now at the Radiation Laboratory, University of California, 
Berkeley, California. 

1W. K. H. Panofsky and F. L. Fillmore, Phys. Rev. 79, 57 
(1950); Cork, Johnson, and Richman, Phys. Rev. 79, 71 (1950). 

2R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950); 
H. Yamauchi, Ph.D. thesis, Harvard, 1950. 

30. Chamberlain and C. Wiegand, Phys. Rev. 79, 81 (1950); 
Chamberlain, Segré, and Wiegand, Phys. Rev. 81, 661 (1951). 


theory. Because of these unusual results at high energies, 
the 100-Mev region is of particular interest. 

The experiment described here used the internal 
beam of 115-Mev protons made available by the opera- 
tion of the Harvard 95-inch frequency-modulated 
cyclotron. A brief description of the equipment and 
some of the results has already appeared,‘ hence the 
chief purpose of this paper is to give in somewhat more 
detail the techniques used and problems encountered 
in the experiment. 


II. DESCRIPTION OF EQUIPMENT 
A. Target 


The internal proton beam is intercepted by a ten-mil 
polyethylene, (CH»),, target and the recoil and scat- 
tered protons in the vertical plane are detected in coin- 
cidence as in the method of Wilson and Creutz> and 
as in the scattering experiments of Oxley® which use an 
internal cyclotron beam. This method effectively 
eliminates the background due to protons scattered 
from the carbon in the target. The polyethylene foil is 


‘R. W. Birge, Phys. Rev. 80, 490 (1950). 
5 R. R. Wilson and E. C. Creutz, Phys. Rev. 71, 339 (1947). 
®C. L. Oxley, Phys. Rev. 76, 461 (1949). 
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partially melted onto two 0.4-mil tungsten wires that 
are suspended vertically in a “C” shaped frame attached 
to a long target probe. The foil may then be easily 
removed and its radioactivity measured in a manner 
described in section ITIC. 


B. Counters 


The counters used to detect the scattered protons 
were anthracene scintillation crystals mounted in slots 
cut in the ends of short pieces of Lucite. These pieces 
were then clamped to seven foot Lucite rods that trans- 
mitted the light flashes to RCA 5819 photomultiplier 
tubes placed in magnetic shields. One counter, used to 
define the solid angle, measured protons scattered at 
angles from 15° to 45° with respect to the incident 
beam, while the other, or monitor counter, was much 
larger and intercepted the recoil protons at angles from 
45° to 75°. Figure 1 shows proton paths for the two 
limits mentioned, while Fig. 2 is a top view for one 
extreme position. 

To facilitate the large linear motion necessary for the 
defining counter, a ball and socket joint was designed, 
which provides an angular swing of 60°. It is similar to 
a design reported elsewhere,’ and is made of a nonmag- 
netic stainless steel ball set in a brass socket with an 
“OQ” ring gasket on the circumference to make the 
vacuum seal. The monitor probe has a flexible sylphon 
joint and can be moved through an angle of about 20° 
in the horizontal plane. Both probes consist of stainless 
steel tubes acting as both light shields and vacuum 
containers. In addition to their angular motion the 
probes may be moved in and out, by sliding them 
through chevron seals, thus it was possible to perform 
the experiment with the scatterer at 40 inches and 35 
inches from the center of the cyclotron by suitably 
moving the three probes radially. The chevron seals are 
located in a housing behind large Crane valves, and 
together with the valves, they constitute a small 
vacuum lock, which allows removal of the probes without 
affecting the main cyclotron vacuum system. The small 
locks speeded up the numerous target changes necessary 
in the final runs. Because the concrete shielding of the 
cyclotron is only six feet back from the tank, the probes 
have a joint part way back, which must be disconnected 
to remove them from the tank. This joint, like others 
on the system, employs a standard vacuum technique, 
namely an “O” ring gasket between two flanges, but it 
acts as a light-tight joint. 

The two probes differ in the following respects. The 
defining counter probe receives only protons from 40 
Mev up and these high energy protons can easily 
penetrate the wall of the stainless steel tube, which is 
thinned down to 0.016 inch at the end where the crystal 
is located. The back end of the probe is bolted down to 
a rigid table in a position that depends on the angle to 
be studied. The monitor probe must detect particles 


70. Retzloff, Rev. Sci. Instr. 20, 324 (1949). 
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Fic. 1. Side view showing scattering geometry. Paths drawn as 
straight lines are actually sections of helices. 


with energies as low as eight Mev. To do this a light- 
tight cap with a one-mil aluminum window is used. The 
cap is placed over the end of the probe and has a baffle 
to allow the interior to be pumped out, since the alu- 
minum could not withstand the vacuum. The vacuum 
seal is then made inside the probe, about an inch back, 
by an “O” ring resting directly on the Lucite rod. This 
arrangement causes some light loss but the amount is 
not appreciable. The rear end of the probe swivels on a 
ball bearing mounted on a small bench milling machine, 
firmly bolted to the floor. This table can be moved by 
remote control from the control room of the cyclotron, 
where selsyn indicators are also located. In this manner 
the large monitor crystal may be moved inside the tank 
until the center of a coincidence counting rate plateau 
is reached. 

A great many precautions were taken to insure that 
as much light as possible could reach the phototubes. 
Advantage was taken of the fact that when the diameter 
of the Lucite rod increases along the light path, the light 
rays tend to straighten out. This effect not only cuts 
down the number of reflections but allows the light to 
go straight into the phototube rather than to be sprayed 
out tangent to the end surface. The crystal holders were 
rounded off around the point where the crystal was set, 
and were covered with aluminum foil to act as a re- 
flector for light starting out sideways, It was found that 
merely butting flat ends of Lucite together made as good 
a joint as much more complicated connections. The 
entire set-up when tested on the bench appeared to 
attenuate the pulses by a factor of about two. A previous 
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Fic. 2. Plan view of cyclotron tank showing target, monitor, and 
defining counter probes, 
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Fic. 3. Plot of coincidence rate versus monitor position nor- 
malized to the single channel rate in the defining counter. The 
plateaus in these curves indicate that all the protons are being 
counted. 


set-up, which used extruded rather than cast Lucite, 
gave an attenuation factor of ten. Such an attenuation 
would have made the experiment impossible since Lucite 
itself scintillates very weakly and y-rays or other radi- 
ation, when striking the Lucite near the phototube, 
would have swamped the true signa]. A small amount 
of Canada balsam was used to make optical contact 
between the crystal and the Lucite in the detector probe. 
In the monitor probe, where the crystal is in the 
vacuum system, the balsam boiled out. To avoid this 
difficulty the crystal was fastened with Duco cement 
and optical contact was made with mineral oil. The 
Duco cement itself had very poor optical properties 
when dried and hence could be used only around the 
edges. 

With the arrangement described and because the 
light flashes from high energy protons in anthracene are 
quite large, it was possible to operate the phototubes at 
such a level that no appreciable thermal noise was 
counted. With the amplifiers set at twice the gain 
normally used, four single channel counts per minute 
were recorded with the cyclotron running but with no 
anthracene crystal in place. 


C. Amplifying and Counting Systems 


The pulses from the photomultiplier tubes went 
directly to cathode followers, each of which fed 250 feet 
of RG 62/U cable terminated in its characteristic im- 
pedance of 95 ohms. The lengths of the two lines were 
compared by observing reflections of fast pulses on the 
scope. The difference was found to be less than 0.01 usec. 
This figure was certainly satisfactory since a coincidence 
resolving time of 0.2 usec was used. The pulses were 
next amplified by means of commercial versions of the 
Jordan-Bell linear amplifier’ and were fed from dis- 
criminators into the coincidence circuit,® and then into 


8 W. H. Jordan and P. R. Bell, Rev. Sci. Instr. 18, 703 (1947). 
® Howland, Schroeder, and Shipman, Jr., Rev. Sci. Instr. 18, 551 
(1947), 
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a scaler. The scalers and amplifiers were built by the 
Atomic Instrument Company, Cambridge, Massa- 
chusetts. 

Amplifiers used with a pulsed beam such as is present 
in an FM cyclotron, sharply limit the possible counting 
rates unless the dead time is a small fraction of the 
burst time. The individual bursts on the Harvard 
cyclotron lasted about 250 usec, and hence the am- 
plifiers were modified to cut the dead time to about 
1 usec, and further changes cut the rise time to about 
0.1 ysec.!° Crystal diodes were inserted within one of 
the feedback loops to prevent double pulsing when the 
amplifiers were overloaded." 


D. Solid Angles 


The scattered protons leaving the target travel on 
helices to reach the counters. The radius of any given 
helix depends for two reasons on the angle that the 
particle trajectory makes with the horizontal plane. 
First, the momentum of the particle depends on the 
scattering angle and second, only the component of 
momentum perpendicular to the magnetic field is 
effected by the field. When the particles scattered in 
the vertical plane reach the top or bottom of the magnet 
gap they will have moved inward radially from the 
incident proton orbit because of their smaller mo- 
mentum and angle with respect to the field. It turns out 
that the distance they have gone in is very small (about 
3 inch out of 40 inches original radius), and very nearly 
constant for all scattering angles. For all positions 
studied it was also necessary to calculate the angle in 
the horizontal plane at which the protons strike the 
probe, in order that the crystals could be set perpen- 
dicular to the scattered proton direction. A first ap- 
proximation to the solid angle of the defining counter 
is then just the crystal area divided by the square of the 
distance traversed. Because of the focusing action of the 
magnetic field, a small correction amounting to a few 
percent must be made to the solid angle thus calculated. 
The correction is just sin¥/y where y is the angular 
distance that the proton travels around the helix. 


III. EXPERIMENTAL PROCEDURES AND 
EQUIPMENT PERFORMANCE 


A. Alignment of Apparatus 


With the cyclotron running, curves were plotted of 
the coincidence rate versus monitor position normalized 
to the singles rate in the defining counter. A plateau is 
obtained in these curves, as is shown in Fig. 3, if the 
monitor crystal is sufficiently large. The percent coin- 
cidence counts to single channel counts for four-minute 
runs are plotted. Accidental counts have been sub- 
tracted out for each point. The counting rate at the top 
of the plateau was three counts per second for coin- 
cidences, about fifteen counts per second in the defining 


PD. Bodansky, Ph.D. thesis (Harvard, 1950). 
4 W, G. Cross, Phys. Rev. 78, 185 (1950), 
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counter and 150 counts per second in the monitor. With 
a repetition rate of 100.per second, these figures imply 
one to two monitor counts per burst. 

After the counters were set in the correct positions as 
determined by the coincidence plateaus, it was neces- 
sary to rotate the defining crystal about the axis of that 
probe, to check for misalignment. This procedure was 
especially necessary if the crystals were long and thin 
since the side of the crystal rapidly presented a very 
large area to the beam, with only a small rotation. 
Plotting coincidences against rotation, now normalized 
to the monitor single channel rate, one found a minimum 
and this was the correct position. When the crystal was 
very short, as in the final runs, the rate did not rise 
rapidly with rotation and the minimum was shallow 
and broad. 

One further check of the apparatus consisted of taking 
curves of coincidence rate versus amplifier gain. One 
obtained flat gain curves down to a point where they 
cut off sharply. This result is not unexpected since the 
cathode follower limited the pulse heights. However, 
to really check the pulse-height distribution, the fol- 
lowing experiment was performed. A thin, }-inch 
monitor crystal was built and run at a position such that 
seventy-Mev protons would reach it. The counted coin- 
cidence protons penetrated the crystal squarely, losing 
about five Mev since the monitor was set in the middle 
of a plateau. Then the voltage on the phototube was 
lowered until the cathode follower was no longer limiting 
the pulse height. In this manner the curve shown in Fig. 
4 was obtained. The differential pulse-height distribu- 
tion taken from these data has a width of about 25 
percent, which was considered satisfactory in view of 
the complicated optical system. It was necessary to 
run gain curves for both the monitor and defining 
crystals at each angle studied since the particles lost 
different amounts of energy in the crystal at each 
position. 


B. Background and Accidental Coincidences 


In any double coincidence set-up there are bound to be 
accidental coincidences due to the finite resolving time 
of the coincidence circuit. In the set-up used, most of the 
single channel rate consisted of protons scattered from 
the carbon in the target. When the counters are moved 
out of line, no true coincidences should be counted and 
the remaining rate must be due to accidental coin- 
cidences. On the other hand, when one channel is 
delayed with respect to the other, a measure of the 
accidental coincidence rate is also obtained, since the 
particles arrive randomly in time. This statement is 
true, of course, only if the delay time, 2 usec, is short 
compared to the burst time, 250 usec, and if the re- 
solving time, 0.2 usec, is large compared to the time of 
revolution of the particles, 0.05 usec. An oscilloscope was 
used to detect any possible fine structure in the beam 
that might cause dead spots to appear two usec after 
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Fic. 4. Plot of coincidence rate versus monitor amplifier gain 
normalized to the single channel rate in the defining counter. The 
monitor single channel rate is also shown for comparison but on 
a scale smaller by a factor of 50. 


any given pulse. There appeared to be as many pulses 
in that region as anywhere else in the burst. With the 
counting rates used, accidental coincidences usually 
amounted to only one percent of the true coincidences 
but occasionally the accidental rate was as high as ten 
percent. It is preferable to use a delayed coincidence 
rate as a measure of accidentals rather than to count a 
background later with the counters out of line. The 
reason is that accidentals are proportional to the square 
of the beam intensity for double coincidence measure- 
ments, and if the intensity of the beam happened to be 
double during the background run, twice as many 
accidentals would be recorded per unit beam current as 
should be recorded. However, it was sometimes ap- 
parent that when the intensity was lower than usual, 
sparks were occurring in the tank, cutting out entire 
FM bursts. In this case, the accidental rate was propor- 
tional to the beam intensity. As a further check, for one 
angle of scattering (45°), the polyethylene scatterer was 
replaced by a carbon scatterer seven mils thick. The 
coincidence counts observed in this case were only one 
percent of the coincidence counts obtained for the same 
activity of the carbon but with a polyethylene scat- 
terer, and were approximately equal to the accidental 
counts determined by the delayed coincidence rate. 

In addition to the background just discussed, both 
probes continued counting at a reduced rate when the 
oscillator was turned off. This effect was due to the 
intense radioactivity present in the cyclotron tank. 
Theoretically one can discriminate by pulse height 
against the pulses from electrons, but the gains were set 
sufficiently high to be sure of getting unusually small 
proton pulses and hence some electrons were counted. 
Since these counts were not bunched in time, in contrast 
to the cyclotron beam, they did not contribute appre- 
ciably to the accidental coincidence rate. 


C. Beam Current Monitoring 


When carbon is bombarded by high energy protons, 
the only activity formed to any extent is the 20.5 
minute positron decay of C". In order therefore, to 
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measure the beam current it is necessary to know the 
ratio of the number of activated C" atoms in the foil to 
the total number of atoms, and also to know the cross 
section for the formation of C" by the (p,pn) reaction. 
However, the proton-proton scattering cross section is 
obtained in terms of the C" cross section without going 
through the intermediate process of finding the actual 
beam current. The total number of atoms in the foil 
need not be known, but only the ratio of carbon to 
hydrogen. 

In order to find the total number of activated carbon 
atoms, the target is removed and the C" activity 
counted by a thin end window, 1.5 mg/cm’, G-M 
counter. A close approximation to the number of active 
carbon atoms that would have been present had none 
decayed is then obtained by extrapolating the activity 
back to half bombardment time and dividing by the 
decay constant \. The error in this procedure is less 
than one percent for a five-minute bombardment of a 
20.5-minute half-life material. Before each run, the 
plateau level of the G-M counter was checked with a 
uranium standard. The level was found to fluctuate as 
much as four percent from one week to the next, even 
though the slope was only one percent per 100 volts. 
The dead time of the counter was measured to be 
110 usec, by counting two samples together and 
separately, assuming Mtrue=Mobs(1-+-%obs7). The final 
data for the 105-Mev points were all taken with the 
same counter. 

To find the order of magnitude of the proton-proton 
scattering cross section, a rough calibration of the G-M 
counter efficiency was made. The best way to evaluate 
the effective solid angle, self-absorption, backscattering, 
and other factors is to measure a known source. It is 
necessary to use a source with the same properties as 
the one for which the G-M counter is to be calibrated. 
To do this, the absolute activity of C" in polyethylene 
foil was measured with scintillation counters, using 
the method of 8—vy-coincidence counting. In this 
method the efficiencies of the scintillation counters do 
not enter the final expression for the absolute activity. 
Thus, 


the number of B counts Vg= Noes, 
the number of y counts V,= Nee,, 
the number of coincidences Vg,= Noege,, 


giving Vo= NN ,/Np,, where ¢g and €, are the over-all 
efficiencies for counting 6’s and y’s respectively, and No 
is the absolute activity. C" decays by emitting a posi- 
tron, and therefore the source was placed in a small 
aluminum capsule stopping all the positrons. The 
annihilation y-rays all appeared then to come from the 
same place. A small scintillation crystal was placed in 
one side of the capsule, which effectively counted only 
the 8-rays, while outside the capsule there was a very 
large crystal counting the y-rays. Activity measure- 
ments were made alternately with this set-up and with 
the G-M counter. In this way the over-all efficiency of 
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the G-M counter was determined to be 1/10.5 for ten- 
mil polyethylene foils. With five-mil foils the number 
was 1/9.5 and with 30-mil foils 1/14.3. The fact that 
the ratio 9.5 to 10.5 was correct was verified by counting 
two five-mil foils first on top of one another and then 
alongside. The ratio measured in this way checked the 
previous ratio to better than one percent, but the ab- 
solute efficiency may be incorrect by twenty percent, 
due to systematic errors. 

Care was taken to eliminate certain errors, in the 
following manner. The amplifiers and scalers were 
similar to those used for the scattering experiment. In 
this situation, however, it was necessary that all pulses 
being counted as single channel counts should also 
trigger the coincidence circuit, if a true coincidence had 
occurred. Over a very small range, one volt for the dis- 
criminators used here, the output pulses were smaller 
than standard size and would not trigger the coincidence 
circuit. In order to eliminate this effect the pulses were 
fed into a second discriminator in series with the first 
and then directly to a scaler and simultaneously to the 
coincidence circuit. This arrangement reduced the 
losses to less than one percent even when counting 
phototube noise that was barely firing the first dis- 
criminator. 


D. Dee Flaps and Clipper 


When the cyclotron was running at full intensity the 
average beam current was somewhat more than 0.1 
pamp. Since the scattering experiment needed a current 
of only 10—" amp or less, three things were done to cut 
down the beam. First, the ion source filament and 
hydrogen supply were cut off. Actually, in the final 
arrangement, the source was left on but helium was 
used instead of hydrogen to maintain the arc, as will 
be explained in the next section. Second, adjustable 
flaps that extended out about fifteen inches from the 
tank center were installed on the dummy dee. They 
reduced the dee gap to about } inch. Since the beam 
oscillates vertically about the central plane, it was 
necessary to use only one flap to control the intensity. 
Third, a }-inch beam height clipper placed part way 
around the tank from the target cut down the intensity 
and in particular increased appreciably the coincidence 
to single channel rate. The clipper performed another 
important function in that it cut down the possibility 
that the beam would make multiple traversals of the 
target. A calculation of the multiple scattering showed 
that the protons would hit the clipper after one or two 
traversals of the target. 


E. Beam Energy 


When a cyclotron is operated with the ion source 
shut off, protons may be formed anywhere within the 
vacuum tank, As a result, protons may reach the target 
that started quite far off center. Since the magnetic 
field tapers off with increasing radius, the orbit of such 
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a proton precesses rapidly. Hence no matter where the 
proton originates, if it starts off center it arrives at the 
target early, and with too low an energy. This difficulty 
manifested itself in many ways in this experiment. 
First, the burst as viewed on a scope triggered by an 
FM receiver arrived too early in the FM cycle. Second, 
the plateau positions did not agree with those pre- 
viously calculated, indicating that low energy particles 
were striking the target and being bent too far in the 
magnetic field before reaching the crystals. 

To cure the trouble, helium was used to sustain the 
arc. The beam intensity was now somewhat higher than 
it was with no ion source. It was then possible to adjust 
the flaps again so that the intensity of particles that 
came from places other than the ion source was only 
ten percent of that due to the source. In this way most 
of the particles were caused to come from the correct 
place and at the correct time. When the ion source was 
thus used, it was still possible to make the protons reach 
the target too early by firing the arc late. In fact, if the 
arc was fired 100 usec after the optimum acceptance 
time, the burst would appear 250 usec early. The total 
acceleration time was 1600 usec. Similar results have 
been obtained at Berkeley” but of much smaller time 
magnitude. These investigators explained the phe- 
nomenon on the basis of phase oscillations. Particles 
that started late and out of phase oscillate about the 
synchronous orbit and may arrive at the target ahead 
in phase. This type of oscillation does not change the 
energy with which a particle arrives at the target 
whereas radial oscillations do. 

A separate experiment has been performed by 
Bloembergen and van Heerden™ to determine the 
energy distribution at 35 inches with the cyclotron in 
operation for proton-proton scattering as explained 
above. A half-width of seven Mev and a mean energy 
of 75 Mev were observed. The energy calculated from 
the magnetic field and radius at the target was 85 Mev. 
The half-width at 40 inches was 8.5 Mev with a mean 
energy of 105 Mev. No importance is to be attributed 
to the difference between the half-widths since the 
measurement at 105 Mev was observed under different 
operating conditions. 


F. Cross Fire 


The crystals were originally cut about 4 inch to # inch 
thick in the direction that the protons traversed, and 
about $ inch by } inch in cross section. Under these con- 
ditions it was found that an appreciable number of 
particles entered the sides of the crystal rather than 
passing straight through from front to back. As a result 
the monitor crystal was too small to count all the recoil 
protons and true plateaus were not obtained. The effect 
was apparent only for the small scattering angles where 
the protons had to traverse a large arc before reaching 
the defining crystal. To counteract this trouble, the 


2 Henrich, Sewell, and Vale, Rev. Sci. Instr. 20, 887 (1949). 
‘8 N. Bloembergen and P. van Heerden (private communication). 
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TABLE I. Typical data for #=45°. Solid angle of defining counter 
AQ=6.70X 10-4. Correction to solid angle ¥/sin¥= 1.013. Dead 
time of G-M counter r= 110 usec. 
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3 min 
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defining crystals were cut down to # inch thick. Satis- 
factory pulse heights could still be obtained with this 
thickness, and the cross fire was eliminated except in 
the case of extremely small angles. The results given in 
the last section do not include these small angle points. 


G. Final Procedure 


The complete procedure for each point was as follows. 
About one day was spent lining up the monitor counter, 
running gain curves and rotation curves. Then after 
the target was withdrawn, a new target was placed in 
the vacuum lock and pumped on. After the gate to the 
tank was opened, the cyclotron was warmed up again 
for a few minutes. Any activity produced on the target 
while in the lock was too small to be measured. During 
this time the standard source was being counted in the 
G-M counter. Then the new target was let in. It was 
now necessary to start the counters, turn on the oscil- 
lator, run five minutes, turn off the oscillator and turn 
off the counters. Special care was taken to get the dee 
voltage up rapidly without breakdown and resultant loss 
in intensity, since the extrapolation procedure in 
counting the target foils assumed a uniform bombard- 
ment. The target was then withdrawn and the activity 
counted for two three-minute intervals. For each angle 
two and sometimes four foils were successively bom- 
barded. 


IV. RESULTS AND CONCLUSIONS 


° 


Table I gives typical data obtained for the =45 
point. An explanation of the headings is as follows. Time 
of count refers to the interval from the start of the 
bombardment to the three-minute interval during 
which the target activity was counted. The corrected 
counting rate has had the G-M counter background 
subtracted and the dead time losses allowed for. The 
following procedure is employed to obtain No, the total 


-number of C" atoms formed during the bombardment. 


The two determinations of the activity are extrapolated 
back to half-bombardment time and averaged, divided 
by A, the decay constant, multiplied by the appropriate 
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Fic. 5. Proton-proton differential scattering cross sections at 
105 Mev and at 75 Mev versus scattering angle in the center-of- 
mass system. Absolute values are based on the C%(p,pn)C™ cross 
section, equal to 67 and 83 mb respectively. The standard devia- 
tions shown are due only to the statistical fluctuations in the 
number of protons counted. 


geometrical factor for the G-M counter (which depends 
on the foil thickness used), and normalized to the 
standard G-M plateau level. The true number of 
proton-proton coincidences, Ny», is the difference 
between the number of counts in the prompt coincidence 
channel and in the delayed coincidence channel. The 
differential cross section in the laboratory system is 
then given by, 
da/dQ=N pyo(C")/2N AQ. 


The factor two in the denominator arises from the 
fact that there are two hydrogen atoms for each carbon 
atom in polyethylene. 

Sixty-seven millibarns at 105 Mev and 83 millibarns 
at 75 Mev were used for the cross section of the forma- 
tion of C" to establish an absolute basis for the value 
of do/dQ. These values were taken from recent deter- 
minations of the relative cross section by Hintz" 
normalized to existing values for the absolute cross 
section.’ The differential scattering cross section in the 
center-of-mass system, do/dw, plotted in Fig. 5, was 
obtained from the laboratory cross sections by multi- 
plying by 
(1— 6? cos*&)? 


1—? 


44 N. M. Hintz (private communication). 

16W. W. Chupp and E. M. McMillan, Phys. Rev. 72, 873 
(1947); E. M. McMillan and R. D. Miller, Phys. Rev. 73, 80 
(1948); Aamodt, Peterson, and Phillips, Phys. Rev. 78, 87A 
(1950) and UCRL-526 (unpublished). 
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which is the relativistic transformation of solid angles. 
Capital letters indicate the laboratory system, small 
letters the center-of-mass system.'® The center-of-mass 
angles are related to the laboratory angles by the rela- 
tion 


tand= (1—6*)! tan(¢/2). 


The cross section for each angle is the result obtained 
by statistically weighting the individual runs at that 
angle. In all runs at a given value of ® the same defining 
solid angle was used for the final data. It was therefore 
merely necessary to add up the coincidence protons that 
resulted from all the runs and to divide by the total 
number of C" atoms formed. The percent error in the 
measurement of the carbon activity was small compared 
to the error in the number of coincidence protons and it 
will be neglected. The resultant standard deviation in 
the ratio is then just the square root of the total proton 
counts, divided by the total activity. 

The differential scattering cross section in the center- 
of-mass system, do/dw, appears to be constant within 
the statistical deviation over the range of angles 
measured. The absolute magnitude of the 105-Mev 
cross section, 5.6 millitarns, differs somewhat from the 
value of four millibarns obtained recently at Berkeley 
for 120-Mev protons.’ The difference may be due to the 
calibration procedure for the G-M counter or the uncer- 
tainty in the cross section for the formation of C"™. It 
may also indicate the rise of the proton-proton scat- 
tering cross section toward lower energy. The absolute 
cross section may be in error by as much as 20 percent 
while the relative differential cross section should be good 
to better than 10 percent. Preparations are now being 
made at Harvard for proton-proton scattering experi- 
ments with an external beam. These experiments should 
ultimately be of much higher precision, particularly on 
absolute cross section, than those so far reported. 

We wish to thank Drs. W. G. Cross, D. Bodansky, 
L. S. Lavatelli, and N. Hintz for many stimulating dis- 
cussions during the course of the experiment, and Drs. 
N. Bloembergen and P. van Heerden for determining 
the energy distribution at 75 Mev. The cooperation of 
the staff of the Harvard Nuclear Laboratory was greatly 
appreciated. 


16 The symbols follow the convention established by Hadley, 
et al., Phys. Rev. 75, 351 (1949), in their n—p scattering experiment. 
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This paper applies the Boltzmann method of gaseous kinetics to the problem of positive ions moving 
through a gas under the influence of a static, uniform electric field. The ion density is assumed to be vanish- 
ingly low, but the field is taken to be strong; that is, the energy which it imparts to the ions is not assumed 
negligible in comparison to thermal energy. Attention is focused upon the computation of velocity averages, 
and the drift velocity in particular, rather than a complete knowledge of the entire velocity distribution. 
It is shown in Secs. C and E that the problem so formulated is completely soluble if the mean free time 
between collisions of ions and molecules is a constant; this is the case for the so-called polarization force 
between ions and molecules which predominates over other forces at low temperature. A method for ob- 
taining averages to any desired accuracy in the general case is developed in Sec. D. The method is applied 
to the hard sphere model for the high field range and mass ratio 1. An application of the resulting formula 
(43) to experimental material has been published earlier. 


A. INTRODUCTION AND GLOSSARY 


LMOST all theoretical work which concerns itself 

with the drift motion of gaseous ions in an electric 

field deals with the case in which the drift motion is 

small compared to the thermal motion.' The velocity 

distribution of the ions is then almost maxwellian, and 

the electric field acts as a perturbation upon this 
distribution. 

For electrons, the theory has been developed further 
and we know today the nature of the electronic motion 
when the energy picked up from the field is appreciable.” 
The saving feature for these calculations is that, even 
under these conditions, the velocity distribution is 
very nearly spherically symmetrical, because the elec- 
tron loses momentum quickly, but accumulates energy 
in the form of random motion. This saving feature is 
not available in the study of ionic motion. Hershey* 
has made calculations for ions by making arbitrary 
assumptions about the velocity distribution function. 
Such a procedure throws doubt upon the results ob- 
tained. 

This paper develops a procedure for extracting pre- 
cise values for the most important velocity averages 
while by-passing the problem of the velocity distribu- 
tion. It forms part of an extended study of ionic motion 
which is to be published elsewhere ;‘ a second part is to 
follow which will discuss ionic diffusion. A comparison 
with experimental results has been published earlier.® 

We shall assume here that the ions form a uniform 
stream which moves in a gas under the influence of a 
homogeneous static field. The ion density is assumed to 


1 For a general survey, see: A. M. Tyndall, The Mobility of 
Positive Ions in Gases (Cambridge University Press, Cambridge, 
1938), Chapter IV. 

? For a general background : see Chapman-Cowling, The Mathe- 
matical Theory of Non-Uniform Gases (Cambridge University 
Press, Cambridge, 1939), Sections 18.7-18.74. More recent papers 
are: J. A. Smit, Physica 3, 543 (1937); H. W. Allen, Phys. Rev. 
52, 707 (1937). 

3 A. V. Hershey, Phys. Rev. 56, 916 (1939). 

4 Bell System Technical Journal, 1952. In the following referred 
to as BSTJ. 

5 J. A. Hornbeck and G. H. Wannier, Phys. Rev. 82, 458 (1951). 


be vanishingly low so that the maxwellian distribution 
of the gas molecules is not disturbed and collisions be- 
tween ions and molecules predominate over ion-ion 
collisions in determining the behavior of the ions. The 
task is to solve the Boltzmann equation for the ve- 
locity distribution function f(c) of those ions, or if this 
is impossible, to extract from the equation the values 
of certain averages, notably the drift velocity of the 
ions with the field. 


The exposition will be preceded by a glossary explaining sym- 
bols. Generally, Latin capital letters will refer to the gas molecules 
and Latin lower case letters to the ions, Greek letters will have no 
special relationship; exceptions will be made for generally recog- 
nized symbols. Symbols whose meaning is obvious frem the con- 
text will not be listed. We define 


E=electric field. 
m= ionic mass. 
e=ionic charge. 
a=eE/m=ionic acceleration. 
kT =Boltzmann’s constant X absolute temperature. 
z=coordinate along field direction. 
x, y=coordinates at right angles to field direction. 
b=impact parameter. 
€x, €y, €s= energies of ionic motion along x, y, z. 
e,*=random part of above energy. 
p, g, r, s=numbers to be determined in (41). 
p, po)... = various approximations to these numbers. 
M=molecular mass. 
N=number density of molecules. 
P=molecular polarizability. 
V =potential energy of ion and molecule. 
c, c’, u, u’, v=ionic velocities. 
C, C’, U, U’=molecular velocities. 
¥, Y’=relative velocities of ion and molecule. 
o=collision cross section. 
\=1/No=mean free path of ion between collisions 
with molecules. 
7=1/Noy=mean free time of ion between collisions 
with molecules. 
7,=same parameter for “spiralling” collisions. 
w=c/(a\)!=ionic velocity rendered dimensionless. 
8=1/2kT =temperature parameter. 
p=distance between ion and gas molecule. 
3d, 3’, ¢, ¢, ¥, x, €=angles to be defined. 
m(c) = (8m/2)! exp(—Smc*) = maxwellian velocity distri- 
bution function for ionic mass. 
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M(C)=(8M/x)! exp(—8MC) =maxwellian velocity dis- 
tribution function for molecular mass. 
h(c)=“high field” distribution function for the ions (the 
exact meaning of this term is to be explained in 
the text). 
f(c)=true velocity distribution for the ions. 
5(c) = vectorial 5-function in velocity space. 
A special convention will be adopted to distinguish velocities 
before and after a collision : 
ce’, C’=velocities before the collision. 
c, C=velocities after the collision. 
When used in this fashion the twelve components of the four 
vectors above satisfy the four identities 
me’'+MC’=me+MC (1) 
me"?+-MC?=me?+-MC. (2) 
The same convention is to apply to other vector quadruples, 
such as 
u, U, u’, U’. 
For the velocities in the center-of-mass system we use 


+’ =c’—C’=relative velocity before the collision. 
‘Y=c—C=relative velocity after the collision. 


In consequence of (1) and (2) the y’s obey the relation 
(3) 


x will be the scattering angle for fixed center of mass in the 
c-system, that is 


yay. 


1’ -Y=7 cosx. (4) 
e will be the scattering azimuth. The letter # will be used for the 
angle between c and the field direction, similarly 8’ for c’. 

The multiple integrations occurring in the theory are of the 
following two types. Either they are over the three components 
of a velocity in a cartesian velocity space; we shall denote such 
integrations by de, du, dU’, etc. Or they are proper “collision” 
integrations which classically have the form 


7 b db de 


where 6 is an impact parameter and ¢ an azimuth. In most cases 
these integrals depend on extraneous factors for their convergence, 
but this fact is usually disregarded for convenience; we shall 
follow this habit by writing the above differential in the form 


yodII,. 


The index ¢ on dII, refers to the fact that it is the collision in- 
tegral in the c, C, ec’, C’ system of velocities. As an alternate to 
this notation we shall sometimes write 
1 
dIl.=—Il(x)sinxdxde. (5) 
dn 
II(x) is the probability function of scattering; it equals unity in 
the isotropic case. When the differential (5) above is integrated 
out as it stands it will equal unity by definition, but if any other 
factor depending on x enters, the resulting integral may or may not 
depend on y. In any case, the cross section ¢ depends on + unless 
we deal with the hard sphere approximation. 
Furthermore 


Ei(z)= fe t/t dé (suppression of two minus signs). 


K(x), Ki(x)= Modified hankel functions of order 0,1 (altera- 
tion of Macdonald function by a factor 2/r.) 
P,(x) = Legendre polynomials. 
h,(c)=expansion coefficients defined by (11). 
{ )=the quantity in pointed brackets is to be averaged. 
Z,,=a set of numbers defined by (16). 
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B. REDUCTION OF THE HIGH FIELD CASE: 
LEGENDRE DECOMPOSITION AND 
MOMENT FORMATION 


The Boltzmann equation for the problem defined in 
the fourth paragraph of Part A may be found in 
Chapman-Cowling.® In our notation it reads 


ts] 
ee f f [M(C’f(e’)—M(O)f(e)] 


Oc, 
X[1/r(y) Jama. (6) 


The most important property of (6) is the fact that it is 
a linear equation. This fact makes possible many pro- 
cedures which were barred to other investigators work- 
ing on more conventional problems of kinetic theory. 

Equation (6) contains two external parameters, the 
field strength and the gas temperature. We define the 
low field case as the case for which f(e) is maxwellian 
to a first approximation, annulling identically the curly 
bracket on the right of (6). The left-hand side of (6) 
is then in the nature of a perturbation which proceeds 
in powers of the field. This case will not be discussed 
further as it is treated in many textbooks. A second 
limiting case of (6) arises when the thermal energy of the 
molecules is negligible in comparison with the energy 
the ions extract from the field. We shall call this case the 
high field case. In the high field case, the function 
M(C) may be replaced by 6(C), and the gas tempera- 
ture disappears from the problem. Equation (6) be- 
comes then 


dh(c) 1 
a——+—A(c) = 
4 t(c) 


OC, 


1 
J fecome>—anac. (7) 
r(c’) 


Three out of the five integrations on the right can be 
carried out by the use of the 6-function. The actual 
manipulation is cumbersome and will be given in 
BSTJ.° It yields 

dh(c) 1 (M+ m)?* 


a——_+—h(c) = ———— 
Oc, (Cc) 4xrMmc 


(M+m)ec/| M—m| 1 2r 
xf —M(x)de' f dg’h(e’). (8) 
e t(c ) 0 
Here the scattering angle entering into II(x) is defined 
by the auxiliary equation 
cosy =[(m+M)*cc’— M?— m?]/2mM. (9) 


The integration is over the surface of a sphere in ve- 
locity space (a plane when M =m) which must be known 
for correct substitution into h(c’). The equation of the 
sphere is 

(M—m)c”?+2me’-c—(M+m)c?=0. 


The variable vector ce’ is never smaller than ¢ (which 


(10) 


6 See reference 1, Chapman-Cowling, Eq. (18.71, 1). 
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is fixed) and equals it at the point c’=c. The center of 
the sphere lies on the straight line joining this point to 
the origin; it lies on the side of the origin from ¢ when 
m<.M, at infinity (making the sphere a plane) when 
m= M, and away from the origin if m>M. The radius 
of the sphere is Mc/|M—m|. The two variables of 
integration used in (8) are the azimuth ¢g’ on the sphere 
measured around ¢’=c, and the length of the vector ec’. 

We now choose the field direction as polar axis and 
expand h(c) in spherical harmonics about that direction : 


h(c)=> h,(c)P,(cosv). (11) 
v=0 


Figure 1 shows a spherical triangle on the unit sphere 
in vector space. The vectors ¢, c’, and a, assumed 
drawn from the origin, show up in the figure by their 
piercing points. Polar angles show up as sides, azimuths 
as angles. With the help of Fig. 1, Eq. (11) and the 
decomposition theorem for spherical harmonics, we get 


£ h(c’)dg’=2e 5 h,(c’)P,(cosd?)P,(cosy). (12) 
0 v=) 


Furthermore, we get for the derivative in (8) 


a Ac) 1 


O{# 
| hc) P(cosd) | = > a eri 
Cc v 


ac, | v=0 y=()| 
X { (v+1)P41(cos?)+ vP,_1(cos#)} 


1 v(v+1) 
+-h,(c) —{ P,-s(cosd)~ Prs(cosd)} | (13) 
c 2v+1 


Substituting (11), (12), and (13) into (8) and annulling 
separately the coefficient of each Legendre polynomial 
in cos? we get the set of equations 


(Mm)? piattmeliM—ml h,(c’) 
et f ——P,(cosp)I1(x)de’ 
2M mc r(c’) 


c 


_h -(c) va fdh,\(c) v—1 
(lid oly j,) 
fe) ay er dc ¢ 


v+2 
_- into), (14) 
di c 


(v+1)a dheys 1(¢ *) 
(— an 
2v+3 


where 
y=0, 1, 2,3:--- 


Of the two auxiliary angles x and y, appearing in the 
integral, x is defined by (9); ¥ is obtained from Fig. 1 
and Eq. (10) as 


cosy =[(M+m)2— 


The second step in reducing (8) consists in applying 
the Mellin transformation to /,(c) or introducing mo- 


(M—m)c’?|/2mec’. (15) 


IONS 





¥ ok 


Fic. 1. Definition of the angles between c, c’, and a; 
representation by a triangle on the unit sphere. 


ments. In doing this we shall assume that the angular 
distribution in the scattering of ions by molecules is 
independent of the velocity of approach (although the 
total cross section may not be). The assumption hap- 
pens to be correct for the two cases treated in detail, 
the polarization force and the hard sphere model. It 
is not actually a necessary assumption but it has a 
certain convenience for writing down results. 

We multiply (14) by c*** and integrate over c from 0 
to ©. The power s must be sufficiently large to permit 
integration by parts on the right without integrated 
out part (s=—1 is probably adequate for this). The 
integral over the integral term so obtained decomposes 
rather neatly into a product of a collision integral and 
a velocity average: 


fou 


(M+m)/| M—m| © hy (cx 
-f Palcosp)ti(x)de f 
1 0 


a fess oy beat feoop iGo f= 


Here x is defined as c’/c and W and x are functions of 
x only as is seen from (9) and (15). Thus, the last line 
is a product of two independent integrals. We write 
for the first factor J,,,; it is a collision integral not 
involving the velocity distribution. This can be made 
explicit by using x as integration variable. We get 
from (9) 


x=c’/c=(M+m)/(M?+m?+2Mm cosx)?, 


(M+m)c/| M—m| h, Cc 


’) 
© P,(cosp)II(x)de’ 


crt ‘de. 


and from (15) 


cosy = (m+ M cosx)/(M?+m?+2Mm cosx)!, 
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Fic. 2. Interconnection between the averages (c*P,(cos#)) 
through the equation system (17); case of constant mean free 
time. 


so that J,,, becomes 
tnd [° (M+ m+ 2Mm + 2M m cosx)})* 
PR m 





| m+-M cosx 
> 


FP \. (16) 
(M?+ m?+2Mm cosx)! 


With the help of these numbers /,,,, the integrated 
equation (14) takes the form, 


fete 


= v(v-+s+1)(c*"P,_1(cos#)) 
+(v+1)(s—v)(c**P,41(cosd)). (17) 


C. VELOCITY AVERAGES FOR CONSTANT MEAN 
FREE TIME; THE POLARIZATION FORCE 


(2v+1)(1— 


For the case r(c)=const, Eqs. (17) permit computa- 
tion by recurrence of the averages of all products of 
integer aay of the velocity components. This is 
shown in Fig. 2. Each average (c°P,(cos?)) is marked 
in this figure as a dot in an s-v-plane if s is integer. 
Equations (17) connecting these averages are shown as 
lines with different equations leading to the same dot 
shown in different outline. These equations generally 
have the shape of a V; there are two notable exceptions 
to this rule, however, which make the recurrence method 
possible: the equations y=0 have no left leg and the 
equations s=v have no right leg. Starting out with the 
average s=0, v=0, which equals unity by definition, 
one can thus proceed systematically, as shown in Fig. 3, 
to get other averages. The averages reached are the 
ones for which s and v are non-negative integers of equal 
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parity with the restriction s=v. One verifies easily 
that this set is equivalent to the set of all products of 
integer powers of the velocity components. 

We shall now explicitly follow for a certain distance 
the path outlined in Fig. 3. It so happens that the 
most important averages are the first three obtained 
in this manner: 

M-+m ar 
(c2)= _ men 438) 
M (1—cosx) 


. (M+ m)* _ (ar 


M*m (- — cosy)? 





(19) 


(c?P2(cos#?)) 
4(M+ m)*(ar)? 
iz M*(3M sin?x+4m(1—cosx)) 





or more conveniently with the help of (19) 


(M+ m)*{M? sin? ext 4m(1 1—cosx))(ar)? 


c. sempnistatasnnestpiios 


~ Mm —cosx)*«: 3 Me sin? 2y+-4m(1 —<¢osx)) 


The three equations (18)-(20) give the drift velocity, 
the total energy, and the energy partition of the travel- 
ling ion. Formula (18) can actually be derived from a low 
field theory. Equation (18) thus states that, for problems 
involving a constant mean free time, the high field and 
low field mobilities are numerically identical. One would 
suspect that the intermediate field value would have to 
fall in line too. This is indeed the case and led to thé 
discovery of the theorem in Sec. E. 


Fic. 3. Order to be followed in calculating by recursion the aver- 
ages (c*P,(cos?)); case of constant mean free time. 
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A convenient interpretation of (19) may be had by 
combining (18) and (19) in the following way 


(mc?) = m\c,)*+M(c,)°. (21) 


The left side is the total energy of the ion, the first 
term on the right is the energy visible in the drift mo- 
tion; it follows therefore that the second term is the 
“invisible” or random part of the mean energy. For- 
mula (21) thus states that 


random energy/visible energy 
= molecular mass/ion mass. 


(22) 


Formula (20) is best interpreted by writing out the 
partition of the energy between the three translational 
degrees of freedom. This can be done in two ways; 
either the total or the random energy may be parti- 
tioned. In the first case we get 


€z:€y:€:=(M sin*x):(M sin?x) :(4m(1—cosx) 
+M sin*x). (23) 


In the second case 


€z:€y:€:*=(M+m)sin*x) : (M+ m)(sin*x): 


(2m(1—cosx)?-+M sin*x). (24) 


For small ion mass (electrons) both formulas give 
equipartition for any law of scattering. But generally 
this is not so. For instance we get from (23) for iso- 
tropic scattering 


€2:€y:¢:=M:M:(M+6m) (25) 
and from (24) 


€z1€y:€.*=(M+m):(M+m):(M+4m). (26) 


This gives for equal masses the ratios 


Cxily:@,=1:1:7 
Ozi€y€,° = 1:1:5/2. 


For heavy ions the unbalance is even greater, most of 
the ion’s energy being in its drift as can be seen already 
from (22). No limiting finite partition of the total energy 
exists therefore; the partition formula (26) becomes 


€g:€y:€,"= 1:1:4, 


The theory developed in this section applies exactly 
to the polarization force between ions and atoms. This 
force is occasionally preponderant at room tempera- 
ture; if it is not then it may predominate over others 
at low temperature, because it has a cross section vary- 
ing inversely as the velocity. The interaction potential 
equals 

V=3(EP/p'). (27) 


Classical theory is usually applicable to the scattering 
problem, because angular momentum quantum num- 
bers run as high as 30 or 50 in normal situations.’ 
The solution of this scattering problem gives rise to 


7H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. 144A, 
554 (1931). Theodore Holstein, private communication, 
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two kinds of orbits: orbits like hyperbolas for large 
angular momentum and spirals for small angular mo- 
mentum.® The critical impact parameter } separating 
the two kinds of orbits is given by 


b¢=42P(M+m)/Mmy’. 


This leads to a mean free time r, between spiralling 
collisions which is given by 


t,= (1/2reN){ Mm/P(M+m)}?. 


This is indeed a constant mean free time, because the 
formula does not contain the velocity of encounter ¥. 
There is no mean free time definable for “hyperbolic” 
collisions, because small angle deflections are infinitely 
probable. However, the actual expressions entering 
into (18), (19), and other formulas are always of the 


form, 
(1/7*e(x))", 


and become equal to 0/0 if very weak encounters are 
taken into account. There are standard ways of making 
these expressions definite.? We find in Hassé 


(1/r){1—cosx)~(1/7.) X 1.1052, 


(28) 


(29) 


(30) 
and we computed in this laboratory 
(1/r)(sin’x)~(1/7,) X0.772. 


With the help of the identifications above, formula 
(18) for the drift velocity becomes 


(31) 


(32) 


0.904871 1\! E 
(C,)=—— “( +) —, 
2 \M m/ MP! 


The formula for the total energy needs no discussion 
for a special model; it does not involve the angular 
distribution when written in the form (21) or (22). 

For the partition of the energy we get from (23) 


€z:€y:¢:=M:M:(M+5.73m) 


(33) 
and from (24) 
Cr: ly:€,*=(M+m):(M+m):(M+3.72m). 


There is an obvious similarity of (33) with (25), or 
(34) with (26). The reason for this is that the polariza- 
tion force scatters very nearly isotropically, that is (31) 
is about 3 of (30). Tracing this feature back we observe 
that the contribution of the spiralling orbits to (30) 
and (31) predominates; in these orbits the two par- 
ticles very nearly “forget” the direction whence they 
came.® 


(34) 


D. GENERAL METHOD FOR DETERMINING VELOCITY 
AVERAGES; APPLICATION TO THE HARD 
SPHERE MODEL AND m=M 


The results obtained in Sec. C are in the nature of a 
lucky accident. Generally we can expect neither a dove- 

8 P. Langevin, Ann. de Chim. Phys. 5, 245 (1905). 

9H. R. Hassé, Phil. Mag. 1, 1939 (1926). 








GREGORY H. 


Fic. 4. Interconnection between the averages (c*P,(cosd) 
through the equation system (17); case of constant mean free 
path. 


tailing of equations as it occurs in Fig. 2, nor that the 
computable averages contain the physically important 
quantities. As an example of a more normal situation 
we see in Fig. 4 the analog of Fig. 2 for the case of a 
constant mean free path. Only two averages are seen to 
be directly computable, namely (c?cos#?) and (c*). 
Neither one of them has any physical importance. 

A method will be described in this section which 
permits computation of averages under very general 
conditions, allowing in principle even the inclusion of 
temperature effects. A test application of the method 
to a case in which the distribution function was known 
by other means (Monte Carlo method) will be described 
in BSTJ. In this article the numerical work will be 
restricted to a case obeying the following assumptions: 
(a) that we deal with the high field case, (b) that the 
mass of the ions and molecules are equal, and (c) that 
the ions and molecules interact with each other like 
hard spheres. This specialization has in view the ex- 
perimental work of Hornbeck’ on Het, Net, and At 
travelling in the parent gases. 

The way of computing averages from a diagram such 
as Fig. 4 is closely tied up with certain special features 
of the equation system (14). At first sight (and this 
first sight lasted in the author’s case for many months) 
it seems that it is a recursion system permitting sub- 
stitution of an arbitrary function Ao(c); the ‘‘zeroth” 
equation then gives a derived /,(c), the first equation 
hz(c), etc. However, a closer examination shows a 
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quite different situation. Suppose we have- obtained 
somehow functions ho, 41, ---4, and we are trying to 
use the mth equation to determine /»41. This equation 
is of the form 


tnys/de+[(n+2)/c\anyi(c)=known material. (35) 


We solve for h,»,; by multiplying with c"** and inte- 
grating. This gives 


c™?hi(c)= f (known material) de. (36) 


The left-hand side is such that it must vanish both at 
c=0 and c=. It follows that the right hand integral, 
when taken between the limits 0 and ©, must equal 
zero. The recursion system is therefore of such a struc- 
ture that, at each stage, it imposes a condition upon 
the h,’s already determined if the new hn,:(c) is to 
exist at all. 

The integrability conditions whose essential feature 
was indicated in (36) were already written out earlier. 
They are the ones among the set (17), for which s=r; 
it was remarked at the time that these equations have 
no “right leg”. Thus they connect averages which 
could be computed by other means if /o(c) were known. 
We shall refer to these relations as “singular relations”. 

The method which can be based on this feature is 
fairly straightforward. An initial trial function Ao(c) is 
improved step by step through the adjustment of free 
parameters using the singular relations. It will be 
shown in BSTJ that each singular relation is always 
reducible to a relation between averages involving ho(c) 
only by the use of a fairly obvious process of elimina- 
tion. In our case the elimination procedure may be 
read off from Fig. 4. Using the dimensionless variable 


c 


=-— (37) 
(ad)! 


w 


we shall write down the first few of these relations. We 
obtain from the singular relation s=v=1 


(w')= 10, (38) 


from the singular relation s=v=2 


3(w") = 112(w), (39) 


and from the singular relation s=»=3 
(295/56)(w*) = 27(w*)+ (17/330)(w"). (40) 


With the help of Eqs. (38), (39), and (40) and the 
normalization condition a succession of improved func- 
tions 4o(w) can be constructed which will lead to suc- 
cessive approximations to any average desired. This 
procedure resembles somewhat the Ritz method of 
quantum mechanics. Just as in that method a good 
choice of trial functions greatly improves the approxi- 
mation. In the choice of the trial functions below use 
has been made of the fact that the true function Ao(w) 
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has a logarithmic singularity at w=0 and that it van- 


ishes at infinity as 
w* exp[ —}w*] 


the power & being unknown. No proof will be given 
here of these facts, which are useful rather than essen- 
tial for the success of the method. A thorough discus- 
sion of this point will be found in BSTJ. 

On the basis of this information we write down the 
following trial function for ho(w): 


ho= p Ei(}w*)+9qKo(3w*)+r exp(— jw’) 
+sw°*K,(}w*). (41) 


The best zero-order function is Ko(}w*). We find in 
zero order, from normalization only 


Tr 
0) = = 1.04605 
21(3) 


po = 7 (0) = (0) = 0; 


in first order, using (38) 


p = —0.46543 


qg™ = 1.45285 ; Bit Cito 


in second order, using (38) and (39) 


p® = —0.80856 
gq = 1.88127 
7) = —0,09804; 


in third order, using (38), (39), and (40) 


p® =—1.15071 
q® = 2.37034 
7) = —0,29016 
s® =0,02062. 


sM=0 


No convergence feature is visible or expected from 
these coefficients. Numerical convergence is observable, 
though, on the actual function (41) or on the averages 
derived from it. Through the intermediary of (w*) we 
find for the drift velocity 


(w,) = 1.04605 
(w,) = 1.14256 
(w,)® = 1.14616 
(w,)® = 1.14661 


(42a) 
(42b) 
(42c) 
(42d) 
which gives a limiting value 
(wz)= 1.1467. (43) 
For the total energy we find 
{w*) © = 2.1884 
(w*)® = 2.3395 
(w*)® = 2.3511 
(w*)® = 2.3531 


(44a) 
(4b) 
(4c) 
(44d) 


(w*)= 2.353. (45) 
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No zero-order value exists for (w,*) ; the other orders give 
(w?)™ = 1.8006 (46a) 
(w,?)™ = 1.7696 (46b) 
(w,?)® = 1.7685 (46c) 

giving 
(w,?)= 1.768. (47) 


Interpretation of (43), (45), and (47) proceeds the 
same way as of (18), (19), and (20). From (43) and 


(45) we get 
(w*) = 1.790Kw.). (48) 


According to (21) this factor is equal to 2 for all mean 
free time models. The energy partition equals 


x: €y:€2= 1:1:6.04 (49) 


2 €y:€,*°=1:1:1.54. (50) 


In the last formula, the change from the mean free 
time formula (26) is most strongly noticed. 


E. THE PROBLEM OF INTERMEDIATE FIELDS; 
A CONVOLUTION THEOREM 


It was pointed out in Sec. B that the solution of the 
general problem (6) of ionic motion contains two ex- 
ternal parameters, the gas temperature and the electric 
field. Since that time, all efforts were dealing with the 
“high field” Eq. (8), in which the gas temperature is 
taken to be zero and the electric field often scales out, 
as in (37). 

Whenever the mean free time condition of Sec. C 
is satisfied, the problem of intermediate fields is taken 
care of by the following convolution theorem: 

Given the general Eq. (6) for constant mean free time, 

af(c) 
ar— 


es 


+/(e)= f f M(C)f(c)amdC, (51) 


and the “‘high field” equation derived from it, 


dh(c) a 
ar — +He)= f foc \h(e’)dt1dC, (52) 


and the maxwellian equation derived from (51) by dropping 
the field term 
m(c)= ff fecomeranac, (53) 


then the solution f(c) of (51) is the convolution of the 
solution h(c) of (52) and the solution m(c) of (53): 


f(o)= fra)m(e—w)du (54) 


We carry through the proof by constructing ex- 
plicitly the equation satisfied by the convolution. We 
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replace the running variables ¢, ce’, C, C’ in (52) by 
u, u’, U, U’ and multiply in m(c—u). We get 


dh(u) , 
ar———m(e— u)+h(u)m(e—u) 


Ou, 
= ff acu yn(w’ym(e—woamn.av. 


We now define f(c) by the relation (54), and integrate 
the above equation over u. The second member on the 
left comes out to be f(c). For the first member, we carry 
out an integration by parts: 


dh(u) dm(c—u) 
f m(c—u)du= = fy “du 
Ou, Ou, 


Nat odie 
—————du 


r af(c) 
= ae fale 
Oc, Oc; 


=+ fixe 


For the right-hand member we observe that we have 
the eightfold integration 


dit,dUdu. 


This is an integration over the collision angles and all 
final velocity components. By a general principle of 
kinetic theory” we can replace in this integration the 
final velocity components by the initial ones and write 


dt, dUdu=di1,dU'du’. 


This puts us in a position to eliminate the 6-function 
by integration. We find 
Of(c) 
ar +s(€)= fiw’) (e—u)dtI du (55) 
( 


Oc, 


with the side condition that u, U, u’, U’ form a quad- 
ruple of vectors in the sense discussed in Sec. A, for 
which in addition 


U'=0. (56) 


Equations (51) and (55) agree, provided we can prove 
the identity 


fim —u)dil,,= J fcomer—wyanac. (57) 


Equation (57) expresses an identity connecting ele- 
mentary functions of known arguments. In this sense 
(57) itself can be considered an elementary relation. 
The actual proof of it is very complicated and will be 
given in BSTJ. Thus the theorem (54) may be con- 
sidered proved. 


10 Reference 6, Sec. 3.52 


WANNIER 


With the help of the convolution theorem, all ve- 
locity averages known for the high field case by the 
method of Sec. C become now known for the inter- 
mediate and low field range as well. The calculation 
proceeds as follows. Suppose we wish to compute the 
velocity average, 


leareyres?)= ff careyteaf(edde, (58) 
for m, n, p integer. We apply the convolution theorem 
(54) to f(c), decompose the three factors into 


=[ust(co—uz)]", cy=[ty+(q—m) ]", 
c.?=[us+(c.—uz) }?, 


and expand each of them by the binomial theorem. 
We find 


n Me v Ww 
(creyrer)=Z & %(") ) 
u=0 v= 0 r=0 Lm n p 
x ficaducrnyrusrdn f (voor Hy, "9? "dv. 


The second integral is a thermal average, the first a 
high field average computable by the method of Sec. C. 
Thus the average (59) is a finite sum of products of 
computable averages and is itself computable. 

From (18) and (59) we get for the drift velocity (c,) 


(59) 


M+m ar 
(60) 


(C2)= Ta ie 
M_ (1—cosx) 
This means that Eq. (18) holds independently of the 


temperature as was stated then. For the total energy 
we get, from (19) and (59), 


(M +1 m) (ar 


(mc?) = 3kT+ 


and for its z component 


(mc,)= kT 


/ 


( M-+m)*(M sin*x+4m(1—cosx))(ar)? 
M1 —cosx)*(3M sin?x-+-4m(1—cosx)) 
and the x component 
(mc,*)= kT 
(M+ m)*(sin*x)(ar)? 





—— ; . (63) 

M*(1—cosx)*(3M sin?x-+4m/(1—cosx)) 
Little has to be added for interpretation. In all energy 
formulas the thermal and the high field contributions 
add. The former has the gas value and obeys equi- 
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partition, the latter has the value it would have if the 
gas temperature were zero. Its properties were ex- 
amined in Sec. C. 

The foregoing development completely solves the 
problem of intermediate fields if the assumption of a 
constant mean free time can be made. There remains 
the question what to do in other cases, particularly for 
the model treated in Sec. D. It is true that, in principle, 
the general problem could be solved by the method 
developed there. For the gas temperature complicates 
only the central term in (14), while the method of solu- 
tion was based on the structure (35) of the higher out- 
side term which remains unaffected. However, the 
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further course of the calculation in Sec. D makes the 
method less desirable. We would be able to produce a 
number for the drift velocity for a given numerical 
ratio of the electric field and the temperature, but we 
would not gain direct information about the functional 
relationship. This relationship would only reveal itself 
indirectly after extended numerical computations. It is 
to be hoped that a more satisfactory way of proceeding 
can be found. 

In conclusion, I wish to thank Miss C. L. Froelich 
and the computation staff of the Bell Telephone Labora- 
tories for carrying out the computation mentioned in 
Sec. D. 
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Coherent Scattering Processes Arising from Quantum Correlations 
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Quantum statistica! forces in ideal syrnmetric and antisymmetric fluids establish an ordered arrangement of 
their fluid molecules in space. The coherent scattering properties of these fluids resulting from this spatial 


order are studied in this paper. 


I. INTRODUCTION 


N an earlier paper’ we studied the incoherent slow 

neutron scattering by ideal monatomic symmetric, 
or Bose-Einstein (B.E.), and antisymmetric, or Fermi- 
Dirac (F.D.), fluids. These were presumed to represent 
possible asymptotic models of liquid He* and He’, re- 
spectively. We should like to complete here the theory 
of the scattering properties of these fluids by an inves- 
tigation of their coherent scattering, especially for slow 
neutrons, resulting from the respective spatial corre- 
lations of their atoms. These spatial correlations are 
caused by the quantum statistical attractive and re- 
pulsive forces in the phase space of these systems of 
ideal dimensionless atoms. 

In the wave kinematic approximation the coherent 
scattering of short wave electromagnetic radiation by 
atoms is similar to the coherent scattering of slow 
neutrons with comparable de Broglie wavelengths. The 
possible, though small, neutron-electron interaction of 
nonmagnetic origin together with their electromagnetic 
coupling will be neglected here. Then the linear mo- 
mentum exchange, with vanishingly small energy 
exchange, between these fluids and the incident slow 
neutrons, which is the coherent scattering process, is 
determined primarily by the specific slow nuclear 
scattering amplitudes of the fluid atoms. These quan- 
tities are, in turn, the specific amplitude structure 
factors of the nuclei for slow neutrons. These are sup- 


1 Goldstein, Sweeney, and Goldstein, Phys. Rev. 77, 319 (1950). 


+-posed to be known, at present, only empirically, in 
contrast to the atomic structure factors for radiation 
which can be evaluated with sufficient precision from 
first principles. The additional difference between the 
two types of radiative and neutron scattering processes 
consists in the diversity of the nuclear scattering am- 
plitudes for different neutron-nucleus spin configura- 
tions. This difference vanishes for nuclei of zero spin 
angular momentum, for instance, as in the case of He‘. 
Our problem is to investigate the statistical or cor- 
relation coherent scattering structure factors of ideal 
symmetric and antisymmetric fluids. The study of the 
physical characteristics will then bring out a series of 
remarkable analogies exhibited by B.E. fluids and 
normal fluids both near and away from their respective 
critical regions. 
The structure factors will be defined in the next 
section, while their evaluation and discussion will be 
reserved for the subsequent sections. 


Il. THE COHERENT SCATTERING OF SLOW 
NEUTRONS BY IDEAL SYMMETRIC AND 
ANTISYMMETRIC FLUIDS (ASYMPTOTIC 

LIQUID He‘ AND He* MODELS) 


The possible practical interest of these fluids may be 
associated with He‘ and He’ atoms with zero or half- 
unit of spin angular momenta. This justifies the limita- 
tion of the study of the scattering to these two spin 
cases. One of the main differences in the correlation of 
symmetric and antisymmetric fluids arises from the 
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fact that all atoms of the ideal symmetric fluid are 
statistically correlated, while an ideal antisymmetric 
fluid of atoms with spin h/4m can be looked upon as a 
mixture of two fluids with oppositely directed spin 
momenta, with correlations existing only within each 
fluid of atoms of parallel spin directions. To the ap- 
proximation of the present studies, atoms with opposite 
spin directions are uncorrelated and cannot give rise to 
interference of their respective scattered waves. 

Let N spinless atoms, occupying volume V at tem- 
perature 7, form an ideal symmetric fluid. Further, let 
P(r, T)dv/V be the probability of finding an atom in 
the volume element dv with its center at a distance r 
from a given atom at the origin of the coordinate 
system. Here, Ps(r,T) is the spatial probability dis- 
tribution function. In a classical ideal gas, this quantity 
reduces to unity. In ideal symmetric and antisymmetric 
fluids, the departures of the probability distribution 
from unity are pure quantum effects, and it is justifiable 
to denote these as quantum correlations, 

The coherent scattering cross section per unit solid 
angle of a symmetric collection of V atoms, for neutrons 
of initial and final propagation vectors k and k’, may 
be written as 


F Ff 
Ss(Ak, T)=V-?*> DY | cos(Ak- r;;) 


i=l j=ld/y 
XoiP s(ris, T)dv,d0;. (1) 


This cross-section formula is more general than the one 
used for the scattering of x-rays by atoms.’ Here, oj; 
is an elementary cross section to be defined below, 


| Ak| = |k’—k| = 2k sind=42(sin@)/d (2) 


is the momentum loss of the neutron on scattering 
expressed in units of h/2m, 20 is the scattering angle, 
and \ the neutron wavelength. The argument of the 
cosine is the phase difference between the waves scat- 
tered by the atoms i and j of separation rj; or | r;—r;|. 
Of the NV? terms in Eq. (1), the V diagonal terms are the 
individual contributions of the NV atoms, with o;; for all 
i(1, 2, ---, WN) being the single atom nuclear coherent 
cross section per unit solid angle. In order for a single 
atom to scatter coherently, it is necessary that its elastic 
cross section be the one associated with an apparently 
infinitely heavy nucleus. Hence, 


oi=0,(1+A>) =n, (3) 


where A denotes the mass of the scattering fluid atoms 
in units of the neutron mass, and o, stands for the slow 
neutron elastic cross section of the free atom per unit 
solid angle and in the relative motion. Since the slow 
neutron scattering process involves only neutrons of 
zero relative angular momentum, the scattering is 


2 A. H. Compton and S. K. Allison, X-Rays in Theory and Ex- 
periment (D. Van Nostrand Company, Inc., New York, 1935), 
second edition, pp. 177-181. 


spherically symmetrical in the relative motion and is 
characterized by a unique s-wave phase shift or scat- 
tering amplitude, -a, of either sign. At the low neutron 
energies envisaged here, a may be said to represent the 
asymptotic infinite wavelength scattering amplitude 
and should thus be an energy-independent quantity. 
The N(N—1) off-diagonal mutual interference terms 
contribute all the same cross section. Thus one finds 


Ss(Ak, T)= No] 1+V-*(N—1) i, cos(Ak: r;—4)) 
; 


x Ps(riis Tava} (1a) 


Now, the two atom probability distribution function 
can be written as 


Ps(rx, T)=14+Qs(ris, T), (4) 


where Qs is the specific quantum correlation function of 
ideal symmetric fluids. Replacing Eq. (4) into Eq. (1a) 
and performing the integration on cos[ Ak-(r;—r;)] 
leads to the structure factor of ideal fluids in a finite 
volume V, assumed to be a sphere of radius R. On 
evaluation of the angular integrals over the quantum 
correlation term, one obtains 


Ss(Ak, T)/Now 
= 1+ (91/2)(N—1)J*3(x)x-* 


+[42(N—1) var) [ sin(rAk)Q,(r, T)rdr 
0 


=F °(Ak,T); x=RAk. (5) 


The radial integration in the quantum correlation term 
is extended to infinity, because the correlation function 
Qs(r, T) vanishes, in general, quite rapidly with in- 
creasing r. The ratio Ss/No. is the intensity structure 
factor per atom of the ideal symmetric fluid. 

In an ideal antisymmetric fluid of atoms with spin 
h/4r, the two-atom correlations refer only to atoms of 
parallel spin directions. With 


Ps (ru, T) ™ 1—Qa(ris, T), (6) 


where the negative sign in front of Q4 expresses the 
peculiar spatial repulsion between atoms of parallel 
spin, one obtains, using Eq. (1) and performing cal- 
culations similar to those leading to Eq. (5), the struc- 
ture factor F47(Ak, T). The latter resembles Eq. (5) 
with ($/V) replacing N and with a negative sign in front 
of the quantum correlation integral which includes 
Qa(r, T) instead of Qs(r, 7). The incident neutron 
beam is supposed to be unpolarized. The antisymmetric 
fluid cross section per unit solid angle S4(Ak, T) or 
NF 4°(4k, T)o. is again determined by the infinitely 
heavy atom elastic cross section per unit solid angle cn, 
in spite of the fact that the scattering amplitudes in the 
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triplet and singlet spin configurations are assumed to 
be different. Here, 


oa=(1+A)[ 9 (2a)? +3 (a). 


The nonoccurrence of the coherent cross section in the 
N(N—1) mutual interference terms is due to the absence 
of correlation between atoms of opposite spin directions. 
This eliminates the interference between the singlet and 
triplet amplitudes, ('a) and (*a). 

Our problem is to investigate the intensity structure 
factors Fs*(Ak, T) and F4?(Ak, T). Beside the evident 
academic interest attached to the scattering properties 
of these ideal quantum fluids, the possibility that these 
fluids might represent asymptotic models of liquid He‘ 
and He* would further justify the study of these 
processes. Of the two fluids, the symmetric one appears 
to be of considerably greater practical interest with 
respect to the scattering of slow neutrons because of the 
enormous slow neutron absorption cross section of the 
He?’ nuclei.!:*? The experimental investigation of slow 
neutron scattering by liquid He‘ could yield additional 
information which might prove helpful in a better 
understanding of this liquid. 


Ill. THE COHERENT SCATTERING STRUCTURE 
FACTOR OF IDEAL SYMMETRIC FLUIDS 


The structure factor is determined by the two-atom 
probability distribution function P(r, T), defined above. 
Both in symmetric and antisymmetric fluids the evalu- 
ation of the distribution function is straightforward. It 
is the coordinate space average of the probability 
density of these fluids over (V—2) of their V atoms and 
its momentum space average over the momenta of all 
the atoms. These functions were first obtained in the 
limit of small degeneration.‘ The rigorous symmetric 
fluid distribution and correlation functions were also 
derived.* Neglecting terms of the order of 1/N, these 
are given by 


Ps(r, T> To) =14Os(r, T> To) 
bts it (T/ T»)!F 1(0)>- I 
l=1 


2 
expt —la (wr*/IA*)]} (7) 


Ps(r, TS To) =1+Qs(r, TS To) 


i 1+4| (2/ THO I exp(— is) 
l=1 


+2(T/To)iF-(0)[1—(T/To)*] 
x¥ I exp(—r?/1A?), (8) 
l=] 


3L. D. P. King and L. Goldstein, Phys. Rev. 75, 1366 (1949). 

4G. E. Uhlenbeck and L. Gropper, Phys. Rev. 41, 79 (1932). 

5A. D. Galanin, J. Exp. Theoret. Phys. (U.S.S.R.) 10, 1267 
(1940). F. London, J. Chem. Phys. 11, 203 (1943). 
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above and below the condensation temperature 7», 
respectively. Here 


F(0) wi F-4=2.612, A=h/(2xMkT)}, (9) 


A denotes the de Broglie wavelength of the fluid atoms 
associated with their average thermal motion, M the 
mass of the atoms; a is the negative Gibbs free energy 
per atom in units of kT. One of the two atoms of the 
pair, in Eqs. (7) and (8), is at the origin of the coor- 
dinate system. The functions Qs(r, T) are the charac- 
teristic quantum correlation functions. They vanish in 
the limit h—-0. 

Substituting Eq. (7) into Eq. (5) and performing the 
calculations, one finds the following intensity structure 
factor formula per atom: 


Fs*(Ak, T>To)= 14+2(RAR)+F-(a)> > (l+m)-3 


Xexp[— (+m) a—(lm/l+-m)(AAR)*/44]. (10) 


Here ©?(RAz) is the ideal fluid structure factor defined 
by the second term on the right-hand side of Eq. (5). 
In the specific quantum statistical term, (V—1) was 
replaced by NV, since N>1. Below the condensation 
temperature one obtains, with Eq. (8), 


Fs?(Ak, T<To)=1+,7(RAR) 


H(N(TY NE E (+m) 


i=1 m=1 


X<exp[— (/m/l+-m)(AAR)*/42 ] 


+2(N.(T)/N)[(exp[(AAk)*/4x])—1]-', (11) 


where 


N(T)/N=(T/To)}, NA(T)/N=1—(T/To) (12) 
denote the fractions of the excited and condensed atoms, 
respectively. 

The ideal fluid structure factor 67(RAR) is negligibly 
small for all finite values of Ak or finite scattering angles. 
It has the limit (V—1) or N in the forward direction 
associated with Ak or (42 sin@)/A—0. In this ideal limit 
all atoms scatter in concordance of phase. We shall, 
however, omit this term from the structure factor for- 
mulas (10) and (11). This is justified because all limiting 
small angle scattering considered below will be asso- 
ciated with directions or propagation vector changes Ak 
such that for these #7 is still negligible. 

The preceding symmetric fluid structure factors, with 
the classical term omitted, have been derived by 
Galanin® in connection with his formal studies on the 
density fluctuations and scattering of x-rays and visible 
radiation by ideal B.E. fluids. The independence of 
the structure factor from the type of waves is, of 
course, evident. The physical discussion of the scat- 
tering phenomenon together with the analogies in the 
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qualitative behavior of ideal symmetric and normal 
fluids have not been given by this writer. Furthermore, 
some of the conclusions reached by him in a more 
recent work on the scattering properties of a modified 
B.E. fluid model® do not appear to be free from objec- 
tions. We shall return to this point later. 

It is possible to obtain a rigorous lower bound for the 
double sums in Eqs. (10) and (11) and to derive thereby 
practically rigorous analytically closed structure factor 
formulas. Indeed, the running factor /m/(/+m) in the 
exponents of the exponentials in the double sums has 
its extreme value /, The exponent with the double index 
will be approximated with the help of the inequality 


Blm/(i+m)< Bl; B=(AAR)?/4x; 


Lenco $i 2 's5<,:0, (13) 


4x8 being the square of the neutron momentum change 
on coherent scattering expressed in units of the mo- 
mentum associated with the average thermal motion 
of the atoms. In thus stripping the factor /m/(/+-m) of 
the index m, the double sums can be reduced to a simpler 
approximate expression, their rigorous lower bound. 
One thus obtains, after a somewhat lengthy calculation, 
the following lower limits of the structure factors:’ 


Fs in? =(1—F(at+8)F-“a) (1—e-4)-!, T2To, (14) 


Ss,in®=[1—(T/To)'(e?—1) 


T/T»)'F(B)F-'(0) ](1—e-8)-!, T<To, (15) 


F(a)=> I exp(—/a). 


i=] 


\pproximate upper limits of the structure factor result 
from the lower limits on substituting 8/2 for 8 in the 
preceding formulas. 

The resemblance of the preceding approximate 
coherent structure factors or coherent symmetric cross 
sections per atom to the rigorous incoherent or inelastic 
cross sections obtained previously! is evident. It should 
be remembered, however, that this similarity concerns 
mainly the incoherent cross section in the relative 
motion. The coherent cross sections (10) and (11) or 
(14) and (15) are evaluated, necessarily, in a fixed 
coordinate system. Also, the incoherent cross sections 
have been obtained under the condition that the neu- 
tron kinetic energy is larger than the kinetic energy of 
thermal motion of the fluid atoms. No such restrictions 
have been imposed here. 

Using Eqs. (14) and (15), simple expressions can at 
once be derived for the limiting values of the lower 
bounds of the structure factors. Keeping the tempera- 
ture constant, one obtains in the limit of large 6, that 
is, for large angle scattering or large momentum loss of 


6 A. Galanin, J. Exp. Theoret. Phys. (U.S.S.R.) 19, 175 (1949). 
7 The function F(x) should not be confused with the structure 
factors which we always write in the form of squares. 
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the scattered waves, 


limF s, intr?= 1— F-'(a) limF (a+ 8) 
p>1 B>1 
~1—F-'(a)e“*-8, T>T , (16) 
which is practically unity. Since our discussion will be 
based on the lower bounds Egs. (14) or (15), we shall 
henceforth omit the subscript inf of the structure factors. 
It is seen that at large angles the angular dependence of 
the structure factor tends to vanish leading only to the 
diffuse coherent scattering expressed by the self-inter- 
ference term or unity on the right-hand side of Eq. (16). 
At a constant value of the scattering angle, for given 
incident waves, the structure factor increases with 
decreasing temperature because of the increasing range 
of the correlation function Qs(r, 7). The structure 
factor reaches a maximum at the condensation tem- 
perature, where its value is 


F*(Ak, To) =[1—F(8)F-(0) ](1—e-4) -. 


In the limit of very small momentum changes or B<1, 
one obtains, expanding both the numerator and 
denominator, 


limF s°(Ak, To) =lim[—dF/d8]F-“(0) 
8X1 BX1 
=rig-tF-(0), 


(17) 


(18) 


which may become very large for small 6-values. One 
might object here, on analytical grounds, to the passage 
to the limit of small 8-values in Eq. (17). This, however, 
could be obviated by writing F($8+48) for F(8) and 
expanding around (8/2). Or one might divide the 
interval 8 into two parts and expand around the larger 
value. This would only introduce a numerical constant 
in the limiting structure factor (18), while the charac- 
teristic 8-! behavior would, of course, be unchanged. 

At temperatures T<T , the structure factor (15) 
leads to the following limiting behavior: 


limF 5°(Ak, T <To)=1+e-[1—(T/To) (1+ F-"(0)) ], 
A> 
(19) 


which is similar to the large B-limit above To, Eq. (16), 
in so far as the angular dependence or 6-dependence 
vanishes exponentially. In the opposite limit of small 8, 
one finds, using the expressions (12) of the condensed 
and excited fractions of the atomos, 


limF 52~ (N.(T)/N8)+(1.G)N (T)/NF(0)B), 
B<1 


(20) 


where the first term on the right-hand side is the 
dominant term. This shows that in the condensation 
region the coherent scattering process at small angles is 
due mainly to the condensed atoms. As the temperature 
increases toward the condensation temperature T9, the 
importance of the second term on the right-hand side 
associated with the excited atoms increases; and at To, 
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expression (20) becomes identical with (18), the latter 
limit being reached from above 7». This proves the 
continuity of the structure factor at the condensation 
temperature, a result which was seen to be valid in the 
incoherent scattering process! also. It can be shown, 
furthermore, that the temperature derivative of the 
structure factor is discontinuous at the condensation 
temperature. This discontinuity is due to the inter- 
ference between the waves scattered by condensed and 
excited atoms. The interference term is given by the 
first term on the right-hand side of Eq. (15). It does not 
appear in the incoherent process whose cross section is 
continuous together with its first temperature derivative 
across the condensation line. 

Since in the scattering of visible light the charac- 
teristic quantity 8 is ‘very small, one would expect, in 
the He II or condensation range, the structure factor 
(20) to reduce to its first term which is then quite large. 
This result for visible radiation was obtained recently 
by Galanin® using a modified B.E. fluid model. How- 
ever, in the limit B>1, this model still leads to a rela- 
tively large structure factor, varying essentially as B~'. 
Physically, in this limit the coherent scattering should 
become independent of the momentum change and the 
mean correlation distance characteristic of the scat- 
tering fluid, which, in the ideal symmetric fluid, is A or 
h/(2xMkT)!. This behavior is clearly exhibited by our 
formulas (16) and (19), which reduce essentially to the 
diffuse scattering term corresponding to unity on the 
right-hand side of these relations. It is worth noticing 
that Galanin’s model® resembles somewhat the one used 
by Brillouin’ in his investigations of the coherent scat- 
tering of electromagnetic radiation of any wavelength 
by transparent solids and liquids. However, Brillouin’s 
theory leads to the correct physically expected variation 
of the structure factor, namely, exp(—!), if one rein- 
terprets our A as the wavelength of the elastic waves in 
the medium which reflect the incident electromagnetic 
waves in Brillouin’s dynamic model of the scattering 
medium. 


IV. ANALOGIES BETWEEN THE COHERENT 
SCATTERING OF RADIATION OR SLOW 
NEUTRONS BY IDEAL SYMMETRIC 
AND REAL FLUIDS 


In the preceding discussion of the B.E. coherent 
structure factor we have limited ourselves purposely to 
the condensation region and the vicinity of the con- 
densation temperature or the saturation line in the 
single phase modification of this fluid. We should like 
to study now the coherent scattering at temperatures 
T>To, e.g., throughout the single phase region. 

Let the fluid be at some temperature distinctly higher 
than its condensation temperature TJ». The parameter 
a is then large; i.e., it is of the order of unity. It is to be 
remembered that near Jo, this parameter is extremely 
small, of the order of V-, NV being the total number of 


§L. Brillouin, Ann. phys. (9), 17, 88 (1922). 
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atoms of the fluid. At 7>T7o, one finds with Eq. (14), 
for small values of 8, 


limF 37(8, T>T») = — [ F(a) }-'(dF/da) 
bK1 


=> bee JF He, (21) 
l=1 l=1 


In this limit the scattering structure factor becomes 
independent of 8. This result is the same as the one 
obtained with the center-of-gravity coordinate system 
incoherent structure factor.! The structure factor (21), 
although derived by using the lower bound (14), turns 
out to be exact, the lower bound becoming identical 
with the rigorous structure factor in this limit of small 8. 
The proof of this is simple and will be omitted here. 
Recalling now the expression (13) of the scattering 
parameter 8, it is seen that small 6 means: 


(a) A>A; or ADA, 2 finite, 


(b) A=A; or A<A, @small. 


In case (a), the wavelength of the incident radiation is 
large in comparison with the mean correlation range A 
of the correlation function Qs, Eqs. (7) and (8). Since 
the B.E. fluid might be considered to represent some 
asymptotic model of liquid He‘, numerically, the ap- 
proximate correlation range A is about 10~7 cm at 3°K. 
Hence, in liquid He, case (a) is realized for visible 
light at all scattering angles. Case (b) corresponds 
to the small angle scattering of slow neutrons, thermal 
or subthermal, and to that of x-rays. Equation (21) 
expresses the result that both for radiation of the 
visible region and of short wavelength and slow neu- 
trons, but with small momentum change on scatter- 
ing, the structure factor becomes independent of the 
details of the scattering process, that is, of A and @ 
as well as of the molecular characteristics of the fluid, 
such as the correlation distance. Under these condi- 
tions, the structure factor depends only on the over-all 
thermal properties of the fluid. Indeed, with the equa- 
tion of state of B.E. fluids, one obtains, without dif- 
ficulty, 


—F-"(a)dF/da= —NkTV-*(aV/ap)r=NkT xr/V, 
(22) 


where xr stands for the isothermal compressibility of 
the fluid. Now, the right-hand side of Eq. (22) is V 
times the relative mean square fluctuation of the par- 
ticle concentration (V/V) or n, or that of the number 
of particles N, 


— F-'(a)dF /da=N(An*)y/n?=(AN?)y/N. (23) 
Consequently, the coherent intensity structure factor 
in the limit of B1 becomes 


limF 5°(8, T>To)=NkTxr/V=(AN%/N. (24) 


b<1 
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This shows that in this limit the ideal B.E. fluid 
scatters coherently as would a normal monatomic fluid 
far from its critical region, according to Einstein and 
Smoluchowski.® This, of course, is just as it should be 
physically, because for visible light of wavelength A far 
exceeding the molecular correlation length and for 
x-rays or slow neutrons whose phase change on scat- 
tering is also very small at small or moderate scattering 
angles, the spatial arrangement of the molecules, as 
described by the distribution or correlation functions, 
can have no explicit effect whatsoever on the scattering 
process, since large groups of atoms scatter essentially 
in phase. A more complete theory valid both for visible 
light and x-rays in transparent media, solids, or liquids 
has been proposed by Brillouin.* The proportionality of 
the coherent structure factor of x-rays to the com- 
pressibility of the scattering medium is fully contained 
in Brillouin’s work. That this proportionality for x-ray 
scattering should exist only at small scattering angles 
was first shown by Zernike and Prins.” These writers 
have outlined the formalism of the coherent scattering 
phenomena of x-rays by liquids by introducing ex- 
plicitly, in a formal way, the normal fluid distribution 
or correlation functions in the theory of these processes. 
The absence of a satisfactory theory of such correlation 
functions in normal fluids prevented them from ob- 
taining any explicit liquid structure factor. 

Let us consider again the limiting B.E. coherent 
structure factor (21) or (24). As the temperature of the 
fluid decreases toward the condensation temperature, 
the concentration or density fluctuations increase 
without limit, an anomalous situation quite similar to 
what obtains in the critical region of normal fluids. A 
large increase in the intensity of the coherently scat- 
tered radiation by ideal B.E. fluids should be expected, 
the loss of validity of the fluctuation formalism not- 
withstanding, as pointed out by us some time ago." 
Ideal B.E. fluids should exhibit a critical opalescence 
type of effect near their saturation line. It is seen that 
this conclusion is valid also for the small angle scat- 
tering of slow neutrons or x-rays, whose structure factor 
becomes highly asymmetrical. The scattered slow 
neutrons or x-rays should appear -essentially in the 
forward direction with considerably reduced relative 
lateral scattering as the symmetric fluid approaches its 
transition temperature. It should be noted, in this con- 
nection, that the saturation curve of ideal symmetric 
fluids is the geometrical locus of points of infinite com- 
pressibility or vanishing slopes (0p/0V)r of their 
isothermal curves. Since (d?p/dV?)7 <0, the isothermals 
have their maximum" along the saturation or transition 
line in the pressure-volume diagram. These isothermals, 
when extrapolated into the two-phase or condensation 


® A. Einstein, Ann. Physik 33, 1275 (1910); M. v. Smoluchow- 
ski, Ann. Physik 25, 205 (1908). 

#0 F, Zernike and J. A. Prins, Z. Physik 41, 184 (1927). 

1 L, Goldstein, Phys. Rev. 57, 241, 457 (1940). 

2 L. Goldstein, J. Chem. Phys. 14, 276 (1946). 
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region from the single phase low density or vapor 
region, take on the physically excluded behavior of 
decreasing pressures with decreasing volume. As a 
result, the ideal B.E. fluids undergo a smooth condensa- 
tion process” whereby supersaturation is prohibited. 
This type of condensation is quite similar to the con- 
densation of ordinary fluids in their critical region 
where the isothermals appear also to reach the vapor 
saturation line with small slopes tending to vanish in 
the vicinity of the critical point. The similarity in the 
thermodynamic behavior of ideal B.E. fluids, with 
attractive statistical forces but no interatomic forces, 
and of normal fluids, with attractive intermolecular 
forces but no statistical forces, extends thus into their 
respective coherent scattering properties near their 
critical transition regions. However, in ideal symmetric 
fluids the difficulty of the fluctuation theory of scat- 
tering in the vicinity of the saturation line is averted by 
the rigorous structure factor formulas (10) and (11) or 
by their lower bounds (14) and (15). Indeed, the pre- 
ceding discussion of the structure factors (21), (22), 
and (24) helped to show how the molecular theory of 
scattering joins with the thermodynamic statistical 
theory in the limit of small momentum changes of the 
waves on coherent scattering. In order to obtain the 
rigorous scattering law near the transition line in this 
same case of small momentum changes, one has to 
evaluate F5*(89, To) with (14) and then obtain its limit 


limF s*(Bo, Ty)=1' Bs F-1(0); Bo= Ag?(Ak)?/4x, (18a) 
Bo1 


which may be quite large but finite. In the condensation 
region, as shown already above, the small momentum 
change structure factor is also finite (Eq. (20)), although 
it may become quite large. This, then, proves the 
general validity of the rigorous structure factor for- 
mulas or of their simpler lower bounds both as far as 
the state of the symmetric fluid and the details of the 
scattering process are concerned. 


V. ANALOGIES BETWEEN THE MOLECULAR 
CORRELATIONS IN IDEAL SYMMETRIC 
AND REAL FLUIDS 


It appears to be of interest, at this juncture, to 
discuss the classical intuitive solution of the critical 
opalescence problem for visible light proposed by 
Ornstein and Zernike.'* These authors were the first 
to recognize the fundamentally incomplete character of 
Einstein and Smoluchowski’s’ statistical theory of light 
scattering in the vicinity of the critical state of normal 
fluids. The normal fluid structure factor per atom in 
the Ornstein-Zernike theory can be written for long 
wave radiation in the form 


Fy*By, T)=(NRTx2/V)[1+ (NAT xr8n/V) J, 


Bv=(esin@/Ay)*, (25) 


31. S. Ornstein and F. Zernike, Amsterdam Proc. 17, 793 
(1914); Physik. Z. 19, 134 (1918) ; and 27, 761 (1926). 
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where ¢ stands for the short range of the intermolecular 
forces, and Ay or \/n is the wavelength within the 
scattering fluid, m denoting its refractive index. Clearly, 
at the critical point the structure factor behaves as 
Bn. This is similar to the structure factor of ideal 
symmetric fluids below the transition temperature for 
small values of 8 (Eq. (20)). 

For a brief study of the analogies between normal 
fluids and the ideal symmetric fluid, let us return to the 
distribution functions Ps(r, T) or the correlation func- 
tions Qs(r, T) contained in Eqs. (7) and (8). The sums 
appearing in these correlation functions can be evalu- 
ated to a fair approximation by transforming them into 
integrals. One thus obtains, at once, 


Qs(r, T2 To) 


-r@(f | | exp[ —la— (wr'/is7y\d) 


= A*F-*(a)r-* exp[—r/(A/4(ra)') ], (26) 


and 
Os(r, T< Tr) =(2N-N .N-F—(0) A) 


+(NrN-F-(0))?A*%r-*. (27) 
It is clear, of course, that these approximate correlation 
functions lose their validity at small distances 1, since 
the integrals over the summation index / tend to 
diverge at vanishing separations. However, these func- 
tions are probably better than asymptotic in the sense 
that they should approximate fairly well the rigorous 
correlation functions (7) and (8) beyond distances 
r-(T) which are the roots of the transcendental equa- 
tions obtained by equating Qs and Qs, in the two 
temperature regions, respectively. The remarkable dif- 
ferences in the quantum correlations (26) and (27) 
above and below the transition temperature are more 
clearly exhibited by the functions Qs than by the rigor- 
ous but unwieldy correlations Qs, (Eqs. (7) and (8)). 
Above the transition temperature, one is confronted 
with a rather short-range correlation function varying 
as exp(—r/7)/r’, the range being, at T>T»o, where a 
is of the order of unity, somewhat less than A, or 


#(T)=A/4(ma)}. 


As the fluid temperature decreases toward its condensa- 
tion temperature, the range 7(7T) increases and may be 
said to become very large, of the order of the linear 
dimensions of the vessel, at the condensation tem- 
perature, since a—N-'. The divergence of the correla- 
tion range in the condensation region can be proved 
rigorously using the exact function Qs(r, 7<To) (Eq. 
(8)). Along the saturation line the correlation function 
behaves as a long-range function, or 


Qs(r, To.) =A2F-*(0)r—. (29) 


Below the condensation temperature, in the two-phase 


(28) 
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region, the correlation function is a ‘very long-range 
function, since for all significant distances it varies as 
r—', It is to be noted that both the rigorous and ap- 
proximate symmetric fluid correlation functions, though 
continuous, have a break at the saturation line; i.e., 
their temperature derivative is discontinuous. It is also 
of interest to note that the long range, 1/r, quantum 
correlation in the condensation region is proportional 
to the product of condensed NV, and excited atoms Vr 
and is due to the statistical attraction of these atoms. 
The statistical forces between excited atoms give rise to 
spatial correlations decreasing, at best, as 1/r? at or 
below the saturation line. 

In normal liquids, the functional form expressing the 
correlation between a molecule at the origin and one at 
a distance r is given, asymptotically, by the correlation 
density 


g(r, T)=[3F(T)/2me*] exp(—1/F)/r; 


FD, )= f fire Thar (30) 


where f(r, €, T) is the local distribution function, whose 
mean range ¢ has been defined in connection with Eq. 
(25). It is seen that g(r, T) corresponds to (V/V)Qs(r, T) 
in ideal symmetric fluids. The range 7 is given here by 


(*(T, ¢)/¢)?= (1/6)[1—F(T, e) J. (31) 


Assuming further that for very large volumes the clas- 
sical concentration fluctuation formula (24) remains 
valid, it can be shown that 


F(T<T,)<1, lim F(T)-1 and limr(T)>~. 
TT; TT, 


As the critical state is approached, the correlation 
function (30) tends to become the very long range 
function 3/(27ér). 

The analogy between the distance dependence of the 
asymptotic quantum correlation function Qs(r, T >To) 
and the corresponding real fluid correlation density 
(30) at liquid temperatures distant from the critical 
one is thus quite close. The important behavior is the 
exponential one in both cases, and the difference in the 
r— and r~ factors in the two cases is of no importance. 
However, the asymptotic 1/r dependence of the cor- 
relation functions in the critical region of normal fluids 
and in the condensation region of the ideal symmetric 
fluid is identical. 

We should like to conclude this section by noting that 
with Eqs. (5), (10), (21), (22), and (24) the particle 
concentration fluctuations in a volume V of the ideal 
symmetric fluid, in equilibrium with a reservoir, may 
be written as 


(aNu= M14 (N/ V) f Os(r, Tyterar| ; (32) 
Vv 


a formula which was first derived by Ornstein and 
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Zernike.'* Actually, the rigorous expression (32) is due 
to Zernike and Prins." Again the complete formalism 
of ideal symmetric fluids accounts fully for this mo- 
lecular type of formula. It shows further that the 
fluctuations are finite for T> To, where the range of the 
correlation function is small, while at the saturation 
line or below it, in the condensation region, the fluctu- 
ations are also finite, though large, provided only the 
integration in (32) is extended over finite distances. 
This condition is necessary, of course, in view of the 
diverging range of the correlation function. These finite 
but large fluctuations give rise precisely to the coherent 
scattering processes, resembling the classical critical 
opalescence phenomenon at and below the saturation 
line of ideal B.E. fluids. 


VI. THE COHERENT SCATTERING OF SLOW 
NEUTRONS BY REAL FLUIDS IN THE 
CRITICAL REGION" 


The preceding studies of coherent scattering phe- 
nomena in ideal symmetric fluids show that the struc- 
ture factor depends essentially on the scattering 
parameter 8 or Ak, the momentum change on scattering. 
The molecular theory of coherent scattering of normal 
fluids leads to a similar result. As was pointed out above, 
these results are valid both for electromagnetic and 
de Broglie waves. This suggests the possibility that 
slow neutrons might be used in the experimental inves- 
tigations of the coherent. scattering by normal fluids, in 
particular, in their critical region. 

The normal fluid differential coherent cross section 
per atom for small momentum changes on scattering in 
the critical region may be written as 

op(A, 6, n, T)=a-(A, 0, n)F y?(B, T). (33) 


For visible radiation, , is essentially the induced dipole 
scattering cross section, and Fy*(8,7) is the fluid 
structure factor defined by (25) valid for small 8 and for 
any type of radiation. In the case of an atom or molecule 
one finds, for unpolarized incident radiation, 


a-(A, 0, m) =v*f(n)(1+-cos?(20))/A4 (34) 


where v= V/N is the volume per molecule, and f(m) is 
some function of the refractive index of the scattering 
fluid whose precise form is of no particular interest here. 
This function originates in the molecular polarizability 
of the scattering medium. It is seen that the fluid cross 
section, Eq. (33), is a rather complicated function of 
both \ and @ in the critical region. As a matter of fact, 
the experimental data in the critical region seem to 
confirm neither the wavelength nor the angular de- 
pendence of the scattering cross section, Eq. (33). This 
situation prompted Rocard® to elaborate a scattering 


~ 4 This problem was reported on at the Chicago meeting of the 
American Physical Society, Nov. 24-25, 19 

16 Y. Rocard, J. phys. radium 4, 165 (1933). The experimental 
difficulties in this problem are clearly shown in some recent work 
on the wavelength variation of the critical opalescence. H. A. 
Cataldi and H. G. Drickamer, J. Chem. Phys. 18, 650 (1950); 
A. L. Rabb and H. G. Drickamer, J. Chem. Phys. 18, 655 (1950). 
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law in which the fluid structure factor is independent 
of the scattering angle; therefore, the asymmetry 
included in Eq. (33) does not appear in his theory. It is 
interesting that the assumptions of Rocard leading to 
these results are compatible with the generalized Orn- 
stein-Zernike formalism developed by Klein and Tisza."* 
The Rocard theory yields a structure factor at the 
critical point which depends on the local or molecular 
characteristics of the fluid but remains independent of 
the details of the scattering process, i.e., of \ and @. It 
is apparently intermediate between the Einstein- 
Smoluchowski and Ornstein-Zernike theories. 

In view of the rather unsatisfactory status of the 
experimental verification of the opalescence formula, it 
seems that the use of slow neutrons, through their 
small angle coherent scattering by normal fluids near 
the critical state, might possibly yield further informa- 
tion on the validity or invalidity of Eq. (33) or more 
exactly the structure factor (25). Here the elementary 
or nuclear scattering cross section of slow neutrons is 
independent both of the neutron wavelength and the 
scattering angle (s-wave scattering). Hence, all wave- 
length and angular dependence of the fluid cross section 
per atom should be ascribed to the fluid structure 
factor. Let us, indeed, assume for a moment that the 
fluid correlation function is known, and let it be denoted 
by Qy(r, T). Then the rigorous molecular theory of 
coherent scattering leads to the fluid structure factor, 
per atom or molecule, omitting the ideal fluid term, 


Fy%(Ak, T)=1+(4"N/VAB) f sin(rAk)Ow(r, T)rdr. 
0 
(35) 


The intermolecular interference term is omitted 
throughout this paper; also only zero spin nuclei are 
considered. For nuclei with spin, Eq. (35) would be 
modified, because the diffuse coherent term is the 
bound atom elastic cross section and the mutual inter- 
ference term is proportional to the bound atom coherent 
cross section. Equation (35) becomes, rigorously, for 
small Ak values 


lim Fy?(Ak, T) 


Ak-0 


= 1+ (4nv/¥) f On(r, T)r?dr=(AN*)y/N. (36) 
0 


Again, small Ak means that Ak?<1, # denotes the 
range of the correlation function Qy. The very general 
result Eq. (36) proves that the coherent structure 
factor of normal fluids is independent of the type of 
waves, i.e., of their momentum change on scattering, or 
of the local molecular arrangement of the fluid, pro- 
vided only that this momentum change is small. The 
structure factor, under these conditions, is determined 
by the particle or density fluctuations. Also, it is clear 
from Eq. (35) that at larger angles, with Ak becoming 


16M. J. Klein and L. Tisza, Phys. Rev. 76, 1861 (1949). 
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large, the high frequency sine factor of the integrand 
cannot but reduce the integral with a subsequent 
decrease of the structure factor at these angles. This 
condition is imposed physically; that is, large momen- 
tum exchanges between interacting systems without 
energy exchange, in coherent scattering or diffraction, 
become increasingly prohibited when compared with 
the small momentum exchange processes. 

We consider finally the approach to the critical 
region. First of all, it is seen that the small angle slow 
neutron coherent scattering should increase with the 
fluid temperature as the latter increases toward the 
critical temperature, the compressibility, to which 
(4N*),, is proportional, increasing as it approaches the 
critical region. Now, the compressibility law loses its 
meaning in the critical region, since the conditions 
under which Eq. (36) is valid do not exist there. For a 
rigorous derivation of the structure factor, the explicit 
expression of Qy(r,T) is necessary. However, the 
Ornstein-Zernike theory of the critical opalescence of 
visible radiation can be considered to be an asymptotic 
type of solution of the critical state scattering for small 
momentum changes. This is justified because the modi- 
fication to be applied to the scattering law far from the 
critical region in order to extend its validity to the 
latter region, for small momentum change processes, is 
valid for any type of wave. Beside the small momentum 
change limitation, this modification involves only the 
fundamental relation of the Ornstein-Zernike theory 
connecting the fluid correlation function g(r, T) with 
the local distribution function f(r, JT). One finds thus 
with Eq. (25), 

lim Fy?(8, T)=8-'=*/(e? sin’6). 

TT; 
Here the quantity ¢, the mean range of the local dis- 
tribution function, is not so well defined, since the 
latter is unknown. But the variation in the neutron 
wavelength available over the spectrum of the thermal 
column of fission piles is large enough to allow one to 
explore a reasonably wide angular range. The structure 
factor (37) cannot be expected to be valid for large 
values of 8. It is realized, of course, that the inco- 
herently scattered neutrons may complicate the inter- 
pretation of the experimental results. However, their 
effect should be small precisely in the region of validity 
of the limiting structure factor (37). 

It is not without interest to note that the validity of 
the slow neutron limiting normal fluid structure factor 
(37) could have been inferred also from the formal 
analogy, demonstrated above, of the small momentum 
change scattering processes between ideal symmetric 
and normal fluids. 

Vil. THE COHERENT SCATTERING STRUCTURE 
FACTOR OF IDEAL ANTISYMMETRIC 
FLUIDS. CONCLUDING REMARKS 

The discussion in Sec. I of the coherent scattering by 
antisymmetric fluids led to the general structure factor 


(37) 
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formula resulting from Eq. (5) by some modifications 
outlined above. This will now be studied here briefly. 
In contrast to the incoherent scattering case,' here one 
must consider separately the two temperature intervals 
T>T>) and T<To, To being the degeneration tem- 
perature. The distribution functions are given here by 
the following expressions :!7 


Pa(r, TZ To) =1—Qa(r, TZ To) =1—(gV/NA*)? 


oe rr 2 
—)4 exp{ —la-— }], (38 
x[Ecrrem(-e-=)], 9 


Pa(r, TKT0)=1—Qa(r, TKT») 
= 1— (9m /2)[{1—(4?/24)x*(T/To)?} Jy(x)/x4 FP, 


where g is (2s+1) or 2; x stands for Kr, K being the 
length of the longest propagation vector, i.e., the 
propagation vector at the top of the Fermi distribution ; 
and the Q4’s are the antisymmetrical correlation func- 
tions. In the first of these two relations a distance inde- 
pendent term of the order of N— has been omitted. The 
antisymmetric fluid distribution functions express 
clearly the remarkable repulsion in coordinate space 
between particles of parallel spin. There is a hole in the 
particle distribution around any chosen particle. 

With Eq. (5) properly modified for antisymmetric 
fluids and the preceding distribution functions, one 
obtains, after a somewhat lengthy calculation, 


F42(Ak, T> To)=Sa/No.1+A)?=¢4/e,(1+A-')? 
= 1+62(RAK)—6-(a)E ¥(-)™(4-m)4 
X<exp[—(4+-m)a— lm/(+m)], 


(39) 


(40) 


for the structure factor per atom, S,4 being the cross 
section of the whole fluid and o, the antisymmetric 
fluid cross section per atom. Here 8 is defined by Eq. 
(13) above, and 


$(a)=NA®/gV=S-(—)44te“e, (41) 


Also in the derivation of Eq. (40) (}N—1) has been 
replaced by (V/2). As was the case with the sym- 
metric fluid, the unwieldy double sum may be approxi- 
mated with its analytically closed lower bound. One 
again finds, using the method outlined in the sym- 


metric fluid case, omitting the ideal gas structure factor 
? in Eq. (40), 


F 4, int*(Ak, T> To) 
= {1—[¢(a+8)/¢(a)]}}(1—e*) 


This lower bound is identical with the rigorous inco- 


(42) 


17 See E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933), for 
absolute zero, and P. L. Bhatnagar and K. S. Singwi, Phil. Mag. 
40, 917 (1949), for all temperatures. 
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herent structure factor expressed in the center-of- 
gravity coordinate system of the neutron and target 
atom.! The preceding structure factor, as a result of 
the repulsion in phase space and coordinate space, is 
less than unity. The diffuse coherent and mutual 
interference terms are of opposite sign, the former being 
necessarily positive. Limiting values of Eq. (42) can be 
obtained at once. First, the large angle limit is, omitting 
the subscript inf, 


limF'47(8, T2 To)=1—[e~**/p(a) ]=1, (43) 
B>1 


and, in the opposite limit, 


limF4°(8, T>T.)=—¢~"(a)(do/da), (44) 
<1 


which is rigorous. 

Below the degeneration temperature, essentially at 
T<To, one obtains with the properly modified Eq. (5) 
and Eq. (39), after a rather long series of elementary 
integrations, 


2 


, e ES, . 
F4%(Ak, TKT»)=-+-( 3-— 
2 8\ 4 


west \ tsi. x 
16\T> y 2 
=1- (x?/64)(T/T»)?, 


=1. 


Here, 

y= Ak/K=4- sin6/Ky, (46) 
where \ is the wavelength of the incident waves, and 
(26) the scattering angle in the coherent process. One 
notices the slight discontinuities near the limit at 
which coherent scattering or mutual interference may 
occur at all. The last of Eqs. (45) shows that coherent 
scattering through mutual interference is an ideal 
highly degenerate antisymmetric fluid is only possible 
as long as the wavelength of the incident waves is 
smaller than the minimum de Broglie wavelength asso- 
ciated with the fluid, namely, the wavelength at the top 
of the Fermi distribution. Explicitly, with K being 
2x/Xmin, one finds that the mutual interference terms 
vanish for 

sin@>dA/Amin, 


or as soon as J is equal to Amin. This is similar to the 
optical condition for diffraction or the one associated 
with the occurrence of Bragg scattering. The coherent 


scattering structure factor of ideal Fermi-Dirac fluids at 
complete degeneration is thus characterized by a re- 
duced forward scattering, increasing at larger angles or 
for larger momentum losses on scattering and tending, 
from below, toward its diffuse coherent limit. The cor- 
rection term proportional to (7/To)* considerably 
modifies this behavior at small y-values, that is, at 
values 
¥< (4°/16)(T/To)’, 


where the forward scattering becomes more important 
because the linear extension of the hole in the spatial 
distribution around a given atom, at the absolute zero, 
becomes smaller at finite temperatures. 

It may be noted here that, in line with the conjecture 
states in our previous paper,! the incoherent and co- 
herent cross sections per atom of the ideal quantum 
fluids are about the same in an energy or wavelength 
interval of the incident particles or waves where the 
theory of the scattering processes is valid. The result 
concerning the energy and fluid state independence of 
the slow neutron diffuse coherent cross sections might 
be questionable. The diffuse coherent term of the 
structure factors is their high energy limit. In contrast 
with the scattering of x-rays, which give rise to no dif- 
ficulties, the preceding result for neutrons would mean 
that at high neutron energies the total, coherent plus 
incoherent, neutron scattering cross section is about 
twice the low density ideal gas scattering cross section. 
This inconsistent result stems from the fact that the 
present formalism does not seem to provide any mecha- 
nism by which faster neutrons would be prevented from 
exchanging momentum only with the fluid as a whole 
through the diffuse coherent scattering process. Physi- 
cally, one would expect at higher neutron energies to 
observe only incoherent scattering processes through 
the ordinary exchange of energy and momentum of the 
neutrons with the individual fluid atoms. Further 
studies should clear up this difficulty. According to the 
present formalism of scattering processes, the same dif- 
ficulty is present in the theory of coherent scattering 
of neutrons by normal fluids. 

Liquid He‘ and He’ are the only liquids which may 
be thought of as being represented, in some asymptotic 
way, by ideal symmetric and antisymmetric fluids, re- 
spectively. The experimental investigation of the slow 
neutron scattering properties of these fluids, subject to 
the limitations mentioned above concerning liquid He’, 
might disclose certain features which could be inter- 
preted with the help of the scattering properties of the 
ideal quantum fluids investigated in this work. 
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Interaction between the d-Shells in the Transition Metals. III. Calculation of the 
Weiss Factors in Fe, Co, and Ni* 


CLARENCE ZENER 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received April 12, 1951) 


Estimates are made of the Weiss factors for Fe, Co, and Ni using the author’s previously proposed theory 
of indirect coupling via the conduction electrons. In this estimate use is made of only (i) the spectroscopic 
data for the coupling between the spin of the outer 4s electron and the spin of the inner incomplete 3d shell 
for the isolated atoms, (ii) the Hartree solution for the isolated Fe atom, (iii) the assumption that the 
conduction electrons behave as a free electron gas, (iv) the assumption that the direct coupling between 
adjacent d shells is negligible. The computed Weiss factors increase in the series Fe, Co, Ni in the same 
manner as do the empirical factors, but are somewhat larger. This discrepancy is in the right direction 
demanded by the previously proposed postulate that the direct interaction between adjacent d-shells 


always tends to an antiferromagnetic alignment. 





I. INTRODUCTION 


N the first paper' of this series the author proposed 
that ferromagnetism in metals arises from an 
indirect coupling between incomplete d-shells via the 
conduction electrons, rather than from the usually 
assumed direct coupling. The evidence given in favor 
of this proposal was primarily of a qualitative nature. 
In the present paper this proposal is subjected to the 
quantitative test of the estimation of the Weiss factors 
for Fe, Co, and Ni using only this indirect coupling via 
the conduction electrons. The estimates, summarized 
in the seventh row of Table II, are found to be con- 
sistent with the empirical values of the Weiss constants 
(eighth row). The estimated values are, however, 
somewhat larger than the empirical values, in accord 
with the previously proposed viewpoint that the 
neglected direct interaction between d-shells always 
leads to a negative contribution to the Weiss factors. 


II. ANALYSIS AND RESULTS 


The basis of the Weiss phenomenological theory of 
magnetism is the assumption that the interaction 
between the elementary magnetic moments may be 
described by an effective magnetic field, He, which 
contains, besides the applied field, H, a term propor- 
tional to the magnetization intensity J. Thus, one 


obtains 
Heu=H+WJ. (1) 


The constant of proportionality W is now known as 
the Weiss factor. Its values for the ferromagnetic 
metals Fe, Co, and Ni are given in Table I. One of the 
objectives of any theory of ferromagnetism must be the 
evaluation of these Weiss factors. 

In order that we may readily compare W with 
theoretical quantities, we desire W in an energy equa- 
tion rather than in Eq. (1) for Hr. Towards this end 
we observe that, according to this equation, the energy 
of interaction between the elementary magnetic mo- 


* This research has been partially supported by the ONR. 
1C. Zener, Phys. Rev. 81, 440 (1951). 


ments is given by 


Espin= — (1/2)WJ? per cm’. (2) 


If we now define Sz as the mean component, along the 
direction of magnetization, of the spin of each incom- 
plete d-shell expressed in units of a Bohr magneton yz, 


we obtain 
Espin= — (1/2)W'S# per atom. (3) 
The new Weiss factor W’ is related to the original W by 
W'=Ny,'W, (4) 


where N is the number of atoms per unit volume. This 
new Weiss factor is likewise given in Table I. 

On comparing Eq. (3) above with Eq. (3) of reference 
1, we obtain the following relation: 


W'=(8/y)—a (5) 


between W’ and the fundamental constants of our 
theory of ferromagnetism. These constants are defined 
as the coefficients in the equation 


Espin= (1/2)aS¢?—BSaS-+ (1/2) yS2, (6) 


where S, is the mean magnetization, in units of Bohr 
magnetons per atom, of the conduction electrons. 

The coefficient a is proportional to the direct ex- 
change interaction between adjacent d-shells. In our 
current theory of ferromagnetism we do not assume, 
as is customary, that this coefficient changes sign as the 
overlap between adjacent d-shells diminishes, but 
merely assume that a decreases continuously. Thus, 
as we pass to the right along the first transition period, 
a becomes smaller than the first term in Eq. (5). In 
the absence of a direct evaluation of a we shall neglect 


TaBLe I. Weiss factors. 
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0.028 


Co Ni 


77008 13,400" 
0.036 0.065 





W (in ergs) 
W’ (in ev) 








* R. Becker and W. Déring, Ferromagnetismus (Verlag. Julius Spri by 
Berlin, 1939), p. 27. stent ae 
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TABLE IT. Ferromagnetic coupling coefficients (in units of ev). 








Fe Co Ni 
Configuration 3d7(4*F 4s 3d°(*F )4s 3d°(?F )4s 
Bo 0.104 0.125 0.148 
8 0.34 0.41 
YKE 78 5. 





Yex — Jad —2. 
y Ee 28 
B*/¥ 0.050 0.060 
Ww’ 0.028 0.036 





it entirely. We thereby obtain an upper limit to the 
theoretical value of W’. 

An estimate of 8 may be obtained from spectroscopic 
data of the isolated atoms, and from a knowledge of 
how the outer 4s electron is constrained to spend more 
time in the vicinity of the 3d shell as the atoms condense 
from the vapor to the solid phase. The configuration 
of the isolated Fe atom is 3d 4s*. On demotion of one 
of the 4s electrons the state becomes 3d7(‘F)4s. Corre- 
sponding to the remaining 4s electron having a spin 
parallel or antiparallel to that of the core, we have a 
°F or a °F state. The former state lies lower than the 
latter by 0.624 ev.? If we now represent the spins, in 
units of us, of the 3d and 4s shell by Sq and S,, and 
their coupling energy by 


is BoS aS, 


we thereby obtain that fo is equal to 0.104 ev. In a 
corresponding manner we find that the coupling coeffi- 
cients 8) appropriate to Co and Ni,isolated atoms are 
0.125 and 0.148 ev, respectively. In the isolated atom 
the 4s electron spends the major part of its time outside 
of the 3d shell. When the atoms condense to the solid 
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NUMBER OF CONDUCTION ELECTRONS PER ATOM 





Fic. 1. Illustration of the insensitivity of y to the number of 
conduction electrons per atom. Computed for example of Fe. 


2 R. F. Bacher and S. Goudsmit, Atomic Energy States (McGraw- 
Hill Book Company, Inc., New York, 1932). 
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phase, the 4s electrons become conduction electrons, 
and spend a greater fraction of their time within the 
region of the d shells. The coupling coefficient 8 between 
the spins of the conduction and the 3d electrons is 
correspondingly increased over the coupling coefficient 
Bo characteristic of the isolated atoms. In order that 
we may estimate the ratio 8/8, we inquire as to what 
fraction, /, of the time a 4s electron in an isolated atom 
spends within a spherical surface of such a radius r, as 
to enclose a volume equal to the atomic volume of the 
condensed phase. We shall then set 


B=Bo/f. 


This fraction f may be obtained directly from the 
Hartree self-consistent calculations for the function 
Z;,(r). Thus, in the case of Fe, with two 4s electrons, 


f=(1/2)(2—Zulr)}. 


On using the value 2.66d, for r,, we find from the tables 
for Fe given by Manning and Goldberg’ that Z,,(7,) is 
1.39, and hence f is 0.305. For Fe we shall therefore take 


B/Bo= 3.28. 


In the absence of Hartree solutions for Co and for Ni, 
we shall take a similar ratio for these metals. The 
values of 8 so computed are given in Table II. 

Two distinct factors contribute to the coefficient y. 
The first factor arises from that increase in the Fermi 
kinetic energy which is associated with a polarization 
of the conduction electrons. This first factor gives the 
positive contribution 


yxe= (10/9)éx ‘v, 


where éx is the average Fermi kinetic energy, and » is 
the number of conduction electrons per atom. The 
second factor arises from that change in the correlation 
energy of the conduction electrons which is associated 
with their polarization. The dominant part of this 
correlation energy is the exchange energy’ between 
electrons of like spin. This exchange energy gives the 
negative contribution 


Yex= (4/9)é.x/2, 


where éx is the exchange energy per conduction 
electron. In computing y we shall adopt the model of 
a free electron gas for the conduction electrons, and 
therefore take® 


éxe=21.82n' ev, %x=10.81n!' ev, 


where » is the number of conduction electrons per A®. 
Whereas both yxe and yex are sensitive to the assumed 
value of v, their sum 7 is quite insensitive, as is illus- 

3M. Manning and L. Goldberg, Phys. Rev. 53, 662 (1938). 

4 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., 1940), p. 341. 

5 P. Gombas, Die Statistische Theorie des Atoms (Verlag. Julius 
Springer, Wien, 1949), pp. 7 and 25. 





VARIATIONAL APPROACH 
trated in Fig. 1. In the calculation given in Table II, v 
was taken as 0.22, 0.7, 0.6 for Fe, Co, and Ni, respec- 
tively, these values being required by the observed 
values of the saturation magnetization. 

The calculated ratio §*/y is compared with the 
empirical W’ in the last two rows of Table II. In spite 
of the approximate nature of the estimates leading to 
the values for 8*/y, these values are satisfying in two 


PHYSICAL REVIEW VOLUME 


TO NUCLEAR REACTIONS 301 


respects. As we pass from Fe through Co to Ni, 6°/y 
increases in approximately the same manner as does 
W’. For each metal the calculated 6?/y is somewhat 
larger than the empirical W’, thereby allowing for a 
negative contribution from the coefficient a. We con- 
clude that the model for ferromagnetism proposed in 
the first paper of this series gives a satisfactory quanti- 
tative interpretation of the Weiss constant. 
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A Variational Approach to Nuclear Reactions 
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The formalism of Wigner and Eisenbud for nuclear reactions is carried out by means of a variation 
principle. A variation principle of the Hulthén type is derived for the R matrix and applied to trial wave 
functions written in terms of the resonance functions, X,, of the Wigner-Eisenbud formalism. As a result, 
a finite level formula for the R matrix is directly obtained. 


I. INTRODUCTION AND SUMMARY 


N a paper by Wigner and Eisenbud,' general equa- 
tions describing nuclear reactions are rigorously 
derived. The essential result of the theory is the expres- 
sion which the authors obtain for a matrix which they 
call the R matrix. The R matrix is a real, symmetric 
matrix whose rows and columns are labeled according 
to the possible alternatives of the reaction. From the 
R matrix one may directly calculate the collision 
matrix, which gives the cross sections of the possible 
reactions according to o,.=k,~*|6,..—U.,|?, where 
ss’ is the cross section of the reaction going from the 
sth pair of particles to the s’th pair and U,, is the 
corresponding element of the collision matrix. The R 
matrix is related to the collision matrix of the reaction 
by an equation of the form U = w(1+ijRj)(1—tjRj)~'e, 
where 7 and w are, respectively, real diagonal and 
unitary diagonal matrices. The elements of the 7 and 
w-matrices depend only on non-nuclear parameters, in 
that they involve only constants which enter into the 
solutions of the two-body Schrédinger equation in the 
regions of configuration space where there are two 
distinct reaction products. The calculation of the colli- 
sion matrix from the R matrix may therefore be 
accomplished in a straightforward manner without any 
additional information about the compound nucleus 
other than that which is contained in the R matrix. 
This paper will concern itself only with the R matrix. 
An expression for the R matrix will be obtained on 


* Present address: State University of Iowa, Iowa City, Iowa. 
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'E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
This reference will be referred to as W-E throughout the remainder 
of this work. 


the basis of a variational calculation. The variation 
principle is of the same general type as that derived by 
Hulthén’ for the two-body quantum-mechanical scat- 
tering problem. The derivation presented here is along 
lines similar to those followed by W. Kohn’ in a recent 
paper. 

The variation principle is applied to a trial wave 
function, which is written in terms of a finite number of 
functions, X,, defined in W-E. These functions are 
intended to represent the resonance states of the com- 
pound nucleus. Upon making the variational expression 
stationary with respect to variations of the coefficients 
of the X,, one obtains directly an expression for the R 
matrix in terms of the states used in the trial wave 
function. The variationally derived expression for the 
R matrix is in agreement with the rigorous expression 
for the R matrix up to the order of the number of 
terms used in the trial wave function. Moreover, the 
variationally derived R matrix is real and symmetric 
for all trial wave functions of the type considered. 

The notation used in this paper will be essentially 
the same as the notation of W-E. This has two ad- 
vantages. First, it gives the present work all of the 
generality of W-E in that arbitrary long-range inter- 
actions and arbitrary angular momenta are allowed. 
Second, it allows for a direct comparison between the 
results of the variational calculation and the rigorous 
result. 

In order to carry out this work it will be necessary 
to present a brief description of the Wigner-Eisenbud 
formalism. This will be done in Sec. II. Section III is 


2L. Hulthén, Extrait, Dixitme Congrés des Mathematiciens 
Scandinaves, Copenhague, 1946. 
5 W. Kohn, Phys. Rev. 74, 1763 (1949). 
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devoted to the derivation of the variation principle for 
the R matrix. In Sec. IV, the variation principle is 
applied to a trial wave function and an expression for 
the R matrix is derived. 


Il. THE WIGNER-EISENBUD FORMALISM 


Wigner and Eisenbud divide the configuration space 
of all particles of the reacting system into an external 
region and an internal region. The external region is 
defined as the region of space where the wave function 
may be written as the product of the internal wave 
function of two nuclear reaction products with a func- 
tion of the distance between their centers of mass, r,, 
and the corresponding direction, 2,. The remainder of 
configuration space is called the internal region. It is 
in the internal region that one speaks of the compound 
nucleus as being formed, as there all particles are close 
together. 

A distinct way in which the compound nucleus may 
decay is called an alternative of the reaction. An 
alternative, denoted by the index s, is specified by the 
composition of the resulting nuclei (the number of 
neutrons and protons in each), their state of excitation, 
their relative orbital angular momentum, and their 
composite spin (all of this for a fixed total angular 
momentum and z component of the total angular 
momentum). For definiteness, let us say that the 
hypersurface, S, which separates the internal from the 
external region is defined by r,=a, (all s), where the a, 
are chosen large enough so that the above statements 
about the external region are true. 

Two independent solutions, in the part of the external 
region corresponding to the sth alternative, are written 


D,=(S, (1.2) r.)Ws(ts, 2,), V.= (C.(r.) TaWslis, 2), (1) 


where i, stands for the internal coordinates of the two 
nuclei of the sth alternative. The function y,(7,, Q,) is 
the product of the internal wave function of the nuclei 
of the sth alternative with the angular part of their 
relative motion. It is normalized according to 


five. Q,)|*didQ,=1. (2) 


Furthermore, these functions may be shown to be 
orthogonal to each other on S, i.e., 


[vere Q4)Wa(ts, Q,)dS = 4,76 54. (3) 


S,(r,)/r, and C,(r,)/r, are two independent solutions of 
the radial part of the Schrédinger equation for the sth 
alternative. They are specified by the boundary condi- 
tions,‘ 
aa (a,) al 0, C.(a,) _ (M, /h) i, 
dS,(a,)/dr,=(M,/h)', dC,(a.)/dr,=0. 
~ 4 These boundary conditions are simpler than the original 


boundary conditions used in W-E, which Wigner later found to 
be unnecessarily complicated. 


(4) 
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Here M, is the reduced mass of the two reaction 
products specified by the index s. 

If there are m alternatives, then it is clear that there 
are n linearly independent solutions (corresponding to 
the n-fold arbitrariness in the choice of the incident 
currents for the alternatives) of the wave equation for 
a given set of the constants of the motion. A set of 
independent solutions may be chosen which in the 
external region are written 


¢;= D+ x Rus Vy. (5) 
e’=] 
The R,, are the elements of the R matrix. It is shown 
in W-E that they may be taken to be real without loss 
of generality. 

The solutions ¢, are expanded in the internal region 
in terms of a complete set of eigenfunctions, X), of the 
hamiltonian of the entire system, which satisfy the 
hermitian boundary condition at S: 


= (A/a) f voli ,)X)*dS 
= [vt Q,) grad,X,*dS. (6) 


The X, are normalized to unity within the internal 
region. The corresponding eigenvalue is called Aj. It 
should be noted that the boundary condition satisfied 
by X, at the part of S corresponding to r,=a, is 
essentially the same as the boundary condition fulfilled 
by V,. 

In the internal region one then writes 


?.= > 4nX ; oa= f X)*9,dr. (7) 
=I i 


internal 

region 
If one applies Green’s theorem to ¢, and X, over the 
internal region, one obtains 


4..= ($h)'y./(Ex—E), (8) 
where 


Vrs= (2/h)*(h? 2M.) [ Xs" V.dS. (9) 


The ys, too, may be taken to be real without loss of 
generality. Upon equating the expansion of ¢, within 
the internal region to the value of ¢, on S given by 
Eq. (5), one obtains, with the aid of Eqs. (3) and (9) 


(10) 


This is the fundamental result of the theory. The 
dependence of the elements of the R matrix upon the 
energy is exhibited, as the y,, and the E, are energy- 
independent quantities. 

It should be mentioned that if one approximates the 
R,.: by one of the terms in the infinite series, the cross 





VARIATIONAL APPROACH 


section (calculated from the relationship stated in 
Sec. I) takes the form of the usual one-level resonance 
formula. 


III. VARIATION PRINCIPLE FOR THE R MATRIX 


A variation principle for the R matrix of a nuclear 
reaction is derived in this section. The variation 
principle is applicable to the same class of reactions to 
which the Wigner-Eisenbud formalism applies. 

We shall consider variations of the expression 


Lam f oe" E)¢.dr (11) 
for independent variations of the ¢, and ¢,’* about the 
corresponding solutions, given in the external region by 
Eq. (5). Here, H is the hamiltonian of the entire nuclear 
system and E£ is the total energy. The integration with 
respect to r indicates integration over the coordinates 
of all particles of the system (including spin coordi- 
nates). The variations of the wave functions which 
will be considered will be of a restricted type. Only varied 
wave functions which, in the external region, have the 
same form as the corresponding true solutions, Eq. (5) 
will be considered. That is, only arbitrary variations of 
the elements of the R matrix are allowed in the external 
region. The variations of the wave function in the 
external region are therefore written 


6.= > (6Ree’’) Ver, 5p .* => (6Re*) Ve*. (12) 


On the other hand, in the internal region, one allows 
arbitrary variations of the wave function. 

The variation of J, resulting from independent 
variations of ¢, and ¢,-* is then 


itae= f 66.%H—Dedrt f 6H —B)ibdr, (13) 


As (H—E)D,=(H—E)V,=0, the above integrals, in 
view of the restricted nature of the allowed trial wave 
functions in the external region, may be taken over the 
internal region alone. In order to obtain a stationary 
expression, the order of ¢,'* and 5¢, must be reversed 
in the second integral of the above equation. This may 
be done by applying Green’s theorem over the internal 
region. There will be contributions from the surface 
integral over S which may be evaluated from the 
boundary values of the functions D, and V,. The 
contribution to the surface integral from the part of S 
corresponding to the s” alternative is 


h? a 
-—f (Duby Rere®V *)— 
2M,¥ | 


Ory 


| 
Xx (6Ree Ve)} 


(tor” Maigtt 


0 
— (6Ryo Ve) 
Ory 
X (De * beret Rarer *Ver'*)| dS. 


5’! =a" 
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Here we have made use of the fact that D, and V,, or 
¥.(i,,2,), are appreciable only on the part of S for 
which r,=a,. For this reason, too, the integral in the 
above expression may be taken over the entire surface.® 
Using Eqs. (1), (3), and (4) and summing over s”, 
one obtains for the surface integral 


shdR,y. 
Equation (13) may then be written 


5 (Iva — ARs!) = f 56,°*(H—E) dr 


+ [ L4-Bov Tar. (14) 


As the right side of the above is zero, the variation 
principle is 
51 4—} Res) =0. (15) 


As I,,: is zero for the true solutions, the above is a 
stationary expression for the elements of the R matrix 
and may be used for variational calculations of any of 
the elements. It should be recalled, however, that in 
applying the variation principle, the trial wave functions 
used must have the form stated in Eq. (5) in the external 
region. 

IV. VARIATIONAL CALCULATION OF THE R MATRIX 


In this section the R matrix is calculated on the basis 
of the variation principle stated in Eq. (15). In the 
internal region the trial wave functions are written in 
terms of a finite number of the resonance functions X). 
We write the trial functions 


E 
b.2= ¥ ayXr (internal region), (16a) 
A=1 


¢.°=D,+DR Vy (external region). (16b) 


The a,, are unknown parameters to be determined from 
the variation principle and £, the number of resonance 
functions used in the trial wave functions, will be 
called the order of the trial wave function. In Eq. 
(16b), the R,,“ are the trial values for the elements of 
the R matrix. They are expressed in terms of the 
coefficients, @,., by equating the expression for the trial 
wave function in the external region to the expression 
for the trial wave function in the internal region at the 
5 This, of course, is also the explanation of the orthogonality 
relation on S, Eq. (3), which for indices ap ee te alter- 
natives of different compositions is actually only approximately 
true. It becomes rigorously true only if one allows the surface S 
to become indefinitely large. In spite of this, the variation principle 
will be rigorously, not approximately, true. This may be seen 
by applying Green’s theorem to a larger surface geometrically 
similar to S. The orthogonality relations then become rigorously 
true and the evaluation of the surface integral yields the same 
result. 
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surface, S. One obtains 


E 

DL anXx=LDRw Ve (on S), (17) 
A=1 a’ 

where use has been made of the fact that D, is zero on 
S. Multiplying Eq. (17) by V,* and integrating over 5S, 
one obtains with the aid of Eqs. (1), (3), (4), and (9) 


R,.®= (- 
h 


At this point a word should be said about an apparent 
peculiarity of this trial wave function. As it is written, 
the trial wave functions has a discontinuity in its first 
derivative at S. As the V, match the X, at S, and as 
they both satisfy the same boundary condition there, 
it is clear that they will match in their first derivatives 
as well. Therefore, the first derivative of D, at S will 
not be matched. The discontinuity is of course a 
consequence of the fact that all of the X) satisfy the 
same hermitian boundary condition at S. Therefore, 
if one wishes to use only the X) in the internal region, 
the discontinuity is unavoidable in view of the fact 
that the trial wave functions must have the form that 
they do in the external region. The operation of the 
second derivative in the hamiltonian on such a trial 
wave function will give a finite contribution to the 
integral in the stationary expression in an infinitesimal 
volume element about the surface S. Such a contribu- 
tion is evaluated according to 


ate af d |r=ate 
lim —dr=lim q , 


«0 a dr’ «0 OF | nanos 


(18) 


4 ¢ 
>; Bs Vara’: 
A=1 


This additional contribution to the integral, J,,/, is 
therefore, 
‘ h? 0 
surface term of J,..= ——— ] ¢,*——D,dS 
2M, or, 


h? 
=— — fee" V dS 
2M, 


hy} ¢ 
--(-) Dd ane *yrs- (19) 
2 A=1 


JACKSON 


The contribution to J,,: from the interior is 


é 
volume term of J,4.= >> dys*ay,(E,—E). (20) 


A=1 


Using Eqs. (18), (19), and (20), the stationary expres- 
sion, written as a function of the a), and a),* is 


h E Avie 
Te¢——Ree = DY Qyy'*ay.(E,— E)— (;) DX ans *yr0 
? 


A=1 A=1 


hy} ¢ 
-(-) Dd anne’ (21) 
2/7 r=1 


Setting the partial derivatives of the above expression 
with respect to a), and ay,’ equal to zero, one obtains 

as= (4h) yn5/ (E,—E), ay*= (th) yrxe'/(E,—E). (22) 
Inserting these results into the stationary expression, 


Eq. (21), one obtains 


E Yrs Vas’ 
Ri = 2: ae ee ae 
A=1 E,—E 


(23) 


which is the same as the rigorous result up to the order 
of the trial function used. The variationally derived R 
matrix is also seen to be real and symmetric, as is the 
true R matrix, for all orders. 

It is also interesting to note that the coefficients a), 
are equal to the expansion coefficients of the X) in the 
rigorous expansion of the wave function in the internal 
region. The variational procedure is thus seen simply 
to generate the rigorous expansion of the wave function 
in the internal region. 

It is thus seen that one may derive directly a con- 
sistent finite-level formula for the R-matrix from a 
variation principle. It is also hoped that this work will 
lead to greater insight into the application of variation 
principles to continuum problems, in that the applica- 
tion presented is seen to lead to a process which con- 
verges to the true solution. 

The writer would like to thank Professor E. P. 
Wigner of Princeton University for suggesting this 
study and for many valuable suggestions. Thanks are 
also due Professor Gerald Goertzel of New York 
University for some enlightening discussions. 
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Nuclear Gamma-Absorption Cross Section of Cu®* 


L. MarsHALL, A. H. ROSENFELD, AND S. C. Wricat* 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinoist 
(Received March 15, 1951) 


The absolute intensity of the bremsstrahlung beam from 46-Mev electrons in the Chicago betatron has 
been determined. Copper foil was irradiated and its activity measured with a calibrated counter. The 
integrated cross section for Cu™(y,n)Cu® was found to be (0.77+0.15)xX10- cm? Mev. A Victoreen 
thimble, surrounded by a }’’-thick lead wall and inserted into the beam, measured one r per minute for 


every 2.5X 107 Mev cm™ sec™ of beam intensity. 


INTRODUCTION 


HE absolute intensity of the bremsstrahlung beam 

produced by 46-Mev electrons in the Chicago 

betatron has been determined according to two methods 
developed by Blocker, Kenney, and Panofsky.! 

One method measures the areas under curves of 
ionization loss versus shower depth for various elements. 
This area is proportional to the intensity of the beam. 
The other method depends upon only the initial slopes 
of these curves. The Compton and pair contributions 
to the ionization can be separated by considering their 
different Z-dependence. Knowing the pair contribu- 
tions, one can then calculate the intensity of the 
gamma-beam by assuming the theoretical Bethe- 
Heitler pair-production cross section. Use of these 
methods for beam calibration eliminates the need for 
an involved calculation of the response of a given ion 
chamber to a bremsstrahlung spectrum. Using several 
elements we find that beam calibrations obtained by 
the above method agree to within about 10 percent. 
As an application of this beam calibration we have 
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Fic. 1. Geometrical arrangement. The Pb collimators and the 
magnet almost filled a hole in a 3-ft iron and concrete shielding 
wall separating the chambers from the betatron. 
* National Research Council ap doctorate fellow. 
+ This work was assisted by the joint program of the ONR and 
EC 


ol Blocker, Kenney, and Panofsky, Phys. Rev. 79, 419 (1950). 


measured the Cu®™(y,z)Cu®™ integrated cross section 
and have determined the response of a Victoreen 
thimble to 46-Mev bremsstrahlung. 


BEAM CALIBRATION 


The geometrical arrangement is shown in Fig. 1. 
The collimated beam (cleaned of electron contamination 
with a magnet) passed through a monitor ion chamber, 
an absorber, a detector ion chamber, and (for thick 
absorbers) a back-scatterer. The monitor and detector 
were similar large, thin, thin-walled ion chambers, each 
consisting of five parallel aluminum foils of individual 
thickness 0.001 inch. The currents from the two 
chambers, after amplification with fed-back dc ampli- 
fiers, were compared by a null-point method which 
measured their ratio. In this way the effect of beam 
fluctuations was eliminated. At the same time the 
current from the monitor was similarly compared with 
the current from an off-the-beam ion chamber which is 
permanently used as an intensity indicator. 

Figure 2 shows the ratio of detector to monitor 


‘current with the detector inserted between the back- 
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Fic. 2. Shower curves. Although only one point is plotted at 
zero absorber thickness, all four curves start from roughly the 
same ordinate. The zero-thickness point affects very little the 
areas under the curves. The data have been extrapolated to zero 
slot width 
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Fic. 3. Initial slopes, taken without 4 back-scatterer. 


scatterer and varying thicknesses of absorber, both of 
the same material, C, Al, Cu, or Pb. This ratio has 
been corrected as explained by Blocker et al.,! to zero 
detector thickness to simulate conditions in an infinite 
absorber. 

The initial parts of these curves are shown in Fig. 3. 
For the initial slopes no back-scatter was used. The 
different Z-dependence of the Compton and pair cross 
sections is used to separate these two contributions to 
the ionization and thus to get the lowest curve labeled 
“Compton+ background.” In Fig. 4 this has been 
subtracted from all the curves, leaving only the pair 
contribution to the ionization. 

In the notation of Blocker eé al: the number of 
pair electrons formed per atom of absorber cm~ is 
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Fic. 4. Pair production contribution to the initial slopes. 
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2(Z?+Z)QR(Z), where Q is the intensity measured in 
units of the quantum limit kmax; R(Z) is an average 
cross section, varying slightly with the Z of the ab- 
sorber, the bremsstrahlung spectrum, and the pair 
cross section in the fields of absorber nuclei and elec- 
trons.'* The accuracy of the subtraction method evi- 
dently decreases with Rmax, since the fraction of ion- 
ization contributed by pairs becomes small for kmax less 
than about 25 Mev. On the other hand, for kmax greater 
than, say, 80 Mev, the subtraction method becomes 
the more convenient of the two, since the pair contribu- 
tion is appreciable whereas measurement of the whole 
shower requires an inconveniently large volume of 
absorber. 

Column 1 of Table I shows the beam intensity per 
monitor volt as calculated from the areas under the 
shower curves (Fig. 2). Column 2 lists the value of 
(—dE/dx)ion onty used in the calculation. Column 3 
lists the intensity calculated from the initial slopes 
(Fig. 4). Column 4 gives R(Z), assuming a Bethe- 


TaBLE I. Beam intensities, energy loss, and average cross 
section. Intensities are in units of 10° Mev per monitor volt. 
The energy loss due to ionization is in units of Mev gram™ cm? of 
absorber; R(Z) is in units of 10-*’ cm?. 








Intensity from 
initial slopes 
1.31 
1.15 
1.09 
1.21 


1,190.06 


Intensity from 

shower areas (—dE/dx)ion 
c 1.19 1.8 
Al 1.25 





1. 
Cu 1.28 B. 
Pb 1.05 1. 


Average 1.19+-0.05 








Heitler thin-target spectrum and pair-production cross 
section, the latter including the deviations (found by 
Walker)? from the theoretical values. A thick-target 
bremsstrahlung spectrum was not used in the calcula- 
tion, since the electron beam strikes the edge of a 
tungsten target and the exact geometry of the collision 
is not known. 


BETA-COUNTING 


At intervals during the beam calibration, a thin Cu 
foil was irradiated. This foil was large enough to more 
than cover the whole beam area accepted by the 
collimator. The voltage from the monitor chamber was 
continuously recorded during the activation. From the 
written trace the effective voltage was calculated, 
taking into account the beam fluctuations and the 
decay of the 10.1-minute half-life of Cu®. 

The active Cu foil was cut into small pieces and its 
2.9-Mev positrons counted with an end-window counter 
calibrated by the method of Novey.® Foils 6 and 12 mg 
thick were counted, and the self-absorption was shown 

18 Vaclav Votruba (private communication to G. Wentzel). 
In the energy region es involved the pair production by an 
electron is about $ that of a proton. 


2R. L. Walker, Phys. Rev. 76, 1440 (1949). 
3T. Novey, Rev. Sci. Instr. 21, 280 (1950). 





STABILITY OF MAGNETO-HYDROSTATIC FIELDS 


to be negligible. Correcting for the 12,8-hour activity of 
Cu, and using the known total energy flux, and 
assuming that the absorption is strongly peaked about 
an average energy of 19.1 Mev,‘ it is found that 
JSoyn(E)dE=(0.7740.15)X10-* cm? Mev for Cu®. 
In our opinion the above error is a fair estimate of 
uncertainties introduced by such factors as counting 
statistics, calibration of the counter, sensitive volume 
and input resistance of the chambers, assumed thin 
target spectrum, assumption of a resonance narrow 
with respect to 50 Mev, extrapolation to zero chamber 
thickness, Walker correction, etc. 

An error yet to be mentioned is the uncertainty in 
resonance energy, which is here assumed to be 19.1 Mev 
but has been reported by others as 17.6 Mev.®:* The 
calculated cross section is almost exactly inversely 
proportional to the assumed resonance energy. 

The quantum-mechanical sum rule’® predicts for 

*L. Marshall, Phys. Rev. 82, 300(A) (1951); 83, 345 (1951). 
This issue. 

5B. C. Diven and G. M. Almy, Phys. Rev. 80, 408 (1950). 

Pre 20, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 


7 M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). 
8 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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Cu® a maximum integrated dipole cross section of 
0.95 Mev barns. 

Previous determinations of this cross section have 
yielded the values (in Mev barns): 1.5,° 0.6, and 0.7.° 


CALIBRATION OF VICTOREEN THIMBLE 


The intensity of the beam did not vary greatly over 
the area accepted by the collimator, so that its intensity 
per square cm was roughly known. Hence, it was 
determined that a Victoreen thimble, enclosed within 
4”’ Pb walls and inserted into the beam, measured one 
r per minute for every 2.5X10’ Mev cm sec of 
beam intensity. 

As can be seen from Fig. 2, }” Pb lies close to the 
shower maximum, so that the exact thickness of the 
wall is not critical. The Victoreen reading with }” 
walls was only 5 percent lower. 

We wish to acknowledge the help of D. W. Connor, 
who advised us in the design of the experiment, and of 
C. R. McKinney and his betatron crew, K. Benford, 
F. Sammons, and W. Humphrey. 


® J. L. Lawson and M. L. Perlman, Phys. Rev. 74, 1190 (1948) 
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On the Stability of Magneto-Hydrostatic Fields 


S. Lunpquist 
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The stability of static magnetic fields in an electrically conducting liquid is investigated. The result of 
the study is applied to the stability of twisted cylindric magnetic fields. It is shown that instabilities may 


by caused by the twisting of a homogeneous field. 


I. INTRODUCTION 


N recent years several theories of the earth’s mag- 
netic field have been developed by Elsasser and 
Bullard,! the essence of which is the induction due to 
liquid motion in a magnetic field. The interactions be- 
tween motion and magnetic field which they consider 
are very complicated. Some similar but simpler proc- 
esses by which mechanical energy is transferred into 
magnetic energy have been suggested by Alfvén.? One 
of the most attractive of his suggestions is founded on 
the hypothesis that a homogeneous magnetic field 
which is twisted by liquid motion becomes unstable 
and will form a loop. The magnetic energy of this 
loop is used to amplify the original field. 
This paper attempts to present a mathematical treat- 
ment of the stability of magneto-hydrostatic fields, i.e., 
magnetic fields in equilibrium in a liquid at rest. The 


1 W. M. Elsasser, Revs. Modern Phys. 22, 1 (1950). 
?H. Alfvén, Tellus 2, 74 (1950), 


theory is applied to Alfvén’s problem. It is found that 
a magnetic field in a long cylinder becomes unstable 
when the increase of magnetic energy due to the twist- 
ing becomes of the same order of magnitude as the 
energy of the original field. 


II. SOME PROPERTIES OF MAGNETO-HYDROSTATIC 
FIELDS 


For hydrostatic equilibrium it is necessary that the 
force acting on the liquid be balanced by a hydrostatic 
pressure. In a medium with the permeability u.=1, a 
current density i and a magnetic field H give a volume 
force=iXH emu. Since i=curlH/4r, the condition for 
equilibrium is 

culHxH=V¥¢, (1) 


where ¢/4n is the hydrostatic pressure. 
According to Eq. (1) the lines of force and current 
are situated in the surfaces ¢= const. 
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Fic. 1. Displacement of flux tube. 


A special type of field are those which give no force 
at all on the medium. They are given by 


curlH x H=0. (2) 


These force-free fields may exist in a compressible 
medium of uniform density. Hence, we may expect 
them to be a type of magnetic field that can exist in 
interstellar space, where a pressure gradient would give 
an increased density accompanied by increased re- 
combination. Diffusion of the neutral atoms would then 
tend to decrease the pressure gradient. A solution of 
Eq. (2) for an infinite cylinder is a field with the axial 
component 


H,=AJ,(ar) (3) 
and the tangential component 

H,=AJ (ar). (4) 
A fuller discussion was given in a previous paper.’ 


III. MOTION OF THE LINES OF FORCE 
IN AN IDEAL LIQUID 


A motion of a conducting liquid in a magnetic field 
is, in general, connected with induction effects which 
cause induced currents. The magnetic field of these 


£+ (am-9) 


Fic. 2. Geometry of displacement 


3S. Lundquist, Arkiv. fysik Bd. 2, 35 (1950). 


currents deforms the original field. The purpose of this 
section is to derive an analytic expression for the change 
of the magnetic field connected with a finite displace- 
ment of the liquid. We consider an incompressible 
liquid, which is an ideal conductor with the permea- 
bility 4=1. The liquid is moving with the velocity v 
in a magnetic field H. The current is given by 


i=o(E+vxH). (5) 
Since the conductivity c= ©, we must have 
E+ vxH=0. 
From Maxwell’s equations we know 
curlE= —dH/dt. 
Combining Eqs. (6) and (7), we obtain 
0H/dt=curl(vX< H). 


A discussion of this equation where H is repiaced by 
the vorticity vector, curlv, will be found in any text- 
book on hydrodynamics.‘ 

Equation (8) means that the flux of H through any 
closed curve moving with the liquid is constant. Con- 
sidering an isolated flux tube we see that this will move 
with the liquid. This is true even if the tube is not iso- 
lated and hence for each line of force, as the following 
discussion, originating from Helmholtz, will show. 

The flux through any element of a surface wholly 
composed of lines of force is zero. This property is 
conserved when the surface moves with the liquid, 
according to Eq. (8). Hence, the surface will always 
be composed of lines of force. 

Also, their intersection will be a line of force. Hence, 
we infer that the lines of force move with the liquid. 

From this conclusion we may obtain the wanted 
expression for the change of H.* Consider a small part 
of a flux tube with the length= Aryp= €)Hp and the cross 
section dS». After displacement, it has the length 
Ar,= eH, and the cross section dS, (see Fig. 1). As the 
volume is the same, we have €p)Ho-dSo= ¢,H,-dS,. The 
constancy of flux implies Hy-dS)=H,-d§,, and hence, 
€; >= €o. 

This means that H;, is obtained from Hp in the same 
way as Ar, from Aro. Since 


Ar,= Aro+ (Aro: VDE, (9) 
(see Fig. 2), we obtain 
H, = Ho+ (Ho: VE. (10) 
Equation (10) is mot limited to small & but is valid 
for any finite value. 
We complete this discussion by giving a direct 
analytic proof of Eq. (10). Using the vector identity 


curl(aX b)= (b- V)a—(a-V)b+adivb—b diva (11) 


*H. Lamb, Hydrodynamics (Dover Publications, New York, 
1945), p. 203. 
5 This was kindly pointed out to me by Professor T. G, Cowling. 
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and the relations 
(12) 


(13) 


divH=0, 
divv=0, 
we write Eq. (8) 

(dH/dt)+ (v- ¥)H=dH/di=(H-¥)v. (14) 
This equation may be integrated. We introduce the 
displacement &(r,?) as the vector which moves the 
point r into its original position r>=r+€ (see Fig. 3). 
The position vector of a point moving with the liquid 

is, accordingly, r=ro— &(r, #), and hence, 


v= —dt/dit= —dE/dt—(v- VE (15) 


for any &, small or not. 

We introduce Eq. (15) into Eq. (14) and write the 
equation in suffix notation (summation over equal 
suffices in the same term): 


dH. ) Oa 
=— H,—(—+ u—) 
dt Oxg \ Ot Ox, 


te) te) Oka 
“Gra 
at ax, ax 


0H; ° OHs Og \ OEa 
(— ) H )=. 


a ae 
Oxy Ox,/ Axg 


(16) 


The last term vanishes according to Eq. (13), and 
hence, 


dH/dt= — (d/dt)[(H- ¥)&). (17) 


Integrating and putting £=0 when H= Hi, we obtain 
Eq. (10): 
H,=H,)+ (Ho: VE 


as before. 


IV. THE CHANGE OF MAGNETIC ENERGY AT 
AN ARBITRARY DISPLACEMENT 


We consider a magnetic field H given in a volume V. 
At an arbitrary deformation given by the displacement 
vector &, the field changes to H, in the region V;. The 
change of magnetic energy connected with this dis- 
placement is 


1 
AW=- (18) 


2 1 


1 
Hin. f H'dr, 
WJ y 


where dr means an element of the liquid in V, and 
dr; the same element in V}. 

From Eq. (11) we have dr;=dr. From Eq. (10) we 
obtain H, as a function of the original coordinates of 
dr. Hence, the first integral in Eq. (18) may be trans- 
formed into an integral over the original volume, giving 


1 
aw= f Hv) tart fcai-were. a9) 
V v 
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The field H is an equilibrium field, and hence, from 
Eq. (1), 


(curlH) x H=(H-V)H-—V(3H")=¥¢, (20) 


(H- v)H=vy, (21) 


with 


¥=¢+4H"+ const. (22) 


Transforming AW, by two partial integrations we find 


AW.= { HaHls(0t»/0x9)dr= f H-¥H-dS 


- f vE-dS+ f Ydivédr, (23) 


where dS denotes an element of the surface of V, and 
the integrals are taken over V. 

In most cases the surface integrals of Eq. (23) vanish, 
due to the fact that y, H-dS or H- is zero. If so, we 


Path of particle starting at nn 


* 


Fic. 3. Definition of displacement &. 


are left with the expression 
1 
Aw= f v divtdrt f [(H-w)e Pdr. (24) 


Putting y=0 at infinity, we see that y= p+ }H?— p,, 
is usually positive. The second integral is always posi- 
tive. Since a negative AW means instability, we infer 
that the deformation & of an unstable field is such that 
divé is negative. The first integral of Eq. (24) is ap- 
parently of the first order in &, but actually both in- 
tegrals are of the second order. The exact expression for 
div may be calculated from the incompressibility 
condition that the functional determinant for the 
transformation from r to r+£&, 0(r+£)/d(r), be equal 
to one. However, since we only need divé to second 
order in & in order to treat initial stability, we may 
obtain it more easily from Eqs. (13) and (15). 

Regarding & as a small quantity of first order we 
obtain from Eq. (15) 


v= — (0&/dt)+ (0€/dt- VE, (25) 
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and hence, from Eq. (13) 


, a 
u—) =0 


OxXg 


0& 9 
div v= ——_+—— 
OL, Oe 
O/ ata 1de dts 
=— +) (26) 
ot OX_ 2 0x3 OX, 


Oba 1 Oka Oks 


iv ws paces) 


OXq 2 0x3 OXe 


or, finally, 


(27) 


correct to second order. Hence, we write 


: 1 Ofa Oks df, df, 
AW --{ ¥—— +8 Hs—— }dr, (28) 
2 Oxg OX Xa OXg 


which is the required expression for the change of 
magnetic energy. 
We see that fields with Y=const are stable. Since 


Vy = (H- ¥)H= H(0H/ds)t+ (H?/R)n, (29) 


where t and n denote unit tangent and principal nor- 
mal, and R the radius of principal curvature of a line 
of force, we see that y=0 means that the lines of force 
are straight lines. 

We split the deformation tensor 0£,/0xs into a sym- 
metric part Sag=}(0£./0x%g+0s/dx_) and a skew part 
A ap= 4 (0&a/dxs—0&s/0xq). In this way Eq. (27) be- 
comes 


divé = 3 (SapS ap —A apA af); (30) 


the right-hand side of the equation being the difference 
between two sums of squares. 
Since 


A apA ap =} (curlé)’, (31) 


a negative value of divé or a decrease of energy is due 
to the rotation of the elements of the liquid. 


V. STABILITY OF A TWISTED CYLINDER FIELD 


In this section we investigate the stability of the 
magnetic field in a long cylinder of radius R and length 
L. In cartesian coordinates the magnetic field is sup- 
posed to be 


H=[(—H,(r)y/r, H,(r)x/r, H,(r)], 
where r?=x°+~", cosp=x/r. The lines of force are 


helical. The magnetic force F,,= (curlH) x H, is radial, 
and 


(32) 


H,@ 0H, odo 
Fn= —-— —(rH ,)—H,—=—. (33) 
r Or te] 
Hence, 


oy a AfZ+H? 
MN Pr 
Or Or 2 


(34) 


In order to simplify the calculation we put &= +”, 
with divé’=0, &” of the order &, and divé’”’=4(0£,/ 
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Ox) (O&s/A%2)=4}(OEa’/Axg)(AEs’/Ox%a) to second order. 
Further, [(H-v)&?=[(H-¥V)& } to the same order. 
Accordingly, Eq. (28) together with 


divé=0 (35) 


gives AW correct to the second order. 
We study a simple displacement of the form 


&=[c cosbx sinaz, 0, c’ sinbx cosaz ]. (36) 


It is easily seen that the surface integrals of Eq. (23) 
vanish, provided a is chosen so as to give a whole 
number of full arcs in the z direction. 

From Eq. (35) we obtain 


bc+ac’=0. 
The deformation tensor is 


—besinbx sinaz, 0, ac cosbx cosaz 
Oke 
—s 0, 0, 0 


OX, 


(38) 


bc’ cosbx cosaz, 0, —ac’ sinbx sinaz 


and 
1 0f_ ds : 
- —~- —= (bc)?{sin*bx sin’az— cos*bx cos*az}. 
2 OXg OXa 


(39) 


Assuming bR<1, i.e., the field long compared with 
the radius, we obtain 


1 d&a Jk 


2 OXg OXe 


(40) 


= — (bc)? cos*az 


in which we have used Eq. (37). 
Further, 


(H- ¥)&~[H.ac cosaz, 0, —H ,(y/r)bc’ cosaz] (41) 
and 


[(H- Vv )& P= H7(ac)* cos*az 


+H *(bc’)? sin*y cos*az. (42) 


Integrating over ¢ and z (whole number of periods), 
we obtain 


R 


AW ~ (ac)? f 4H 2rdr 
0 


+(e" f 


Observing that acbc’= — (bc)? and putting 


R R 
f 4H Jrdr=a, i yrdr=B, 
0 0 


the condition for a negative AW is 


8°>4ary. 


R 


R 
1H 2rdr— (bc)? f yrdr. (43) 
0 


R 


f 1H frdr=y, 
0 


(44) 
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f ‘joan f “H@U/anjdr 


1-8 
--{ H frdr=2y, (45) 
2/9 


the condition becomes 


R R 
f H frdr>2 f H/rdr 
0 0 


(H ¢’)w> 2(H?)m, 


(46) 


(47) 


the symbol () standing for a mean value over the 
cross section. The result may also be stated as follows: 
the field becomes unstable when the magnetic energy 
due to the twisting exceeds double the energy of the 
non-twisted field. 

For the uniformly twisted field considered by Alfvén, 


Hy=kH./R and (0 2) y=(H2)k?/4, and hence, the- 


field is unstable if k>2. This is of the same order of 
magnitude as Alfvén found by considering the initial 
and final states at the forming of a loop. 
For the force-free field given by Eqs. (3) and (4), 
we find 
(Ho) w= (He?) (48) 


This field is accordingly stable for this displacement. 

The geometry of the disturbance is seen in Fig. 4. 
The rotation of the cross sections is obvious. Here we 
have neglected the influence of the field outside the 
cylinder. It is possible to take account of this by con- 
sidering a field and a displacement, radially distributed 
according to a gaussian function. The result is that a 
harder twisting is required if R and L are of the same 
order. The main displacement will occur in the central 
part of the field. 

This result makes a little doubtful the assumption 
by Bullard' of the existence of a strong tangential 
magnetic field inside the earth. 


VI. THE MOST CRITICAL DISPLACEMENTS 


The simple disturbance considered in Sec. IV is cer- 
tainly not the most critical one. The coefficient 2 in 
inequality (47) should probably be less. A_ better 
value might be obtained by considering a more general 
displacement containing a larger number of adjustable 
coefficients. This is rather laborious, however. By 
means of a variational principle the problem of sta- 
bility may be given a different form. 

We try to find a & that makes 


Oa 0k - 
fe —dr=min 
Oxg OXa 


MAGNETO-HYDROSTATIC FIELDS 


Fic. 4. A twisted mag- 
netic field (a) where (H ¢*)wy 
>(2H 2) is unstable and 
will be deformed according 
to (b). Thin lines indicate 
cross sections. 


0&, OF 
fa —dr=const= AW». (50) 


Ox, a OX 


This is equivalent to making 


ated a, dk, 
(= f {ye nat ; (1) 
. OXg OX 


g— — -dr=min. 
OXq OXg 


The variational equations for this problem are 


i) 0 1 dy 0&4 
— Hel, ) + =0 (B=1, 2,3) (52) 
Oxy Otal ROXe OXg 


in which Eq. (35) has been used. Multiplying Eq. (52) 
by & and integrating over the volume, we find 


Oa dks 0k, 0&, 
0= f {y= —+)HH, 


allg— —}dr, (53) 
0x3 OX 


OXq OXg 


and the total change of energy is then 


AW = (1—d) AW». (54) 


Hence, if Eq. (52) has a solution with an eigenvalue 
x= 1/\, where 0<«<1, the field is unstable. This ques- 
tion is rather complicated, however, owing to the weak 
boundary conditions for §. The method would probably 
be to put Eq. (52) in the form of an integral equation. 

The facts of main physical interest seem to be given 
by inequality (47), and there is therefore no reason to 
use more elaborate methods at present. 

Grants from Naturvetenskapliga Forskningsradet 
and Stiftelsen Lars Hiertas minne made possible this 
investigation at the University of Leeds. 

The author wishes to thank Professor T. G. Cowling 
for his great interest in this work and for his invaluable 
help. 
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The Effect of Fast Neutron Bombardment on the Electrical Properties of Germanium 
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(Received March 12, 1951) 


Lattice disorder in bulk Ge produced by collisions of fast neutrons with lattice atoms introduces a net 
excess of electron traps or acceptor states, which appear to have an energy distribution in the forbidden 
band. Bombardment of N-type Ge causes the conductivity to decrease, initially at a uniform rate, to a 
minimum value and then to increase. Examination of the data shows that initially about 3.2 conduction 
electrons are removed per incident fast neutron. The minimum value of the conductivity is higher than the 
value calculated assuming complete homogeneity and thermal equilibrium. Hall effect measurements prove 
that after the minimum is passed the material has been converted to P-type by fast neutron bombardment. 
The conductivity of P-type Ge increases with bombardment. The rate of increase decreases monotonically 
indicating an approach to saturation. The initial rate of carrier introduction in P-type Ge appears to be 
temperature dependent, being greater at higher temperatures (~0.8 carrier per incident neutron at 30°C), 
and smaller than the rate of carrier removal for N-type Ge which is apparently temperature independent 
in the temperature range investigated (—79°C to 45°C). The effect of lattice disordering on the electrical 
properties of Ge may be removed by careful vacuum annealing at 450°C while a portion of this effect readily 
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anneals at room temperature. 


I. INTRODUCTION 


HE effect of high energy nucleon bombardment 

on the electrical properties of Ge and Si was 
first investigated by Lark-Horovitz and co-workers! 
using. 10-Mev deuterons and 20-Mev alpha-particles 
from the Purdue cyclotron. They also investigated the 
effects of neutrons from the Be—D reaction and alpha- 
particles from a polonium source. The Purdue group in 
collaboration with Johnson and Siegel’ investigated 
the effect of fast neutrons by irradiating bulk Ge and 
Ge-diodes in the Oak Ridge nuclear reactor. This work 
has been extended by the authors, and the present 
paper is intended to summarize the results of investiga- 
tions to date on the effect of fast neutrons on the ohmic 
properties of bulk Ge. More recently Brattain and 
Pearson’ have also studied the effect of alpha-particles 
from a polonium source. 

When P-type Ge is bombarded with high energy 
nucleons the conductivity increases monotonically with 
bombardment. The conductivity of N-type Ge, on the 
other hand, first decreases, passes through a minimum 
and then increases with further bombardment. Hall 
coefficient measurements prove that the bombarded 
N-type material has been converted to P-type. The 
only difference between the effects of charged particles 
and neutrons is in the distribution of the effect in a 
massive target. The bombardment effects induced by 
charged particles are limited to their range in the ma- 
terial (about 0.2 mm for 10-Mev deuterons,! and only, 
0.019 mm for 5.3-Mev polonium alpha-particles).* In 
order to achieve complete penetration with charged 

* Consultant from Purdue University, Lafayette, Indiana. 

1 Lark-Horovitz, Bleuler, Davis, and Tendam, Phys. Rev. 73, 
1256 (1948). See also Purdue Progress Reports to Signal Corps. 
Nov. 1947 to present (unpublished). 

2 Davis, Johnson, Lark-Horovitz, and Siegel, Phys. Rev. 74, 
1255 (1948): W. E. Johnson and K. Lark-Horovitz, Phys. Rev. 
76, 442 (1949). See also Davis, Johnson, Lark-Horovitz, and 


Siegel, AECD Report 2054, June 1948 (unpublished). 
° N. H. Brattain and G. L. Pearson, Phys. Rev. 80, 846 (1950). 


” particles, samples thinner than the effective. range must 


be used, and even then, because of range-energy rela- 
tionships, the effect is not uniform throughout the 
thickness of the target. On the other hand, because of 
their relatively large mean free path, fast neutrons 
produce effects which are uniformly distributed through- 
out a bulk target of relatively large dimensions. The 
advantages of the use of fast neutrons in a study of the 
effect of nucleon bombardment on the electrical prop- 
erties of Ge are therefore obvious. It should be men- 
tioned, however, that there are disadvantages associ- 
ated with irradiations in a nuclear reactor. Here one is 
dealing with a wide neutron energy spectrum, i.e., 
from thermal energies up to the Mev range, and high 
intensity 8- and y-radiation as well. Thus the effect of 
nuclear reactions induced by thermal neutrons must 
be considered as must also the effect of B- and y- 
radiations. 

The bombardment produced change in the properties 
of Ge is much too large to be explained on the basis of 
impurities introduced by nuclear reactions. The number 
of impurity atoms produced by transmutations with 
charged particles is extremely small although this does 
play an important part in the case of pile bombard- 
ment.‘ Lattice disordering and lattice displacements are 
caused by elastic collisions of the bombarding particles 
with lattice atoms and by secondary collisions of struck 
atoms or “knock-ons” with those of the lattice. This 
disordering process produces a net excess concentration 
of electron traps or acceptors. Hole traps may also 
be produced but in the case of Ge these are not nearly 
so efficient as the electron traps, else either P- or N-type 
Ge would tend toward an intrinsic semiconductor with 
bombardment.** These traps or acceptors neutralize 

* Cleland, Lark-Horovitz, and Pigg, Phys. Rev. 78, 814 (1950). 

«In the case of bombardment of Si the effect of both electron 
and hole traps is equally important in contrast with the case of 


Ge. The conductivity of both N-type and P-type silicon decreases 
with bombardment and each appears to approach a limiting 
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donors in N-type Ge thus decreasing the current carrier 
concentration, and in the case of P-type Ge, if they are 
sufficiently deep lying, they may augment the con- 
centration of positive carriers in the filled band. All of 
the electrical effects of lattice disordering may be re- 
moved by annealing the crystals at about 450°C. 

The behavior accompanying bombardment is analo- 
gous in many ways to that observed with appropriate 
heat treatment. If N-type Ge is quenched from tempera- 
tures near the melting point (~800°C), P-type Ge is 
produced.® This conversion of type is presumably due 
to “frozen-in” Frenkel type lattice defects which act 
as acceptors. By annealing at 450°C and cooling slowly 
the original N-type character is restored. 


II. THEORETICAL DISCUSSION 


When high energy particles are stopped by crystalline 
solids the primary particle loses its energy by two types 
of interactions with the lattice: (1) elastic energy losses 
by direct momentum transfer to atomic cores, thereby 
producing displaced atoms, and (2) inelastic energy 
losses in which electrons are excited by charge inter- 
action. The latter type, of course, applies only to the 
interaction of charged particles. The struck atom (sec- 
ondary particle or “knock-on”? in turn also loses its 
energy in a similar manner until all of the energy im- 
parted to the lattice by the primary particle is either 
dissipated or stored. The inelastic energy losses appear 
exclusively as heat in conductors but in the case of 
insulators some of this energy may be stored by trapped 
electrons (F-centers, etc.). Most of the elastic energy 
losses, however, are stored by the lattice in the form of 
displaced atoms. Seitz® has treated this problem theo- 
retically and has calculated the number of displaced 
atoms to be expected from the interaction of various 
particles of specified energy with a number of materials. 

In order to understand the behavior of the con- 
ductivity of Ge during fast particle bombardment one 
must know the effect of these displaced atoms on both 
the concentration of current carriers and on their 
mobility. We shall assume that the lattice disorder 
may be resolved more or less distinctly into two classes: 
(1) lattice vacancies and interstitial atoms in regions 
of small amounts of disorder and (2) complexes or 
clusters of disorder of the type considered by Vand’ 
in regions of concentrated damage. In view of the 
similarity in the behavior of Ge and Si on quenching 
from high temperature® to that observed on particle 
bombardment, one would expect the first class of dis- 
order to produce hole and electron traps or donors and 
acceptors. Such centers of disorder will have associated 


value. A report concerning the behavior of reactor irradiated 


silicon will be forthcoming in the near future. 

5K. Lark-Horovitz, NDRC Report 14-585, covering the period 
from March, 1942, to November, 1945, p. 24 (unpublished). For 
more recent developments see W. E. Taylor, doctoral thesis, 
published as a special report to Signal Corps, Purdue University, 
June, 1950, and J. Metal Tech. (to be published). 

® F. Seitz, Disc. Faraday Soc. No. 5, 271 (1949). 

7V. Vand, Proc. Phys. Soc. (London) 55, 222 (1943). 
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with them localized charges which will scatter carriers, 
thereby decreasing the mobility. The role of the second 
class is not so clear. These may also be able to produce 
carriers. Also, certainly, damage centers of this type 
will scatter conduction electrons and holes. 

The introduction of vacant states’ deep in the for- 
bidden band of an N-type semiconductor will cause the 
Fermi level ¢ (electronic chemical potential) to be 
lowered toward the filled band. If these traps are dis- 
tributed in energy, as experiment seems to indicate, 
initially they will all remove electrons from the con- 
duction band and, of course, the original donor level. 
After nearly all of the electrons are removed, further 
introduction will cause a redistribution of the trapped 
electrons to vacant states of lower energy, until essen- 
tially all of the electrons occupy the lower-lying states. 
Only after this redistribution has taken place can the 
low-lying vacant states begin to act as acceptors, caus- 
ing the material to become P-type. Consequently, a 
constant rate of introduction of a distribution of low- 
lying vacant states may be visualized as causing (1) a 
rapid lowering of ¢ toward the center of the forbidden 
band corresponding to the initial removal of electrons 
from the conduction band, (2) a gradual lowering of ¢ 
across the center of the forbidden band corresponding 
to the redistribution of electrons to traps of lower 
energy and transition to P-type, and (3) a rapid, though 
not so precipitous as in (1), depression of £ toward some 
limiting position near the top of the filled band. Actual 
calculations of this type have been carried out for the 
case in which acceptors of a single energy are added.* 

Addition of acceptors to P-type Ge has the same 
effect as phase (3) above in the case of N-type Ge. 
High resistivity P-type Ge is readily affected, since in 
this situation ¢ is well above the top of the filled band. 
In low resistivity P-type Ge, however, the Fermi level 
may already lie below the limiting position mentioned 
above. If such is the case, the only effect produced by 
bombardment on the conductivity will be through a 
decrease in the mobility. It should be emphasized that 
the increase in hole concentration in P-type Ge is less 
than the decrease in electron concentration for a given 
period of irradiation. This is expected since only that 
portion of acceptors which are thermally ionized are 
effective in increasing the hole concentration. 

With regard to mobility any departure from the 
periodic potential of the lattice will tend to shorten the 
mean free path of a carrier because of additional scat- 
tering. The effect of localized charge in the lattice has 


™ The probability of the existence of hole traps or donors has 
been noted previously. These are not considered in the above dis- 
cussion, since in Ge they presumably lie near the top of the filled 
band and, therefore, are not effective in releasing electrons or 
trapping holes. However, if these hole traps lie above acceptors, 
their net effect will be to increase the ionization energy of avail- 
able holes. For an account of the effect of hole traps on the energy 
distribution in semiconductors see reference 8. 

8 K. Lark-Horovitz, Appendix II, (Lehman) International Con- 
ference on Semiconductors, Reading, 1950; See also G. Lehman, 
Phys. Rev. 81, 321 (1951). 
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Fic. 1. Conductivity of N-type Ge vs integrated fast neutron 
flux bombarded at room temperature. The dashed line indicates 
the expected behavior in the absence of annealing, variation in 
mobility, and complete ionization of introduced acceptors. 


been extensively investigated both theoretically? and 
experimentally.!° Also a treatment of neutral scattering 
has been reported" more recently. Except for high con- 
centrations of scattering centers, impurity and defect 
scattering is usually subordinate to scattering from 
lattice vibrations at moderate temperatures, the former 
being more important at low temperatures. Conse- 
quently, no effect on mobility is expected until the 
concentration of bombardment introduced defects be- 
comes comparable to or greater than the initial im- 
purity concentration at the exposure temperatures used 
in these experiments. 

The minimum conductivity observed during con- 
version of N-type Ge to P-type by fast particle bom- 
bardment may be examined from the simple model of 
semiconductors. The general equation for the con- 
ductivity of a semiconductor capable of exhibiting 
intrinsic behavior is 


T= CNet eunnn, (1 


where ¢ is the electronic charge, u is the mobility, » the 
carrier concentration and the subscripts refer to the 
type of carrier. For carrier concentrations considered 
here classical statistics are valid. Thus for thermal 


° E. Conwell and V. F. Weisskopf, Phys. Rev. 69, 258 (1946) ; 
77, 388 (1950). 
een A. Johnson and K. Lark-Horovitz, Phys. Rev. 69, 258 
5) 
. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949); 
C. Erginsoy, Phys. Rev. 78, 1013 (1950). 
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equilibrium the carriers obey the relation 
nny,=(T)=4h-*(2em*kT)* exp(—Ae,/kT), (2) 


where m* is the geometric mean of the effective masses 
of the carriers and Ae, is the energy gap between the 
highest filled band and the conduction band. The best 
value of «(7) obtained from measured properties of 
Ge in the intrinsic range is given by” 


«(T) =5.15 X 10° T%e-887, 


By using Eq. (2) to write Eq. (1) in terms of only one 
carrier concentration and minimizing the conductivity 
with respect to this carrier one finds that the carrier 
concentrations at the minimum are 


ne= (x/c)}, (3) 


mn= (Kc) i, 


where c is the ratio of electron mobility to hole mo- 
bility. Substituting these values into Eq. (1) gives for 
the minimum conductivity 


Cnin> 2epe(x/c). (4) 


It is evident from Eq. (3) that the conductivity mini- 
mum lies at the intrinsic concentration (n,=m,) only 
if c=1. For Ge, c~1.5. Therefore, the material has 
already become P-type before the minimum is reached. 
The general expression for the Hall coefficient is given by 


R= (39/8) (myun?— mee?) /(Mapnt Mette). (5) 


Substitution in Eq. (5) of the carrier concentrations 
from Eq. (3) gives 


Rmin= (34/32e)(1—c)/(xc)*. (6) 


Hence it is evident that the Hall coefficient is negative 
even though at the conductivity minimum the material 
is P-type. Similar examination of the thermoelectric 
power" shows that the Seebeck coefficient is given by 


Onin = — (R/5e)Inc (7) 
which is also negative even though the material is 
P-type. 

Ill. THE EFFECT OF FAST NEUTRONS ON N-TYPE Ge 


A typical room temperature conductivity vs bom- 
bardment curve for N-type Ge is shown in Fig. 1. The 
measurements were taken in-pile during bombardment. 
Initially the slope is quite linear, the conductivity de- 
creasing at a constant rate with bombardment. As the 
minimum is approached the slope becomes less and less 
negative producing a wide, flat minimum. After the 
minimum the conductivity increases much more slowly 
than the initial rate of decrease. By assuming that 
annealing of lattice disorder and changes in the electron 
mobility are negligible during the initial part of the 


#V. A. Johnson and H. Y. Fan, Phys. Rev. 79, 899 (1950). 
8K. Lark-Horovitz, Appendix I, (Johnson and Lark-Horovitz) 
International Conference on semiconductors, Reading, 1950. 
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bombardment, the average net number of electron 
traps produced per incident neutron K for the fast 
neutron spectrum which exists in the Oak Ridge re- 
actor may be calculated from the initial linear portion 
of the curve. The initial mobility of the samples is 
known from Hall coefficient and resistivity measure- 
ments and K is readily calculated by means of the 
relation 

K =dn,/d(nvt) tast= (1/eu4)do/d (mvt) tant. (8) 


The results of these calculations have been reported 
previously for a number of N-type samples." The aver- 
age value of K, revised slightly in the light of addi- 
tional data, is 3.2. Assuming a scattering cross section 
of 1X 10~-* cm? one finds the number of traps produced 
per scattered neutron to be 81. This value is in reason- 
able agreement with the calculations of G. E. Evans'® 
from particle interaction theory who finds that 135 dis- 
placed atoms should be produced per scattered neutron 
using the energy distribution in the Oak Ridge Reactor. 
This agreement, however, depends on the choice of the 
scattering cross section. These measurements seem to 
indicate that K is independent of temperature and 
initial impurity concentration. 

The dashed curve in Fig. 1 was calculated on the 
assumptions that (1) all acceptors introduced by bom- 
bardment lie on the top of the filled band thus being 
equally effective in removing electrons or producing 
holes, (2) no annealing takes place, and (3) the mobility 
of the carriers is unaffected by bombardment. It is 
interesting to note that this has the same form as a 
simple conductiometric titration curve. The minimum 
value was calculated from Eq. (2). The early observed 
departure from linearity is readily explained on the 
basis of the aforementioned redistribution of trapped 
electrons seeking lower energy traps as these become 
available. Also any annealing of lattice disorder at 
room temperature, which is known to be appreciable 
from various indications to be discussed below, will 
cause the rate of electron removal to decrease with 
bombardment. 

The minimum value of the conductivity of a homo- 
geneous semiconductor in thermal equilibrium may be 
calculated directly from Eq. (4) by using the appro- 
priate values of u and x. In a previous publication"® it 
was pointed out that the observed value of omin was 
higher by a factor of 2 to 3 than the calculated value. 
This discrepancy was attributed to slight inhomo- 
geneities in the impurity distribution throughout the 
sample. It should be stated, however, that the same 
effect could be caused by the photoelectric production 
of carriers by high intensity 8- and y-radiation. Experi- 
ments are underway to determine the influence of high 
intensity ionizing radiation on the electrical con- 

4 J. H. Crawford, Jr., and K. Lark-Horovitz, Phys. Rev. 78, 


815 (1950). 
16 G. E. Evans, (to be published). 
16 J. H. Crawford, Jr. and K. Lark-Horovitz, Phys. Rev. 79, 


889 (1950). 
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ductivity of Ge. As yet we have been able to determine 
no observable effect due to 1.3-Mev radiation even in 
high resistivity Ge (~5 ohm cm) though samples con- 
taining a rectifying potential barrier show large con- 
ductivity increases at liquid nitrogen temperature. 

After the minimum is passed the conductivity in- 
creases at a rate much lower than the initial rate of 
decrease. The reduction in rate is due to two causes: 
(1) annealing of lattice defects and (2) only those 
acceptors which are ionized are effective in increasing 
the hole concentration. In this connection it is in- 
structive to examine the ratio of slopes of the two legs 
of the conductivity vs bombardment curve. In Table I 
the ratios of the initial slopes to those after conversion 
to P-type for a number of N-type samples bombarded 
at room temperature are listed, together with the initial 
electron concentration n,° which, because of exhaus- 
tion,” is essentially equal to the original donor con- 
centration. The slope ratio for ,°<10" (P-type Ge) 
was obtained from the mean value of the original 
N-type slope and that of P-type material at room 
temperature.'* From these data it is evident that the 
ratio of slopes increases with increasing initial electron 
concentration. Since it has been shown previously“ 
that the initial rate of change of conductivity for N- 
type Ge under bombardment at temperatures in the 
exhaustion range is constant, the variation of the ratio 
is due to the dependence of the slope after conversion 
to P-type on the initial electron concentration of the 
N-type material. 

The dependence of the conductivity vs bombardment 
slope after conversion may be caused by either the 
variation of disorder-annealing rate with the amount 
of disorder at the minimum, of which n,° is an index, 
or the variation of the number of ionized acceptors 
introduced at the minimum which are occupied by elec- 
trons from the conduction band and donor levels. This 
latter effect is analogous to the common ion effect of 

TaBLe I. The ratios of the initial slope to that after the con- 
ductivity minimum obtained from the room temperature con- 
ductivity vs bombardment curves of N-type Ge. Also listed is the 
original electron concentration ,°. The P-type value above is the 
ratio of the slope of an N-t sample which is constant from 
sample to sample to that of a P-type sample at 30°C. 








Sample Slope ratio 





8.0 


P-type value ~6.5 








17 The exhaustion region is that region in temperature at which 
essentially all of the impurity atoms are ionized. 

18 Since it has been shown that the initial N-type conductivity 
slope is constant from sample to sample except for mobility varia- 
tions [Eq. (8)] the ratio of this value to the room temperature 
value for a P-type sample should be an index of the slope ratio 
as defined above for n.°< 10". 
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Fic. 2. Conductivity of N-type Ge vs integrated fast neutron 
flux bombarded’at dry ice temperature. 


solution chemistry. There is not sufficient evidence at 
the present time to make a clear choice. Both, quite 
probably, are in some manner responsible for the de- 
pendence of the slope ratio on the initial electron con- 
centration of the N-type material. Examination of the 
data in Table I indicates that apparently Inn,’ is 
approximately proportional to the slope ratio. An ele- 
mentary examination of the two explanations offered 
above, however, indicates that in both cases one would 
expect an approximately linear dependence between the 
ratio and n,°. It is encouraging to note that the ratio 
approaches the value 6.5 obtained for originally P-type 
material. A more elaborate treatment on the basis of 








4 


4 


CONDUCTIVITY IN OHM CM 





© CALCULATED POINTS 
——— EXERIMENTAL CURVE 














Ss 6 e 10 2 
BOMBARDMENT TIME IN SECONDS x 10"? 

Fic. 3. Conductivity of P-type Ge os integrated fast neutron 
flux bombarded at room temperature. Dots represent the points 
calculated from Eq. (6). 


LARK-HOROVITZ, 


PIGG, AND YOUNG 
more accurate data is necessary to explain this be- 
havior quantitatively. 

In order to minimize annealing during bombardment 
several N-type Ge samples were exposed at dry-ice 
temperature and the conductivity measured during 
bombardment. The conductivity vs bombardment curve 
for one such sample is shown in Fig. 2. The behavior 
of the conductivity is qualitatively the same as at 
room temperature. The initial rate of removal of elec- 
trons is the same as that measured at higher tempera- 
tures within experimental error. The conductivity mini- 
mum occurs at a lower value than that observed at 
room temperature which is expected from the tempera- 
ture dependence of x in Eq. (4), though the observed 
value is higher by two orders of magnitude than the 
calculated value (3X10-* ohm= cm= observed com- 
pared to 8X10-* ohm™ cm calculated). The ratio of 
the initial rate of conductivity change to that after 
conversion is 12.5 and the initial donor concentration, 
as determined from the room temperature Hall con- 
stant, is ~4x10". Comparison of these values with 
those of Table I shows that, for samples of comparable 
impurity concentration (samples 1 and 2), the rate of 
increase of carrier concentration is larger for higher 
temperatures. The temperature dependence of the rate 
of increase of holes will be considered further in con- 
nection with P-type Ge bombardment. 


IV. THE EFFECT OF FAST NEUTRONS ON P-TYPE Ge 


A typical conductivity vs bombardment curve for 
P-type Ge at room temperature is shown in Fig. 3. 
The conductivity increases monotonically with bom- 
bardment and the initial slope is linear. As in the case 
of N-type Ge the number of carriers introduced per 
incident fast neutron may be calculated from the initial 
slope and the initial mobility under the same assump- 
tions used in the N-type analysis. These calculations 
have also been previously reported,'® and are repro- 
duced with additional data in Table II. The value at 
30°C is about 0.8 hole per incident fast neutron. Thus 
only about one out of four traps produced by bombard- 
ment is effective in increasing the hole concentration 
at this temperature. The high temperature rates (0°C 
to 30°C) appear to be essentially independent of initial 
carrier concentration but are evidently temperature 
dependent. It should be noted, however, that depend- 
ence on initial carrier concentration could be masked 
by a larger effect of temperature. 

Farther examination of the P-type Ge bombardment 
curve shows that the slope falls off with increasing 
bombardment indicating that the conductivity tends 
toward saturation. This may be explained, at least in 
part, on the basis of annealing of lattice defects and is 
borne out by the decay of the conductivity increase 
during pile shut down. In fact, by assuming only one 
annealing process with a single activation energy, the 
above curve may be fitted rather well by the familiar 
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first-order build-up equation 
o=aot+(A/k’)(1—e-*'), (9) 


where &’ is the rate constant and A is a constant deter- 
mined by the initial slope. The calculated points for 
k’=6.2X10-5 sec~ are shown in Fig. 3. This result, 
however, is not very definitive since the value of k’ 
depends on A. Because of pile power and temperature 
changes during start-up, the value of A is not suffi- 
ciently accurate for a refined determination of the rate 
constant. Attempts were made to calculate the curve 
using a simple second-order build-up equation 


o=ao+(A’/k’)tanh[(A”k’)4], (10) 


but no acceptable fit could be obtained. Similar analyses 
have been carried out by Brattain and Pearson? on Ge 
bombarded with polonium alpha-particles. Both build- 
up and decay curves were fitted with first-order equa- 
tions and the rate constant thus obtained was k=1.5 
X 10-5 sec. These authors found that about 75 percent 
of the carriers introduced by bombardment was an- 
nealable at room temperature. 

There is evidence that the annealing mechanism is 
much too complicated to be explained on such a simple 
basis as is discussed above. Preliminary experiments on 
the rate of annealing of Ge exposed at dry ice tempera- 
tures as well as examination of heat treatment data 
indicate that, quite probably, the annealing of lattice 
disorder involves multiple rate processes of different 
activation energies. There is even the possibility that 
there is a continuous spectrum of activation energies. 
A program intended to investigate this problem is now 
under way. 

Two P-type samples were bombarded at dry ice 
temperature in order to decrease the effect of an- 
nealing. The conductivity vs bombardment curve of 
the higher resistivity sample is shown in Fig. 4, and the 
pertinent data for the two samples are summarized in 
Table II. The initial slopes for these samples indicate 
quite definitely that they are dependent on the initial 
carrier concentrations. The slope, in fact, seems to be 
dependent on the hole concentration at any point 
during the bombardment. This is borne out by the 
observation that, if one adjusts the (mv?) sas: scale of 
the low resistivity sample so that its initial conductivity 
falls on the curve for the high resistivity sample (shown 
in Fig. 4), the curves coincide. This is indicated in Fig. 4 
by two vertical marks on the curve between which the 
curves are coincident. Departure above the upper 
mark is due to temperature variation which sets in at 
this point. 

During the low temperature bombardment discussed 
above, the conductivity was followed until all of the 
dry ice sublimed and the temperature rose toward pile 
ambient. The interesting behavior shown in Fig. 4 was 
observed. When the temperature (indicated by a dashed 
line) begins to rise the curve goes through an inflection 
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Fic. 4. Conductivity of P-type Ge vs integrated fast neutron 
flux bombarded at dry ice temperature. The dashed line repre- 
sents temperature. The vertical lines on the curve represent the 
range of coincidence with the curve of another sample (see text). 


and the rate of change of conductivity with bombard- 
ment begins to increase. The conductivity then reaches 
a maximum value with further temperature increase 
and then decreases. This behavior can be readily ex- 
plained on the basis of simple semiconductor theory. 
The accelerated increase in conductivity when the 
temperature begins to rise is due to an increase in hole 
concentration. The decrease of conductivity at higher 
temperatures is caused by the decrease in lattice mo- 
bility with increasing temperature, which becomes 
predominant over the effect of increasing carrier con- 
centration. It is also quite possible that an increased 
annealing rate caused by the temperature rise could 
anneal out a fraction of accumulated disorder at the 
high temperature, thus further decreasing the con- 
ductivity. This latter point, however, cannot be sub- 
stantiated on the basis of existing data. 

Perhaps the most interesting information to be ob- 
tained from the low temperature bombardment experi- 
ments is that even for very low annealing rates there 
is appreciable curvature in the P-type Ge conductivity 
vs bombardment curve. This curvature is presumably 
due to the nonlinear dependence of the carrier con- 
centration on acceptor concentration. In view of this 
behavior the validity of such a simple rate analysis of 
the build-up behavior of the conductivity during bom- 
bardment of P-type Ge is even less certain. 


TaBLe II. The rate of increase in hole concentration per in- 
cident neutron for P-type material at various temperatures. Also 
listed is the original hole concentration at 27°C. 








Increase in hole 
concentration per 
incident neutron 


Sample : 
(P-type Temperature of 
Ge) exposure 


Original hole con- 
centration at 
27°C (cm) 





30°C 0.77 
0.70 
0.61 
0.20 


0.48 


1.7X 10% 
4.210" 
2.5 10" 
4.6X 10" 
4.9X 10" 
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Fic. 5. Log Hall coefficient vs reciprocal of absolute tempera- 
ture of P-type Ge after long bombardment showing effect of 
various heat treatments. 


V. THE ENERGY DISTRIBUTION OF BOMBARDMENT 
INTRODUCED ACCEPTORS 


In order to study the energy distribution of acceptors 
produced by bombardment, measurements of the Hall 
coefficient R as a function of temperature on bombarded 
material are necessary. Because of the appreciable rate 
of annealing at moderate and high temperatures and 
because of the long “radioactivity cooling” period re- 
quired before the samples can be handled, little can be 
learned concerning the energy distribution in this 
temperature range except for those acceptors which 
anneal at higher temperatures. 

Figure 5 gives the logR vs 1/T curve for a sample 
which had been stored at room temperature for several 
months after a long bombardment. Curve I was taken 
before any heat treatment, curve II after being heated 
to 400°C, curve III after 2 additional hours at 400°C 
and curve IV after 24 hours at 450°C. Further heat 
treatment produced no detectable change. Since a single 
ionization energy’® in the impurity range would yield a 
constant slope, the curvature of curve I obviously 
indicates a wide distribution of ionization energies. It 
is interesting to note that nearly all of the effect of 
lattice disorder can be removed by merely heating to 
400°C. 


1° The term “ionization energy” is preferred instead of the more 
frequently used “activation energy” since the latter has special 
application in rate process theory. 


Additional information may be gained by exposing 
a sample at dry ice temperature and storing it in dry 
ice during the “cooling” period. By keeping the sample 
at this temperature and by first taking measurements 
at the low temperature, annealing of lattice disorder 
may be minimized. The results of two such exposures 
on the same sample are shown in Fig. 6. Hall coefficient 
curves are shown after various treatments. The sample 
was originally a high resistivity N-type Ge plate. The 
conductivity was followed during the bombardment 
and the sample was removed from the pile as near the 
conductivity minimum as possible in order to trap 
most of the conduction electrons. Curve I is the initial 
measurement before the first exposure. Unfortunately 
one of the Hall probes was detached during bombard- 
ment and had to be resoldered. This caused an uncer- 
tain amount of annealing and, therefore, curve II, 
taken after exposure, is not entirely representative. 
Curve III was taken after the sample was heated to 
150°C and curve IV was taken after a full anneal. 

After the second exposure the Hall coefficient had a 
positive sign indicating that the material had been 
converted to P-type [see Eq. (5) ]. Because of rectifica- 
tion due to inhomogenities in impurity distribution 
which, though unimportant in the original, produce 
rectifying P-N potential barriers*® at the conductivity 
minimum, reliable Hall coefficient measurements could 
not be made. The sample was briefly warmed to room 
temperature and recooled. By this action sufficient 
annealing took place to cause the sample to revert to 
N-type and to reduce the low temperature rectification. 
Curve VI was taken on this material. 

Apparent ionization energies calculated from the low 
temperature slopes of curve II and VI are respectively 
0.14 and 0.31 ev. These ionization energies are only 
apparent since they represent the effective energy of 
electrons in a distribution of traps. Presumably curva- 
ture like that in curve II, Fig. 5 would appear if the 
measurements could have been extended to lower 
temperature. Noting that the sample in curve II has 
had more hea#treatment than in curve VI, this seems 
to indicate that annealing of lattice disorder in N-type 
Ge near the minimum tends to decrease the apparent 
activation energy. If one assumes that these bombard- 
ment produced acceptors are distributed in energy, 
uniform annealing will have the effect of promoting 
electrons to the more shallow traps. As the annealing 
progresses the concentration of electrons associated 
with the original donors increases and the ionization 
energy tends to revert to that of the original sample 
even though there is a considerable concentration of 
acceptors yet remaining. This is the case for curve ITI. 


VI. SUMMARY AND CONCLUSIONS 


Fast neutron bombardment of Ge introduces into 
the forbidden energy band a distribution of electron 


20 Orman, Fan, Goldsmith, and Lark-Horovitz, Phys. Rev. 78, 
645 (1950). 
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traps. These traps are associated with lattice defects, 
presumably lattice vacancies, caused by the bombard- 
ment. Hole traps may also be produced, but, if these 
are present in Ge, they lie so near the top of the filled 
band that they have no observable effect on the elec- 
tron concentration. The introduced traps remove elec- 
trons from N-type Ge initially at a uniform rate (3.2 
electrons removed per incident fast neutron of the 
energy spectrum considered here). As intrinsic behavior 
is approached the trapped electrons are redistributed 
moving to traps of lower energy, until a sufficient con- 
centration of low energy traps is introduced to contain 
all of the impurity electrons. Further bombardment 
causes a transition to P-type material and the low-lying 
traps behave as acceptors. Experimental evidence in- 
dicates that at room temperature one out of about four 
of the introduced traps are sufficiently deep lying to 
produce positive carriers. The conductivity »s bombard- 
ment curve resembles a conductiometric titration curve 
between a strong and weak electrolyte. Bombardment 
of P-type Ge causes a monotonic increase in con- 
ductivity with concave downward curvature indicating 
an approach to saturation, provided the Fermi level 
does not lie so deep as to be insensitive to additional 
acceptors of finite ionization energy. 

Bombardment-produced diso;der, like disorder pro- 
duced by quenching, can be annealed out by proper 
heat treatment. All of the effects on electrical prop- 
erties of Ge can be removed by a vacuum anneal at 
450°C. Considerable annealing at room temperature is 
also observed. A simplified analysis of the P-type 
bombardment curve indicates that recombination of 
defects takes place through a first-order process, but 
other evidence seems to indicate that the annealing 
kinetics are too complicated to be fruitfully treated by 
such a naive approach. 

The purpose of the investigations reported here is 
twofold: (1) the use of the fast neutron bombardment 
technique to investigate the effect of lattice disorder on 
the energy level scheme of Ge, and (2) the use of semi- 
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Fic. 6. Log Hall coefficient vs reciprocal of absolute tempera- 
ture of N-type Ge exposed to minimum conductivity at dry ice 
temperature after various heat treatments. 


conductors whose properties are sensitive to small 
amounts of disorder to investigate the fundamental 
nature of radiation damage. The results of these experi- 
ments indicate that further thorough study of the 
energy distribution of electron traps produced by bom- 
bardment and the kinetics of annealing of the lattice 
disorder should be of considerable value in elucidating 
both aspects of the problem. Experiments designed to 
accomplish these ends are now under way. 
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An Investigation of Bremsstrahlung by Means of the Nuclear Isomerism of Indium. II* 


Epwin J. SCHILLINGER, JR.,{ BERNARD WALDMAN, AND WALTER C. MILLER 
Department of Physics, University of Notre Dame, Notre Dame, Indiana 
(Received March 22, 1951) 


A magnetic deflection technique has been employed in a reinvestigation of the thin target x-ray excita- 
tion of In". The results of this investigation confirm the earlier results of Miller and Waldman. Activation 
levels have been found at 1,080.02 Mev, 1.47+0.02 Mev, and 1.60+0.02 Mev. The latter level is reported 
for the first time. Above 1.65 Mev the increase in activity can be.attributed to a rise in the isochromats 
and/or many unresolved levels of relatively small cross sections. The over-all cross section (per electron 
incident on a 30-mg/cm? gold target) is approximately 10-™ cm* at 1.4 Mev. 





I. INTRODUCTION 


HE investigation of bremsstrahlung by means of 

the nuclear isomerism of indium has previously 

been reported by this laboratory.! The work had as its 

secondary purpose the determination of low lying en- 

ergy levels in the In"™*® nucleus. This report describes 

the application of a new technique to a similar study 

and is to be regarded as a continuation of the earlier 
work. 

Both theoretically and experimentally, the study of 
nuclear excitation by x-rays is facilitated by producing 
the x-rays in thin targets that are bombarded with 
monoergic electrons. However, most of the electrons 
pass through the target, giving rise to a combination 
x-ray electron beam. Such a beam is unsuitable for x-ray 
excitation investigations inasmuch as direct electron 
excitation completely masks the effect to be studied.’ 
Thus, the removal of the electrons from the composite 
beam is of primary importance. 

In the previous experiment! a subtraction process 
was employed in which a low Z absorber was inserted 
between the thin target and the indium detector. The 
absorption produced thick target x-rays which con- 
tributed to the total excitation. Hence, two irradiations 
were performed for each experimental point; one with 
the target and absorber in place, and the other with 
only the absorber in place, and the latter effect was 
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Illinois 
iW. C. Miller and B. Waldman, Phys. Rev. 75, 425 (1949). 
2 Waldman, Miller, and Gideon, Phys. Rev. 76, 181 (1949). 


subtracted from the former. This necessarily introduced 
large statistical deviations. 

The present investigation employed a magnetic de- 
flection technique to remove the electrons from the 
composite x-ray electron beam. 


II. EXPERIMENTAL METHOD 


The general problem associated with the magnetic 
deflection technique is that the electron beam must 
pass through a region of small magnetic field to a thin 
target and then must be deflected in a small radius of 
curvature, preferable through 180°. The electrons must 
be collected in such a way that the x-rays resulting from 
the collection should not mask the effect of the thin 
target x-rays on the indium sample. 


A. Electrostatic Generator 


The source of the high energy electrons was the 
Notre Dame electrostatic generator. The voltage was 
calibrated on the basis of the most recent values for 
the photodisintegration thresholds of deuterium and 
beryllium® and was stabilized to within 6 kev by use 
of a partial tank liner.‘ 


B. Magnet and Shielding 


The strong magnetic field required to deflect the 
electron beam was produced by a trochoid magnet. 
Even though this type magnetic field is highly localized, 
it was necessary to shield the incident electron beam 
from the stray magnetic field. The iron shield employed 
was approximately 20 inches long with one-inch wall 
thickness at the exit end and had a one-half inch inner 
diameter. The thin gold foil target was placed im- 
mediately outside the one-mil aluminum exit window 
of the shield (see Fig. 1). 


C. Electron Collection 


The electrons were collected in a Faraday cage. The © 
design of this cage was affected by the following condi- 
tions: (1) the geometry was restricted, since the cage had 


®R. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
(1950). 

‘Miller, Waldman, Noyes, and Van Hoomissen, Phys. Rev. 
77, 758 (1950). 
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to be inserted between the pole faces, (2) the radius of 
curvature of the beam had to be small, (3) the electrons 
had to be stopped when their direction was away from 
the indium, inasmuch as the x-rays so produced have 
a predominately forward direction, (4) indium samples 
had to be readily interchangeable. A Faraday cage can 
be designed to fulfill these conditions if the path of the 
beam in the field is known. A determination of this 
was made by placing a block of paraffin at the end of 
the shield so that the electron beam struck it at grazing 
incidence and melted a groove along the path of the 
beam. The result of this test indicated an average 
radius of curvature of about one-half inch, for 1.6-Mev 
electrons. The actual In-Au spacing, however, must be 
more than twice this because of scattering of the elec- 
trons by the gold. 

The cage design is shown in Fig. 1. The large parts 
were constructed of aluminum, while the main collect- 
ing block was of carbon. These low Z elements kept 
thick target x-ray production to a minimum. All sec- 
tions were insulated from each other and connected to 
ground through Brown potentiometers.’ The cage was 
air- and water-cooled. 


D. Foils and Holder 


The gold foil used in this investigation was 30 mg/cm? 
thick. The indium foils were circular, 0.01 inch thick 
and 0.8 inch in diameter. This thickness is greater than 
the range of the internal conversion electrons from 
In"*, The foil holder (Fig. 1) could be removed to 
change indium samples. A constant check of the null 
current to it was maintained by a Brown potentiometer 
to insure that direct electron excitation was absent. 


E. Angular Distribution 


A single In-Au spacing was not feasible. A spacing 
that would be large enough to prevent high energy 
electrons reaching the indium would be too great for 
accurate data at the lower energies, owing to the low in- 
tensities in this region. Four different spacings were 
used over the energy range studied. These positions 
were determined experimentally, and the data were 
normalized to constant spacing. 

A consequence of relatively large In-Au spacings was 
the fact that not all of the x-rays produced in the 
target were incident upon the indium. Thin target 
x-rays have a predominately forward distribution, the 
distribution angles varying as a function of electron 
energy (1 to 2.3 Mev) from about 50° to 30°. These 
angles are computed on an approximate basis. A first- 
order correction term has been applied to Heitler’s® 
formula for the angular distribution in the extreme 
relativistic case, so that it would apply at these energies. 


5 These potentiometers provided impedance paths which were 
less than leakage Teg: in the cage. 

*W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1948), second edition, p. 168. 


Taste I. Predicted increase in activity due to the 
narrowing angular distribution. 








Predicted in- 
crease of 


Energy Distri- 
activity 
(%) 


range bution 
(Mev) angles 


1.05 49° 
1.50 40° 
3.17 36° . 41° 
38° 

Three 4.52 26° 55 39° 
; 33° 


23° : 33° 
A 31° 


In-Au Angular 
spacing size of 
(cm) foil 


2.70 42° 


Position 


One 





Two 


Four 








For any given spacing, activation of the indium 
should increase as energy is increased because of the nar- 
rowing of the cone of x-rays. This behavior depends 
upon the assumption that every x-ray energy in the 
continuous spectrum has the same angular distribution. 
The effect, on this basis, gives rise to an inherent 
difficulty with the experiment. The magnitude of the 
effect has been computed in Table I. It is to be noted 
that the investigation of energy levels is independent of 
this difficulty. A rise in the activity due to the narrow- 
ing of the x-ray distribution should affect only the study 
of the isochromat theory. Table I also lists the angular 
distributions for the limiting energies at each indium 
position and the angles subtended by the foils at these 
spacings. 

A more serious effect, although not inherent, was the 
possibility that the angle of incidence of the electrons 
on the gold could vary with energy because of imperfect 
magnetic shielding. The cone of x-rays reaching the 
indium is strongly dependent upon the angle of in- 
cidence of the electron beam upon the gold target. A 
deviation of the beam from normal incidence could 
cause this cone to miss partially the indium. To keep 
the angle constant the magnetic field was varied with 
energy, so as to keep the radius of curvature constant 
over the regions covered by each indium position. 

One other important parameter with regard to the 
distributions was the point at which the electron beam 
impinged upon the gold. The experimental procedure 
was designed to keep this point fixed for each indium 
position. 


F. Irradiation 


For all irradiations it was necessary to align the 
shield along the beam. This condition was fulfilled when 
the current to the shield was a minimum. This mini- 
mum represented back-scattered electrons from the 
gold target. The percentage magnitudes of this current 
ranged from 3-4 percent at 2.3 Mev to 9-10 percent 
at 1.2 Mev. A record of the total current was obtained 
by switching the currents from the various parts of the 
cage and shield onto a Brown strip-chart recorder. A 
periodic check of the current to the shield was kept, 
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Fic. 2. Thin target x-ray excitation curve of In™*. To con- 
vert activity to over-all cross section multiply ordinate by 10-* 
cm? for 30-mg/cm? gold target. 


and any run in which the percentage exceeded back 
scattering was discarded. 

Irradiations were made with currents ranging from 
60 to 200 microamperes. Most runs were for 1000 
seconds, although, because of low intensities, irradia- 
tions at the lower energies were for longer periods. 
Two or more irradiations were made at each voltage. 


G. Counting 


An Amperex end-window (1.4 mg/cm?) G-M counter 
was used to detect the internal conversion electrons 
from In"™5*, All samples were counted for 1000 seconds. 


Ill. RESULTS AND DISCUSSION 


The results of this investigation are presented in 
Fig. 2. This curve is a compilation of the data taken at 
the four indium positions. Figure 3 is presented to 
indicate the method of normalization and to investigate 
more closely a newly resolved energy level. The over-all 
cross section (i.e., per electron incident on a 30-mg/cm? 
gold target) at 1.4 Mev is of the order of 10-* cm’. 

The series of sharp thresholds and subsequent pla- 
teaus is a confirmation of our earlier work! and Guth’s 
isochromat theory.’ 

The energy levels at 1.08+0.02 Mev and at 1.47 
+0.02 Mev are those reported previously.* The level 
at 1.60+0.02 Mev is reported for the first time and is 
believed to be real, inasmuch as the percentage in- 
creases in activity in this region are as follows: 400 
percent from 1.45 to 1.55 Mev, about 10 percent from 
1.55 to 1.60 Mev, and 40 percent from 1.60 to 1.65 Mev. 

With the exception of the two end points, every point 
of Fig. 2 is an average of at least three irradiations. An 


7 E. Guth, Phys. Rev. 59, 325 (1941). 

® The difference between these values and those of reference 1 
can be attributed to a change in voltage calibration. This calibra- 
tion is based on the photodisintegration thresholds of beryllium 
and deuterium (see reference 3). 
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average of seven runs was made at all points in the 
region around 1.60 Mev. 

The possibility of a step in the curve between 2.00 
and 2.05 Mev has been considered, but it is believed 
that the evidence is insufficient. The rise in activity 
between these points is 16 percent. In view of the fact 
that the standard deviations of individual points in 
this region are about 8 percent, no step has been drawn. 

Several conclusions can be drawn from analysis of 
the data above 1.65 Mev. The increase in slope can be 
attributed to one or more of four factors: 

(1) the increase in percentage of the x-rays incident 
upon the indium caused by the narrowing of the angular 
distribution, 

(2) the increase in thick target x-rays from the sides 
and base of the Faraday cage, 

(3) a possible rise in the 1.08-Mev isochromat and 
rises in the 1.45- and 1.60-Mev isochromats, 

(4) the existence of many closely spaced energy 
levels of relatively small cross sections. 

Factor (1) can be eliminated. In the energy region 
between 1.55 and 2.15 Mev, studied with spacing 
“three,” the increase in activity due to the narrowing 
angular distribution should be about 16 percent (see 
Table I). However, the same effect in the region be- 
tween 1.05 and 1.50 Mev, obtained with spacing “‘one,” 
should have given an increase of about 14 percent. 
Since no such rise in activity was observed in the lower 
energy region, one cannot use this mechanism to ex- 
plain the observed rise in the higher energy region. The 
validity of the assumption that every x-ray energy in 
the continuous x-ray spectrum has the same angular 
distribution is questionable. 

Factor (2) can be eliminated. The thick target x-rays 
are produced in both the aluminum side walls and the 
carbon block (see Fig. 1). From the geometry of the 
Faraday cage, one can show that the gold target scat- 
ters about 4 percent of the beam into the aluminum 
side walls at 1.65 Mev. At 2.15 Mev, the scattering te 
the walls decreases by a factor of two. From our earlier 
work! one finds that the thick target x-ray excitation 
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increases by a factor of about two in going from 1.65 
to 2.15 Mev. Thus, the contribution from this effect is 
approximately constant over this energy region and 
would not account for the observed rise in activity. 
Irradiations made at 1.60 Mev with the gold target 
removed produced no measurable indium activity due 
to x-rays from the carbon. At most, this negligible 
activity could be doubled in the energy interval be- 
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tween 1.60 and 2.15 Mev. This would not account for 
the observed rise in activity. 

The observed rise in activity above 1.65 Mev must 
be due to a rise in the isochromats or unresolved energy 
levels or both. 

Assistance in taking data and operating the electro- 
static generator was generously contributed by E. J. 
Wolicki and C. D. Lundergan. 
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Photoproton Emission* 


A. LunpBy AND L. MARSHALL 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received March 22, 1951) 


Protons from (7,p) reactions produced by betatron bremsstrahlung with a maximum energy of up to 
50 Mev have been studied with a scintillation counter telescope. Activation curves in Al and Pb showed 
threshold and resonance characteristics similar to the corresponding curves for the photoneutron processes. 
The integrated (7,p) cross section in Al was found to be ~10-** Mev cm? for 50 Mev bremsstrahlung. 
For the eleven elements investigated the integrated cross section was roughly proportional to the atomic 
number. Absorption studies of the protons revealed a high energy component extending up to about 20 Mev 
which amounted to a few percent of the total number of protons emitted from Al and Pb. For 50 Mev 
bremsstrahlung the relative photoproton emission at 90° and at 120° to the x-ray beam was measured for 
Al and Pb. The protons above about 15 Mev were found to come out preferentially at 90° for both elements. 


INTRODUCTION 


HE protons emerging from nuclei as a result of 

bombardment with electromagnetic radiations 

have been studied by several experimenters using 

counters to record the induced activities,’ nuclear 
emulsions,” or counters for the photoprotons.® 

Various theories of the nuclear gamma-absorption 
have been proposed.** Of these, the most satisfactory 
hypothesis seems to be that the excitation takes place 
as a result of an interaction between the x-rays and the 
individual protons in the nucleus.** At low excitation 
energies (S10 Mev above the threshold), there is 
greater probability for the energy to be statistically 
distributed in the nucleus and consequently for protons 
to come out with low energy and spherical symmetry. 
At higher energies, however, the protons have increasing 
probability to come out before their energies have been 
shared among the other nucleons. These protons emerge 
preferentially in the direction of polarization of the 
primary x-ray beam. 

* This work was supported by the joint program of the ONR 
and AEC. 

10. Hirzel and H. Waffler, Helv. Phys. Acta 20, 373 (1947), M. 
L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948) and 
Phys. Rev. 75, 988 (1949). 

? Curtis, Hombosted, Lee, and Salant, Phys. Rev. 77, 290 (1950) ; 
B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950) ; Toms, 
Halpern, and Stephens, Phys. Rev. 77, 753 (1950). 

3A. K. Mann and J. Halpern, Phys. Rev. 80, 470 (1950). 

4M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). 

4*L. I. Schiff, Phys. Rev. 73, 1311 (1948); E. D. Courant, 
Phys. Rev. 74, 1226 (1948); J. S. Levinger and H. A. Bethe, 
Phys. Rev. 78, 115 (1950) (extensive bibliography). 


In the present experiments the photoprotons from a 
number of elements have been studied with a scintilla- 
tion counter telescope in an attempt to attain a better 
understanding of the phenomenon. 


EXPERIMENTAL 


Bremsstrahlung from the University of Chicago 
betatron, operated up to a maximum energy of 50 Mev, 
was collimated to 1.5 cm at 4 meters from the target 
with lead and concrete. The photoprotons were gener- 








Fic. 1. Experimental arrangement. 
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ated in thin foils oriented at 45° to the direction of the 
x-ray beam. They were recorded at 90° in two successive 
scintillation counters operated in coincidence (see 
Fig. 1). 

The detected protons had to travel through 7 cm of 
air and one Al window of 3 mg/cm? to reach the first 
crystal, then through 3 cm of air and two Al windows 
of total thickness 6 mg/cm? to reach the second crystal. 
The crystals were 15 mg/cm? para-terphenyl mounted 
on rubber hydrochloride of <1 mg/cm? thickness. The 
area of each crystal was 5 cm*. The minimum kinetic 
energy of the protons detected was 3.5-4 Mev. 

Light from the p-terphenyl crystals was detected by 
1P21 photomultipliers operated at about 1400 volts. 
The pulses from each photomultiplier were fed through 
delay lines and amplified in distributed amplifiers 
before reaching the fast coincidence circuit.5 

The bremsstrahlung was monitored with an off-the- 
beam ion chamber which had been calibrated by com- 
parison with a chamber of the type whose response has 
been calculated by Lax.* The Lax chamber was built 
by Donald Connor, who calibrated it in the brems- 
strahlung beam at maximum energies of 10 to 100 Mev. 
For this purpose the curve of ion chamber response 
against energy as calculated by Lax was used, with an 
additional correction for a thin target bremsstrahlung 
spectrum. 

At any given energy the coincidence counting rate 
was found to vary linearly with the x-ray intensity as 
deduced from the monitor chamber readings. This 
condition was obtained only after the counters were 
sufficiently shielded with lead. 

In all experiments the coincidence rates were so low 
that counting losses were negligible. 

The protons were distinguished from electrons on the 
basis of the larger pulses they produced in the scintil- 
lators. The coincidence rate as a function of voltage on 
the photomultipliers showed a plateau of approxi- 
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Fic. 2. Delayed coincidence curves. I. Both scintillators close 
together. II. Scintillators separated by 3 cm, the one in the A 
channel being closest to the target. 

5 Arne Lundby, Rev. Sci. Instr. (to be published). 

* Melvin Lax, Phys. Rev. 72, 61 (1947). 
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mately 100 volts length, which corresponded to the 
detection of protons. 

The identification of the detected particles as protons 
was made certain by measuring their time of flight 
between the two scintillators. This was done by ex- 
amining the variation of the coincidence rate with 
artificial delay of the pulses from the photomultipliers. 
The results for a distance of 3 cm between the two 
p-terphenyl crystals are shown in Fig. 2, curve II. 
Curve I refers to the case when the two scintillators are 
close together. The relative displacement of the maxima 
of the two curves measures the average time of flight 
(~10-* sec) of the detected particles between the two 
crystals. It indicates protons of 5 Mev average kinetic 
energy. If the particles had been electrons, their 
energies would have been too small to be recorded. 

In general, four types of measurements were per- 
formed: the total coincidence rate was recorded with 
the target foil in position and with no relative delay of 
the pulses from the two photomultipliers prior to the 
coincidence circuit (V;). Secondly, the pulses from one 
photomultiplier were delayed by 4X10~* sec and the 
coincidence rate recorded (V2). The target foil was then 
removed and the coincidence rates measured without 
(V3) and with (V4) the above delay in one channel. 
Nand N, are accidental coincidence rates. The number 
of protons originating in the target and passing through 
the scintillators is given by V=(Ni—N2)—(N3—N4). 


RESULTS 


The excitation of photoprotons as a function of the 
maximum energy of the bremsstrahlung was measured 
for Al and Pb in the geometry of Fig. 1. The Al and 
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Fic. 3. Excitation curves for the (y,p) reactions in Pb and Al at 
90° to the x-ray beam. 
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Fic. 4. Absorption curves for protons from Al and Pb at 90° to 
the 46-Mev bremsstrahlung beam. 


Pb foils had thicknesses 34 mg/cm? and 26 mg/cm’, 
respectively. The observed counting rate at each energy 
was divided by the energy flux, which was calculated 
from the reading of the off-the-beam ion chamber. 
Typical coincidence rates with 46-Mev maximum 
bremsstrahlung energy and the Pb target in position 
were total coincidence rate 16 min, accidental rate 
5.5 min“. The corresponding counting rates with the 
Al target were 11 min and 2.4 min. Without targets 
the total and accidental coincidence rates were 5 min 
and 2 min-, respectively. The root mean square errors 
in these measurements lie between 10 percent and 
20 percent. The data were accumulated by varying 
the maximum bremsstrahlung energy in an arbitrary 
way. In Fig. 3 the results have been plotted. The errors 
indicated are the statistical root mean square errors. 
When correction is made for the loss in energy of the 
protons before they reach the second scintillator, the 
thresholds agree with the calculated values (9 Mev for 
Al, 7 Mev for Pb). The shapes of the excitation curves 
are similar to the corresponding curves for the (7,7) 
processes,’ 

From the geometry of the apparatus and the energy 
flux in the beam as obtained from the monitor ion 
chamber reading, the total cross section for the (y,p) 
reaction in Al at 46 Mev was calculated to be about 
10-** Mev cm’. 

In order to investigate the photoproton yield as a 
function of atomic number, target foils of the following 
elements were inserted in the beam: C, Al, Cu, Zn, 
Cd, In, Sn, W, Pt, Au, and Pb. Foil thicknesses from 


7G. C. Baldwin and G. S. Klaiber, Phys. Rev. 73, 1156 (1948). 
Activation curves have been obtained by L. Marshall for the (y,) 
reactions which yield C", O%, CIl*, K**, Cu®, Zn®, and Br’*. These 
curves are found to be identical within experimental error if shifted 
by the corresponding threshold energies, except thats in the case of 
F'8 the curve was somewhat wider. 
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TABLE I. Data for determination of relative (7,p) cross sections 
at 90° and 120° in the laboratory system. 








Al target 
Al absorber 


Pb target 


Al absorber Coinc./min 


4941.0 
5.741.0 
3.141.0 
1.4+1.0 


Coinc./min Angle 


47.342.0 90° 
40.5+2.5 120° 
29.344.0 90° 
13.542.4 120° 


Angle 





0 mg/cm? 
0 mg/cm* 
157 mg/cm? 
157 mg/cm? 


90° 0 mg/cm? 
120° 0 mg/cm? 
90° 219 mg/cm? 
120° 219 mg/cm? 








about 5 mg/cm? to 100 mg/cm? were used and the 
variation of proton counting rate with target thickness 
studied. Within the statistical error of the measurements 
(about 20 percent) the total photoproton yield caused 
by 46-Mev bremsstrahlung at 90° to the beam was 
found to vary linearly with the atomic number. This 
is in accordance with theory‘ if it is accepted that 
the (y,) reaction also varies linearly with A. 

By inserting Al absorbers between the two scintil- 
lators the absorption curves for the protons were 
obtained. In this case the targets were hollow cylinders 
of thickness 10-15 mg/cm? and diameter 0.63 cm. They 
were placed in the middle of the beam, which had more 
than twice the width of the cylinders. Some of the 
results for Pb and Al targets at 46 Mev are shown in 
Fig. 4. The energy distribution of the protons cannot 
be derived from these curves because of the finite 
thickness of the target foils and the absorption of the 
protons in the air, Al windows, and the scintillators. 
However, it is apparent that a high energy component 
exists which extends up to 20 Mev or more. It amounts 
to a few percent of the low energy proton component. 

With the cylindrical Al and Pb targets the relative 
(y,p) cross sections at 90° and 120° in the laboratory 
system were measured. The maximum x-ray energy 
was kept at 46 Mev, and absorbers of different thick- 
nesses were inserted between the scintillators. The 
results are given in Table I. With the Al absorber of 
219 mg/cm? between the scintillators protons below 
about 17 Mev are not recorded. The corresponding 
energy for 157 mg/cm? Al is 13 Mev. Within the errors 
in the experiments the low energy protons are seen to 
be emitted isotropically. The high energy protons, 
however, are emitted preferentially at 90°. For Pb the 
ratio of the intensity at 90° to that at 120° is about 
two. The measurements are in general agreement with 
the results of the Illinois group.* 

We are indebted to Charles McKinney and his 
betatron crew, Konrad Benford, Watts Humphries, 
and Frank Sammons. 
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A nonlinear spinor field, suggested by the symmetric coupling between nucleons, muons, and leptons, 
has been investigated in the classical approximation. Solutions of the field equations having simple angular 
and temporal dependence were obtained, subject to the boundary conditions that the fields be regular 
and that all observable integrals be finite. These b.c. lead to a nonlinear eigenvalue problem, whose solu- 
tions may be systematically discussed in the phase plane. Numerical solutions were obtained with a 
differential analyzer. If charge and mass of the particle-like solutions are defined in terms of /s.dx and 
ST udx, then the number of masses corresponding to the same charge turns out to be small in all cases 
investigated. For certain lagrangians the nonlinearity leads to solutions having positive energy only. The 
mass ratio between the lightest stable particle and the heaviest unstable particle can be taken of the order 
of 10-%, if the nonlinear coupling constant is properly chosen. Although our specific model is too simple to 
meet certain obvious requirements, a theory of this general type has some interesting features. 





INTRODUCTION 


HIS paper contains a classical investigation of 
certain properties of a unitary field theory which 
seem to correspond to some of the needs of elemen- 
tary particle physics. Such a theory has these principal 
features: the equations of motion are derivable from 
a variational principle whose lagrangian density is 


invariant under a particular group; the equations 
of motion are nonlinear; the physically admissible 
solutions of the field equations are everywhere finite and 
quadratically integrable, so that the classical infinities 
never appear; the particles, instead of having an inde- 
pendent existence as field singularities, appear only as 
intense localized regions of field. Extensive investiga- 
tions' have been made along these lines at a very 
fundamental level; but these efforts have attempted to 
extract the specifically nuclear fields, as well as the elec- 
tromagnetic and gravitational fields, so far probably 
with little hope of success, from an underlying total 
field. A program, similar in spirit but technically much 
less formidable, may be based on the invariance of the 
lagrangian density under the group, not of general rela- 
tivity, but only of special relativity. 

The Maxwell, Dirac, and Yukawa fields, including 
their usually assumed interactions, are the simplest pos- 
sibilities permitted by the Lorentz group. The Dirac- 
Maxwell field has been able to account for most of the 
facts about electronic systems, and in conjunction with 
the Yukawa field, has been able to describe some of the 
properties of nuclei and mesons. Although a composition 
of the lagrangian densities of these three fields and their 
Lorentz invariant interactions, which is simply additive 
and which excludes the gravitational field as well, may 
not seem natural from a standpoint more general than 


1See, for example, A. Einstein and E. G. Strauss, Ann. Math. 
47, 731 (1946); E. Schrédinger, Proc. Roy. Irish Acad. 49, 275 
(1944). 


that of special relativity, still the total field resulting 
from this synthesis does account for much of what is 
now known about elementary particles; and since the 
differential equations form a nonlinear system, one has 
the possibility of a unitary theory.? Therefore, one pos- 
sible procedure is to look for localized solutions of this 
total field, which is exactly the one currently used. 
The partial success of the field equations as currently 
interpreted does not, of course, guarantee even the 
same limited success of the same equations interpreted 
according to a unitary theory. Nevertheless, the possi- 
bility seems well worth investigating because the usual 
procedure does not treat the nonlinear terms correctly 
and of course also leads to infinities. 

Here, however, we follow the different procedure of 
studying a simpler nonlinear field, first, to avoid the 
mathematical complexity still associated with the three 
simultaneously interacting fields, and, second, to explore 
the possibility that a simpler lagrangian in the richer 
nonlinear theory can accomplish as much as a more 
complicated lagrangian in the linear theory. 

The simple case considered here is that of a single 
nonlinear spinor field which is not coupled to any other 
field. Although the nonlinearities of the usual theories 
result from just the interaction of different fields, the 
mathematical situation there is quite similar to what 
we treat here. (We intend to present at a later date cor- 
responding results for the interaction of different fields.) 
The field described here, however, since it is spinor, may 
be of some interest in itself, because the symmetric 
coupling* between leptons, muons, and nucleons, as 
well as the possibility of building bosons out of fermions, 
seems to indicate a fundamental role for spinors in ele- 


?R. Finkelstein, Phys. Rev. 75, 1079 (1948). 

3J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153 
(1949); O. Klein, Nature 161, 897 (1948); Lee, Rosenbluth, and 
Yang, Phys. Rev. 75, 905 (1948); M. Ruderman and R. Finkel- 
stein, Phys. Rev. 76, 1458 (1949). 
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NONLINEAR SPINOR FIELDS 


mentary particle theory. In addition, spinor theories of 
the pion‘ and photon (neutrino theory of light) already 
have been proposed; and, although unsuccessful, they 
do not discourage further study. 

The special theory to be given here conforms to the 
following general pattern. The invariance of the 
lagrangian density to gauge transformations and to the 
inhomogeneous Lorentz group leads, in view of the 
equations of motion, to the conservation laws: 


OpSu=0, APa=0, AMyuap=9, 


where Sy, Oa, and M,og are well-known expressions which 
may be written down as soon as the lagrangian is speci- 
fied. From these equations of continuity it follows that 
Q, Ga, and Mag, defined by 


id= f sax, iGa= f Ou, 


Moc [ Musds, 


are, respectively, scalar, vector, and 6-vector, not 
approximately but exactly, and that they are time 
independent. A field confined to a smal! region will then 
carry a definite charge Q, energy-momentum G,, and 
angular-momentum M,,. This localization of charge, 
energy-momentum, and spin may in general be inter- 
preted as a single particle, or as a cluster of particles. If 
the theory is quantized, the charge, energy, and (total 
angular momentum)? become operators; but they 
mutually commute—again because of gauge and 
Lorentz invariance—so that the usual classification of 
elementary particles according to mass, charge, and 
spin is not invalidated. 


THE NONLINEAR SPINOR FIELD 


The Dirac lagrangian may be written in terms of the 
two invariants J) and J;: 


o= f Li's, L=ploth, (1) 
where 
Ih= ipty, h= diLy'y,0.4— (0.¥')yWv], 
and yu is a constant of dimensions [ Z }~'. Since the theory 
to be given is classical, u is a fundamental constant not 
necessarily related to the Compton wavelength ap- 


pearing in the usual formulation. A generalization of 
Eq. (1) may be written as 

L=plotli+gW (Io, hh, J), (2) 
where J indicates other possible invariants of the spinor 


field, g is a constant, and W is a simple function which 
nevertheless makes the theory nonlinear. We assume 


‘E. Fermi and C. N. Yang, Phys. Rev. 76, 1739 (1949); G. 
Wentzel, Phys. Rev. 79, 710 (1950). 
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that J contains no field derivatives. The charge, rest 
mass, and spin, generally defined by Eq. (A), now 
become 


Q= f Lw*vdx, (B1) 


M?= - f Tad 


=- f $LiLv*aeb—(aey* Wat f Léx, (B2) 


S=<c f Li*(—i(8/d9)+4e,)¥dx, (B3) 


where 0L/0J,. We suppose that these integrals are 
all computed in the proper system (G=0) and that the 
z-axis is taken parallel to the spin. ; 

Now 1,=1+gdW/dI;. Hence, if J; does not appear 
in W, it follows from Eq. (B1) that the charge density 
will be definite as in the usual Dirac theory. Different 
possibilities, such as W=JoJ, and W=J/ have also 
been studied in detail. For these the charge density is 
not definite so that neutral particles could conceivably 
result from compensation; however it was found,® for 
the particular cases studied, that a node in the charge 
density precluded the existence of localized solutions of 
the field equations.* We therefore limit ourselves to the 


case 
(3a) 


(3b) 


W=W(h, J), 
for which 
L.= 1. 


The equations of motion now become 
5L/sy'=0, or Yadabt+uy—igdgW/dyt=0; 
5£/8p~=0, or (da")va— ny! +igaW /ay=0. 
In addition, there is the useful invariant equation, 
¥'(5L/dp')— (6L/dp)y=0, 
1, +ulot+g/2[(OW/dp)y+y'aw /ayt]=0. 
SPECIALIZATION OF LAGRANGIAN 


(4a) 
(4b) 


(4c) 


The very simplest possibility for W is 


W=I,?. (Sa) 


Another interesting form is 


W=E Vw (sb) 


Equation (5b) is closely related to one variant (Mgller- 


5M. Ruderman, thesis, California Institute of Technology, 
1951. 

6 In addition, these theories have the property that charge and 
spin are proportional, so that neutral particles have no spin. This 
feature is, of course, entirely wrong; but no effort to rectify it 
will be made here. 








328 FINKELSTEIN, 


Rosenfeld) of meson theory, in which the coupling is 


5 
2s Wty) Xu 


where the five-dimensional vector x, consists of the 
vector meson field x, (u=1---4) and the pseudosclar 
meson field xs. This form was singled out, first, because 
it is (like the M.R. invariant) formally simple, and easy 
to handle; and, second, because it involves a pseudo- 
scalar coupling, which not only behaves quite differently 
from other couplings, but also seems to be required— 
in some measure at least—by experiment. It was then 
decided to choose a W which varies continuously 
between Eqs. (5a) and (5b); therefore the following 
form was chosen: 


(6—)) 
Wi= [- —— fr 
8 


and the results studied as a function of \. (Because 
of the quadratic identities existing between the dif- 
ferent Dirac tensors, W, can also be expressed as a 
linear combination of invariants different from J) and 


Lv ynv)*) 


Bi: > (v'y.¥)’, (6) 


1 


same 


SEPARATION OF THE FIELD EQUATIONS 


The field equations are a set of partial differential 
equations. The time separation may be made by the 
substitution, 


y=eF (x, y, 2). (7) 


The angular separation is, in general, not possible; but 
we shall assume the following form for y: 


vi= fe | (F+iG)Q,+(F—iG)B2,}, (8) 


where F and G are functions of r only, and Q4 are 
functions of angle only, and 


a=(j+m/2j)', a+b?=1, 
eo (j—m+1, 2j+2)!, 
c+d?=1, 


a@ Vim 
b Vimy 
¢ Teas (8a) 
Ad V5i4myt Q= 7504. 

These angular dependent spinors, 2,, are common 
eigenfunctions of the commuting operators a, and k: 
(9a) 


(9b) 


a, 2,= 2,, 


kQ,=+(j+)Qz, 
where 


k= B[—io(rX ¥)+1), 


re 0a cos@ 
ant, ( 
r a 0 sin6e‘? 


sinde—‘? 
). (10) 


—cosé 
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There is the identity 
.0,= —iBa,[ (d/dr)+1/r]—ia,(k/r)—iBd/dt (11) 


by means of which one can easily show that the assump- 
tion (8) “separates” the linear parts of Eq. (4). If 
k=+1, the nonlinear terms also separate; but if 
|k|>1, then the differential equations indicate that F 
and G depend on angle, which is contrary to our initial 
assumption. We therefore consider only the solutions 
for which k=-+1; these are the solutions having the 
simplest angular dependence. Then we have 


iG sine‘? 
Io= (G?— F*)/4n, (13a) 
(13b) 


(14a) 


1,=[GF’— FG’ —2FG/r—w(F?+G?) /4n, 
1,2= (Gt F*\— 2F°G?)/16r?, 


5 
X (vty)? = (G4+- F*+-6F°G?)/16x?, — (14b) 
1 


W)=(F4+G*+ AF°G?)/162°. (15) 
In J; we have written’ for d/dr and w for d{/dt. By Eqs. 
(4a), (11), and (15) the equations of motion become 


F’+(u—w)G+7(2@-+AGF)=0, (16a) 
G'+(2/n)G+(utw)F—7(2P-+FG@)=0. (16b) 


Since F and G are time-independent, it is necessary to 
assume that w also does not depend on ¢. The invariant 
equation is 


plo +11+8ryW,=0, (16c) 
where 

y=g/4n. (16d) 
BOUNDARY CONDITIONS 


We impose the b.c. that the functions F and G be 
everywhere finite and regular and that all the observable 
integrals also be finite. Since Eq. (16a) contains the 
term 2G/r, the finiteness condition can be met at the 
at the origin only if G vanishes there. (It follows from 
Eq. (16b) that F’ also vanishes there.) Equations (16) 
are two differential equations of the first order, so that 
there are only two boundary conditions; these may be 
taken to be the values of F and G at the origin. Since G 
necessarily vanishes there, the solutions bounded at 
the origin depend on the initial value of F only. It turns 
out, however, that these solutions usually do not vanish 
at infinity, and that the only solutions which satisfy 
the b.c. everywhere correspond to a discrete set of initial 
values for F. 
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THE NONLINEAR SCALAR FIELD 


In order to motivate the procedure for solving the 
eigenvalue problem corresponding to Eq. (16), let us 
first consider the nonlinear scalar field described by the 
lagrangian : 


— L= (0p) (0.*) + wry*— (y/2) (Wy. 


The quartic coupling has been chosen in order to 
simulate the spinor case. The equations of motion are 


CW=nd—y(V*v)¥. (18) 


We try to find spherically symmetric solutions having 
harmonic time-dependence 


¥(r, 1) =e'*'y(r), 


where y, as indicated, is a function of r only, and satisfies 
the total differential equation, 
y’+(2/r)y’ +(w*— v2) y+-7y?=0. 
We assign y’ =0 at the origin and look for quadratically 
integrable functions; it will turn out that the solutions 
corresponding to a given w form a discrete set. They 
exist only when y>0. Note first that the equation has 
the three trivial special solutions, 
A=0, +[(u?—w*)/y}. (21) 


Let Ag = +[(u?—w?)/y_]}*. Linearize in the neighborhood 
of the special solutions by writing 


y=A+u 


(17) 


(19) 


(20) 


y=constant= A ; 


(22) 


and regarding u as small. The linear equation satisfied 
by « is 
u’’+(2/r)u’ = (u?— w*)u, 


= — (w?—w*)u, 


near A=0, (23a) 
near A=A4x. (23b) 


The solutions are the spherical bessel functions. We 
want the eigensolutions to approach the axis exponen- 
tially in order to have quadratic integrability, and 
therefore take 

w—w*>0. (24) 
But then other solutions getting into the neighborhood 
of the special solutions A,, will approach these lines 
as r— according to [sin(u?—w*)'r]/r. The different 
behaviors near A, and the axis correspond to the dif- 
ferent natures of these special solutions, as we shall 
now see more clearly by going to the phase-plane: the 
y, y’-plane. 

If one lets y and y’ correspond to position and velocity 
of a representative point, then the differential equation 
describes a nonconservative, one-dimensional motion, 
since r (“time”) appears explicitly. The energy for the 
corresponding conservative motion (defined by Eq. (20) 
after the 1/r term has been deleted) is 

K=}(y')?+V(y), (25) 


where 


V (vy) = (y/4)y'— [(u?— @*)/2 ]y*. (25a) 


The equilibrium’ points of this motion, defined by 


Fic. 1. Phase-plane for scalar equation. 


dV/dy=0, correspond to the special solutions y= A, 
and y=0; and it is clear that A, are stable equilibria, 
while the other is not. Figure 1 summarizes the situation 
in the phase plane. The point representative of the con- 
servative motion moves on the curves of constant K. 
The curve K=O is a figure-eight through the origin; 
the curves K>0 enclose both A, and 0, but the curves 
K <0 enclose only one equilibrium point; the origin is 
a saddle point. The nonconservative motion, which 
corresponds to our actual problem, may now be de- 
scribed. For it we may calculate K from the exact 
equations of motion, and we find 


dK /dr=—2(y’)?/r. (26) 


Hence K’ is never positive, and the representative 
point of the actual motion will always move inward 
across the lines of constant K. Such a trajectory must 
terminate at either A, or the origin, no matter where it 
starts. In particular, if we denote the two parts of the 
area enclosed by the curve K=0 by @, and @_, then 
it is clear that any trajectory getting into the region 
@, must terminate on A,; any curve entering @ 
must end at A_. 

The dashed trajectory e0, shown in Fig. 1 is an eigen- 
solution. An eigensolution may be located by starting 
on the y axis and continuously increasing the initial 
ordinate g. At first when 0<9<[2(u?—w*)/y]}}, all 
trajectories are certain to terminate at A ,. For @ slightly 
greater than this critical value, the situation is still 
unchanged and such a trajectory, starting at a,, has 
been shown in Figs. 1 and 2. If the initial ordinate is 
increased to a_, a trajectory is found which terminates, 
in the other lobe of the figure-eight, on the special 
solution A _; this is also shown in both Figs. 1 and 2 and 
is seen to node in the y—r plot. By narrowing the in- 
terval a,a_ the eigensolutions may be determined with 
arbitrary accuracy.’ 

SOLUTION OF THE SPINOR EIGENVALUE PROBLEM 

There are three special solutions of the set (16): 
Fo=+[(utw)/4y}}, 

y>0. 


G=constant =0, 
Zi) 
F=constant= Fo, 


7 We are indebted to Professor F. Bohnenblust for a rigorous 
proof of this together with a demonstration of the analyticity of 
y in a neighborhood of r=0. We wish to thank him for an ex- 
tremely helpful discussion. 
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Fic. 2. Radial solution for scalar case. 


Linearizing in the vicinity of the special solutions by 


putting 
G=g, F=Fot/, (28) 
where f and g are small, we obtain 
ff" +(2/r) f'— (W— ow) f= 


and 


(29a) 
near /)>=0, 


f° +(2/n) f' +20 (u?— w*) + (ut+@)*(A/2) ]f=0 (29b) 


Fo=+[(utw)/4y]}. 


According to Eq. (29a) we require w<4y in order to 
guarantee exponential solutions. According to Eq. 
(29b), w is also limited by the condition, 


w(2—A)<u(2+A), 


to force oscillatory behavior near the other two constant 
solutions; it turns out that there are eigensolutions 
if (30) is satisfied. These conditions again become 
clearer in the phase plane to which we now turn. One 
sees from the asymptotic form of the differential equa- 
tions that G behaves like the derivative of F; in the 
special solutions where F is a constant, G plays the same 
role, since in these cases it vanishes. The FG plane is 
therefore chosen as the phase plane. 

It is possible, and it is now convenient, to obtain the 
differential equations from a one-dimensional varia- 


(30) 


| , 





>, 3. Phase-plane for spinor equations. 
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tional equation, namely, 


6£=0, where 


= f Lr°dr 


L=plotlitgw,. 


The corresponding Euler-Lagrange equations are 


d 2\e0L OL 
Coen 
dr OF’ OF 


d 2\0L aL 
(-+-) mars cel 
dr rJ 0G’ OG 


It can be verified, by use of Eqs. (13) and (15), 
set (32) is equivalent to the set (16). 

These differential equations may be regarded as de- 
scribing the nonconservation motion of a point having 
position F and momentum G. It is again convenient to 
study the conservative motion described by the same 
equations without the 1/r term. To do this a pseudo- 
hamiltonian, f7, is constructed as follows: 


—H =(dL/aF’)F’+(dL/ac’)G' —L, 


and 


(32a) 


that the 


(33) 


where L is obtained from the lagrangian density by 

dropping the term which contains r explicitly. Thus, we 

have 

441 =GF'—FG'— 
+ p( G— 

4xL+2FG/r. 


2FG/r—w(F?+G*) 


FP) +7(F*+-G++0F@), (34a) 


4aL= (34b) 


Explicit calculation of A according to Eqs. (33) and 
(34) leads to 

—4rfl = (ut+w)F?— (u—w) 
The representative point in the FG plane moves on 
curves of constant H, when its motion is governed by 
the set (16) simplified by omission of the term 2G/r. 
On the other hand, in the actual (nonconservative) 
motion, H will vary according to the exact Eqs. (16) 
in the following way: 


imi. (<~)r Gar)? 
lr OF dr 0G’ 


Sy ng” 
oF’ ac" 


¥(F*+G+rAFG). (35) 


OL 


aL aL AL 
')+ —F’+—G’ 
G’ aF 0G 


oF’ 


r 
OL OL d s3 

4 py o"-[v+—(-re)| 
OF’ 0G’ dr\r 


2/0L OL 2d 
=— ( -F’'+ <’) —-—(FG), 
r\ dF’ 0G’ rdr 


doll’ =+(4/nNCF’, 
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and by Eq. (16), 
4nff’ = — (4/r){ (u—w) + 7O(2E+AF)}. (37) 


It will now be shown that the exact Eq. (37), describing 
the variation of expression (35), is sufficient for a dis- 
cussion of the solutions. 

In the F°G-plane the level lines of A are confined to 
the first quadrant and are conic sections. If |A| >2, they 
are hyperbolic; if |A| <2, they are elliptic; and if 
|\| =2, they are parabolic. The corresponding curves 
in the FG plane are topologically the same but must be 
completed by reflection in both axes. If A>0, then A’ 
is negative definite, and the situation is qualitatively 
the same as with the scalar field already described: the 
representative point must ultimately arrive at A,, A-, 
or, if it is an eigensolution, at the origin. If A<0, then 
there are always two regions in the FG plane, separated 
by a hyperbola, in each of which A’ is definite. The 
equation of this hyperbola, 5, is 267+AF?+(u—w)/v 
=0. In Fig. 3, 3C is shown for \=1. An eigenfunction 
may lie entirely between the two branches of 3, as 
C, does, or it may resemble either C2 or C3. The actual 
numerical solutions of the differential equations, ob- 
tained with a differential analyzer, displayed all the 
features to be expected from this analysis. Figure 4 
illustrates the appearance of typical radial solutions. 

Suppose y fixed; then the solutions form a two- 
parameter (w and A) family. However, |w|<y and 
Eq. (30) must be satisfied. The necessity of Eq. (30) 
follows from fact that all curves in the phase plane 
leading from (F,0) to (0,0) violate the equations of 
motion when Eq. (30) is not satisfied. The condition 
(30) confines solutions to the shaded region in Fig. 5. 
For the range of initial values investigated with the 
differential analyzer, no eigensolutions could be found 
outside of the interval —2<A<0. The solutions ob- 
tained are indicated in Fig. 5 except for some members 
of the family at \= —2. From the point of view of the 
results the most interesting value of \ is A= —2, since 
a family of polynodal solutions was obtained there. The 
physical discussion will be based on this family. 


DISCUSSION 


The lagrangian employed in this paper has been 
introduced mainly because it is simple; but even if 
physical justification should be found for it, one still 
cannot discuss these results without reference to the 
quantum theory. On the other hand, it seems clear that 
the quantization ought not be attempted according to 
the canonical formalism, since the singular commutators 
thereby introduced lead to new divergences and am- 
biguities. Furthermore, a spinor field quantized in the 
usual way (by anticommutators) has no classical limit. 
The case considered here is therefore the “abnormal” 
one ;® but it cannot be excluded by arguments based on 
the negative energy states, because, as we shall see, the 


8 W. Pauli, Phys. Rev. 58, 716 (1940). 
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Fic. 4. Radial solution for spinor case. 


nonlinear lagrangian may be so chosen that there are no 
localized solutions having negative energy. Finally, one 
may remark that the usual quantum theory of fields 
employs a formalism, which, although applicable, 
appears unnatural for describing the localized solutions 
characteristic of unitary theories. 

Lacking an adequate formalism, one may nevertheless 
quantize in a very crude way by postulating that the 
coupling constant, ¢, with the electromagnetic field has 
its usual value, namely, e/Ac, and by requiring that the 
total charge be an integral multiple of e. Then the 
lowest charge state is described by 


e=(e/hc) f v* dx (38a) 


f V*Wdx= he. (38b) 


The z-component of the angular momentum is now 


7] 
ct f “( - i+ x= (2c)-1 f V*vdx=h/2 (39) 


for a field having the angular dependence (12). (The 
x and y components will vanish. If the quantization is 
done correctly however, the components of angular 
momentum are, of course, subject to the usual com- 
mutation rules.) 
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Fic. 5. Each point corresponds to an eigensolution obtained on 
the differential analyzer; w is frequency and X specifies coupling. 
No eigensolutions can exist outside the shaded region if A< —2. 
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Fic. 6. Spinor mass spectrum for A= —2. The solutions cor- 
responding to M<1 were integrated by the analyzer. For the 
M>1 solutions an asymptotic form was used. The mass spectrum 
in the intermediate region (dotted curve) is slightly uncertain. 


Now assume that the fundamental length y™ is 
assigned and that A= —2. Then consider three eigen- 
functions having zero, one, and two nodes. Each is 
characterized by a value of w which may be varied 
within limits without spoiling the eigensolution, although 
the initial value of F (and therefore the complete 
solution) must be varied simultaneously. Each of these 
solutions may now be completely fixed by choosing w 
so that Eq. (38) is satisfied. Then Eq. (39) is also satis- 
fied and each of the three field structures in question 
carries the same charge, e, and the same spin, h/2. 
Since the charge quantization fixes the solution 
uniquely, it follows that the masses of these three par- 
ticles are also fixed (by the equation) 


Mc= —hortg { Woix 


The results are shown in Fig. 6 where the mass is given 
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as a function of g, the coupling constant. The mass 
spectrum terminates and the number of particles car- 
rying the charge e is small and depends on the value 
chosen for g. There are no solutions corresponding to 
w>0. As a result all masses are positive ; the nonlinear 
term in this case excludes the negative energy solutions 
of the Dirac equation, as mentioned before. The exis- 
tence of a discrete spectrum is a joint consequence of 
the classical eigenvalue problem and the charge quan- 
tization condition (38). 

For a particular g those solutions having a mass 
greater than uh/c are unstable against expanding to 
infinity, while the amplitude approaches zero; the 
nonlinear term then becomes negligible and the F and 
G functions form the usual S-wave solutions of the 
Dirac equation. Those solutions which correspond to 
masses less than uh/c are stable: when perturbed they 
will not spread to infinity because of the (rigorous) 
conservation of charge and total energy.® 

The mass ratio between the lightest stable particle 
and the heaviest unstable one can be made of the order 
of 10~ if g is chosen sufficiently large, but such a g ought 
to be in agreement with the rates of the various insta- 
bilities and with the strength of nuclear forces. Although 
the nonlinearity leads to ordinary and tensor forces 
having different ranges, the theory is too simple to 
provide neutrons and, therefore, a description of 
nuclear forces. In addition, although the “nucleons” 
(the two-nodal solutions) quite properly bind to form 
heavier nuclei, the nodeless solutions, which ought to be 
identified with electrons, also bind. It is entirely possible 
that difficulties of this nature may be avoided with 
other nonlinear invariants, but even in that case a 
satisfactory appraisal of the whole approach waits upon 
a natural quantization procedure. 


® All the particlelike solutions of the nonlinear scalar equation 
(18), with y>0, when normalized to unit charge, have masses 
greater than ywh/c and are unstable. Unlike the spinor case, there 
are an infinite number of masses corresponding to a given g. 
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Neutron scattering and diffraction studies on a series of paramagnetic and antiferromagnetic substances 
are reported in the present paper. The paramagnetic diffuse scattering predicted by Halpern and Johnson 
has been studied, resulting in the determination of the magnetic form factor for Mn** ions. From the form 
factor, the radial distribution of the electrons in the 3d-shell of Mn** has been determined, and this is com- 
pared with a theoretical distribution of Dancoff. Antiferromagnetic substances are shown to produce strong, 
coherent scattering effects in the diffraction pattern. The antiferromagnetic reflections have been used to 
determine the magnetic structure of the material below the antiferromagnetic Curie temperature. For some 
substances the magnetic unit cell is found to be larger than the chemical unit cell. The temperature de- 
pendence of the antiferromagnetic intensities has been studied, and the directional effects which characterize 
neutron scattering by aligned atomic moments have been used to determine the moment alignment with 
respect to crystallographic axes. From studies with magnetic ions possessing both orbital and spin moments, 
it is found that the antiferromagnetic intensities contain partial orbital moment components along with the 
spin moment component. The degree of orbital moment contribution agrees satisfactorily with that pre- 


dicted by models of lattice quenching. 





INTRODUCTION 


AGNETIC scattering effects with neutrons 

were first investigated theoretically by Bloch,! 
Schwinger,? and Halpern and co-workers.’ The early 
theoretical developments focused upon the interpreta- 
tion of experiments designed to determine the value of 
the neutron’s magnetic moment through its interaction 
with the experimentally known and _ theoretically 
understood magnetic moments of various atoms and 
ions in paramagnetic and ferromagnetic substances. 
Since this time, however, more powerful resonance 
techniques have been applied which give high precision 
in the determination of the neutron magnetic moment, 
and, in consequence, present-day interest in magnetic 
scattering effects with neutrons has been directed 
toward a more complete understanding of the basic 
phenomena which characterize magnetic media. 

Early experimentation on neutron scattering by 
paramagnetic materials was performed by Whitaker 
and co-workers‘ in a series of transmission and scat- 
tering type experiments. Because of the relative weak- 
ness and heterogeneous nature of the neutron beams 
from their Ra-Be source, coupled with the complexity 
of crystal scattering effects, only general, qualitative 
conclusions could be drawn from the data. The more 
recent work at this laboratory’ and at Columbia Uni- 
versity by Ruderman® has shown unambiguously the 
general features of paramagnetic scattering as predicted 
theoretically by Halpern and Johnson* and has yielded 
information on the nature of the magnetic form factor. 


1F. Bloch, Phys. Rev. 50, 259 (1936). 

2 J. S. Schwinger, Phys. Rev. 51, 544 (1937) 

30. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939); 
O. Halpern and T. Holstein, Phys. Rev. 59, 960 (1941) ; Halpern, 
Hamermesh, and Johnson, Phys. Rev. 59, 981 (1941). 

4M. D. Whitaker, Phys. Rev. 52, 384 (1937) ; Whitaker, Beyer, 
and Dunning, Phys. Rev. 54, 771 (1938); M. D. Whitaker and 
W. C. Bright, Phys. Rev. 57, 1076 (1940); 60, 280 (1941). 

5 C. G. Shull and J. S. Smart, Phys. Rev. 76, 1256 (1949). 

*J. W. Ruderman, Phys. Rev. 76, 1572 (1949). 


The present paper is concerned with measurements on 
the scattering or diffraction pattern which is obtained 
when monochromatic neutrons are incident upon a sub- 
stance whose atoms possess magnetic moments. Experi- 
mental data will be presented for the scattering by 
various paramagnetic and antiferromagnetic materials, 
and the interpretation will be given in terms of a mag- 
netic lattice with spin and orbital moment alignment. 
In a second paper in preparation, we shall extend the 
discussion to include scattering by magnetized and 
unmagnetized ferromagnetic materials, treating also 
some of the neutron polarization phenomena which are 
associated with ferromagnetic scattering. 


SCATTERING OF NEUTRONS BY PARAMAGNETIC 
SUBSTANCES 


The theory of neutron scattering by a true paramag- 
netic substance has been given in detail by Halpern and 
Johnson. In such a substance, there exist permanent 
magnetic moments at individual atomic sites caused by 
unbalanced electronic moments within the atoms, and 
these atomic moments are completely uncoupled to 
each other and directed in random orientation. Because 
of this randomness the substance will display no per- 
manent macroscopic magnetic moment. Application 
of an external magnetic field will, however, disturb the 
randomness and cause partial alignment of the atomic 
moments, so that an induced macroscopic magnetic 
moment is evidenced. Thermal disordering effects tend 
to oppose the alignment caused by the magnetic field, 
and Langevin showed that the magnetic susceptibility 
(induced moment per unit field) should vary inversely 
with absolute temperature, as first determined experi- 
mentally by Curie. This can be described by the well- 
known Curie law, 


where x is the magnetic susceptibility, T the absolute 
temperature, and Cy the Curie constant which is 
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related to the strength of the individual atomic mag- 
netic moments. Many substances are known to obey this 
relationship, particularly at high temperatures, but 
there are frequent departures from the idealized state at 
low temperatures. In such cases the agreement can be 
extended in temperature range by the introduction of 
the Curie-Weiss constant @ into Eq. (1) so that there 
results the Curie-Weiss law, 


x=Cu/(T—9). (2) 


This modification is considered to be an indication that 
the magnetic fields of surrounding atoms are interacting 
to the extent that the magnetic moments are no longer 
uncoupled, as premised in the development of the 
simple Curie law. This interaction may become so 
strong in certain cases that even Eq. (2) fails, and the 
material may show ferromagnetic or antiferromagnetic 
behavior. 

Since the neutron possesses a magnetic moment, it 
would be expected to experience a simple dipole-dipole 
interaction in addition to the usual short-range nuclear 
interaction upon being scattered by an atom possessing 
a magnetic moment. Halpern and Johnson have given 
a convenient formulation of this interaction in terms of 
differential scattering cross section and scattering am- 
plitude. For the case of complete randomness of atomic 
dipole orientation, they show that the magnetic scat- 
tering is completely incoherent and that the scattering 
by an assemblage of such atoms in a crystal lattice is 
given by the sum of the scattered intensities from each 
of the atoms. The differential cross section for magnetic 
scattering per atom is given by [their Eq. (5.41) ] 


dom=§S(S+1)(ey/me*) f-dQ, (3) 


where SS is the spin quantum number of the scattering 
atom, f is the amplitude form factor, y is the neutron 
magnetic moment expressed in nuclear Bohr magnetons, 
and the other terms have their conventional significance. 
In contrast to nuclear scattering cross sections which are 
without a form factor angular dependence (the nuclear 
size being so much smaller than the neutron wave- 
length), the magnetic scattering effects are always 
characterized by their angular dependence, since the 
electrons which are responsible for the atomic magnetic 
moment are distributed in a volume whose linear extent 
is quite comparable to the neutron wavelength (~1A). 
The magnetic form factor f will depend upon the radial 
distribution within the atom of only those electrons 
which are magnetic donors and in this respect will differ 
materially from the usual x-ray scattering form factor 
which is representative of all of the atomic electrons. 
The magnetic cross section discussed becomes quite 
sizeable and even exceeds nuclear cross sections in 
many cases. An example of this is given in paramag- 
netic salts containing Mn** ions. This ion is in a spec- 
troscopic S-state, with 5 electrons in the 3d-shell whose 
spins are all aligned parallel, so that the spin quantum 
number of the ion is 5/2. According to Eq. (3), such an 
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ion should possess a differential magnetic scattering 
cross section of 1.69 barns/steradian in the forward 
direction, and this exceeds the coherent nuclear differ- 
ential scattering cross section for Mn of 0.109 barns/ 
steradian. 

With regard to paramagnetic scattering effects, we 
have investigated the angular dependence of neutron 
scattering by several Mn*+* paramagnetic salts, with the 
idea of establishing quantitative agreement with the 
theoretical predictions and also of determining experi- 
mentally the magnetic form factor. A beam of mono- 
chromatic neutrons of wavelength 1.057A was scattered 
by the sample under study in one of the Oak Ridge 
neutron diffraction spectrometers. Since the paramag- 
netic effects appear in the diffuse scattering, it is 
imperative that the scattering sample be very free of 
any combined or occluded water, because the very large 
spin diffuse scattering of hydrogen can easily mask the 
desired scattering. The hydrogen diffuse scattering, 
furthermore, possesses an angular variation not unlike 
the magnetic form factor scattering, thus adding to the 
difficulties. Very pure and anhydrous samples of MnO, 
MnSOQ,, and MnF; were prepared by Mr. D. Lavalle of 
this laboratory for this study, and these were sufficiently 
anhydrous that the contaminant hydrogen scattering 
was negligibly small. 

The neutron diffraction patterns for all these sub- 
stances contain various components including (1) 
nuclear coherent scattering, (2) nuclear spin incoherent 
scattering, (3) thermal diffuse scattering, (4) multiple 
scattering in the specimen block, and (5) the para- 
magnetic diffuse scattering. The first of these is repre- 
sented by the Debye-Scherrer diffraction peaks, and, 
since these are localized in angular position in the 
pattern, there is no difficulty in resolving them from 
the diffuse scattering. The nuclear spin incoherent scat- 
tering arises principally from the Mn scattering, since 
none of the other nuclei in these compounds exhibits 
nuclear incoherent scattering,’ and this should be com- 
pletely isotropic. By calculation, the spin incoherent 
scattering is small, and one can reliably make correc- 
tions for it. Thermal diffuse scattering is also rather 
small, vanishingly so for small angles, and can be 
calculated with the Debye formula making use of 
experimental data on the elastic constants of the speci- 
men lattice. Among the diffuse scattering contaminants, 
the largest and most difficult of correction is the multiple 
scattering in the specimen block. This has been deter- 
mined in an empirical fashion by studying the diffuse 
scattering with samples having equivalent scattering 
and absorption properties but having no magnetic 
scattering. In general, the total contribution of spin 
incoherent, thermal diffuse, and multiple scattering for 
the specimen amounted to about 20 or 30 percent of the 
total diffuse scattering in the forward direction, so that 


7C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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the resultant paramagnetic scattering could be evalu- 
ated fairly well. 

After correcting the diffuse scattering in the diffrac- 
tion patterns in the aforementioned fashion, the resul- 
tant paramagnetic scattering for the three Mn** salts 
was obtained as shown in Fig. 1. The data are on an 
absolute scale and are shown as differential scattering 
cross sections. Because of the relatively large magnetic 
dilution in MnSQ, as compared to MnF; and MnO and 
the consequent low scattering intensity, the MnSO, 
curve is not considered to be as reliable as the other 
two. The MnF, magnetic scattering shows the expected 
form factor distribution with angle, whereas the MnO 
curve shows a definite peaking or residual coherence. 
This suggests that in MnO at room temperature, the 
magnetic moments are not completely randomly arranged, 
but that there exists a short-range magnetic order with 
neighboring moments tending to be aligned so that there 
is partial coherence in the scattering. This is somewhat 
analogous to the scattering of x-rays by liquids where, 
because of positional short-range order, residual co- 
herence is obtained in the scattering pattern. In the 
magnetic short-range order state, the degree of mag- 
netic alignment order is the determining factor rather 
than the geometrical positional order. Presumably, it 
will be possible to interpret the magnetic short-range 
order patterns in terms of short-range order coefficients 
or parameters just as has been done in the case of 
chemical short-range order in superlattices.* This has 
not been attempted as yet. 

In contrast to the MnO scattering data, that of 
Mnf, does not indicate the presence of residual co- 
herence. As a test of this, the pattern was studied when 
the sample temperature was raised to 400°C, and no 
significant change in the magnetic pattern was found. 
Raising the temperature should certainly reduce any 
short-range magnetic order in the lattice, and the fact 
that no change was observed indicates that the MnF, 
magnetic pattern corresponds to the true magnetic 
form factor. According to Eq. (3), the paramagnetic 
diffuse scattering should amount to 1.69 barns/steradian 
in the forward direction for Mn++, where S=5/2. The 
extrapolated MnF; curve falls perhaps 10 percent lower 
than the calculated value, and this may be the result of 
uncertainties in the standardization procedure or in the 
determination of the angular distribution in the small 
angle region. The magnetic susceptibility data for 
Mn?** salts are in excellent agreement with calculated 
values assuming 5 electrons to contribute to the atomic 
moment, and the above cross section agreement within 
10 percent indicates agreement in the number of con- 
tributory electron spins to within 5 percent. 


RADIAL DISTRIBUTION OF THE ELECTRONS 
IN THE 3d-SHELL OF Mn*t+ 


As mentioned in an earlier section, the magnetic 
form factor is representative of the spatial distribution 


8 J. M. Cowley, J. Appl. Phys. 21, 24 (1950). 














Fic. 1. Paramagnetic diffuse scattering for neutrons by several 
paramagnetic salts containing Mn** ions. 


within the atom of only those electrons which con- 
tribute to the atomic magnetic moment—in the case 
under discussion, the 5 electrons in the 3d-shell. The 
experimentally determined form factor, which is repro- 
duced in Fig. 2 as the amplitude form factor (along with 
an estimate of the experimental uncertainty), can be 
used to obtain the radial distribution curve of the 
3d-shell within the atom. For this purpose the usual 
fourier inversion integral is employed as discussed, for 
instance, in Compton and Allison.® Here 


u(r)=(2r/x) f kf(k) sinkrdk, (4) 


where u(r) is the number of electrons within the shell 
of thickness dr at radius r, and f is the amplitude form 
factor in terms of k=42(sin@/X), with 26 the scattering 
angle. This inversion of the experimental form factor 
has been performed and the resultant radial distribution 
function u(r) determined as shown in Fig. 3. In order to 
determine the quantitative significance of u(r), several 
different experimental form factors were inverted, all 
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Fic. 2. Magnetic amplitude form factor for Mn** ions. The 
curve is that obtained from paramagnetic diffuse scattering with 
estimated error as shown. The points represent values of the form 
factor obtained from the low temperature antiferromagnetic re- 
flections of MnO. 


°A. H. Compton and S. K. Allison, X-rays in Theory and 
Experiment (D. Van Nostrand_Company,'Inc., New_York, 1946). 
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Fic. 3. Comparison between the theoretical distribution of 
electron radial density in the 3d-shell of Mn** and that experi- 
mentally determined from the magnetic scattering of neutrons. 
The error representation on the experimental curve is that sug- 
gested from inversions performed on several possible experimental 
form factor curves. The ordinate values are not on an absolute 
scale. 


of which were contained within the suspected uncer- 
tainty in the data. The resultant errors in Fig. 3 are a 
measure of this significance. For comparison purposes 
a theoretical curve has been calculated for the 3d-shell 
in Mn** by Dancoff,!? using a self-consistent field 
analysis with exchange effects included. Both the ex- 
perimental and theoretical curves show maxima in the 


vicinity of radius 0.6A, but a rather pronounced dif- 
ference shows up at larger radii values. One possible 
explanation for this discrepancy might be that the 
computation was based on an isolated ion, whereas the 
experimental data were obtained for an ion in a crystal 
lattice where the distribution might be compressed 
under the influence of surrounding neighbor ions. 


SCATTERING OF NEUTRONS BY ANTI- 
FERROMAGNETIC SUBSTANCES 


Many paramagnetic substances such as MnO and 
MnF; exhibit anomalous magnetic susceptibility and 
heat capacity behavior at low temperatures. In the 
former case, for instance, the magnetic susceptibility 
shows a reversal in its temperature dependence in the 
vicinity of 120°K. As the temperature is lowered 
towards 120°K the susceptibility increases according to 
Eq. (2) with a Curie-Weiss @ of —510°K, but in going 
through 120°K the susceptibility trend reverses itself 
and decreases as the temperature is further reduced." 
A marked change in specific heat is also found” at this 
temperature. Early x-ray diffraction studies! had 
shown no change in lattice structure, with the MnO 
structure being isomorphous with the NaCl face- 
centered-cubic structure both above and below the 


© Unpublished calculations by S. M. Dancoff. 

t Bizette, Squire, and Tsai, Compt. rend. 207, 449 (1938) ; C. F. 
Squire, Phys. Rev. 56, 922 (1939). 

2 B. S. Ellefson and N. W. Taylor, J. Chem. Phys. 2, 58 (1934). 
(with references to earlier work by Millar and Anderson), 


transition temperature.'* This anomalous behavior was 
interpreted as being caused by the development of 
magnetic order at low temperatures, with an antiferro- 
magnetic lattice existing below the transition tempera- 
ture or antiferromagnetic Curie point. In such a mag- 
netic lattice some of the neighboring atomic moments 
are coupled in antiparallel orientation by the quantum 
mechanical exchange forces. Macroscopically there are 
as many moments directed in one orientation as in the 
opposite, so that the susceptibility does not experience 
large values as in the case of a ferromagnetic lattice 
below the ferromagnetic Curie point in which the 
moments are locked in parallel orientation. Theoretical 
treatment of such antiferromagnetic lattices has been 
given by Néel," Bitter, Van Vleck,’ and recently by 
Anderson"* and Li." 

In this picture it would not be unexpected that a 
short-range magnetic order could exist in the lattice at 
temperatures not very elevated with respect to the 
Curie temperature. The fact that MnO exhibits this 
property at room temperature, which is some 180° 
above the Curie temperature of 120°K, shows that the 
short-range order characteristics can persist over quite 
a sizeable temperature range. Below the Curie point an 
entirely different type of magnetic pattern would be 
expected in the neutron scattering, since the magnetic 
scattering amplitudes would now show coherent scat- 
tering effects. A preliminary report on some of these 
observations has been given in an earlier, letter,> and 
we now discuss in detail these studies. 

The theory of neutron scattering by ferromagnetic 
lattices as developed by Halpern and Johnson* can be 
used in the interpretation of the antiferromagnetic 
scattering effects. Halpern and Johnson (H-J) show that 
the differential scattering cross section F? per magnetic 
atom for unpolarized neutron scattering by an oriented 
magnetic lattice is given as 


P=C+¢D, (5) 


where C is the coherent nuclear scattering amplitude, 
and D is the magnetic scattering amplitude. The 
nuclear amplitude cannot be calculated theoretically 
because of our ignorance of nuclear force fields, but 
values of C for many nuclei have been determined 
experimentally.’ On the other hand, the magnetic 
interaction can be treated theoretically, and H-J give 
for D the formulation, 


D=(ct/me)ySf, (6) 


where the terms have the same significance as for 
Eq. (3). The absolute sign of the magnetic scattering 
amplitude D can be either positive or negative, de- 


128 See later discussion for more recent x-ray diffraction findings. 

181, Néel, Ann. phys. 17, 64 (1932); 5, 256 (1936). 

“4 F, Bitter, Phys. Rev. 54, 79 (1938). 

15 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 

1 P. W. Anderson, Phys. Rev. 79, 350); Phys, Rev, 79, 705 
(1950). 

17'Yjn-Yuan Li, Phys. Rey, 80, 457 (1950), 
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pending upon the relative orientations of the atomic and 
neutron magnetic moments. It is to be emphasized that 
the square of D in Eq. (5) is a classical or numerical 
square, in contrast to the quantum mechanical square 
which appeared in Eq. (3) describing paramagnetic 
scattering. In oriented magnetic lattice scattering, only 
a single-spin state is existent, and, hence, the square 
of the amplitude involves S* rather than S(S+1). 

The term g* in Eq. (5) depends upon the relative 
orientation of the two unit vectors e and x, where e is 
the scattering vector given by 


e=(k—k’)/|k—k’|, (7) 


where k and k’ are the incident and scattered wave 
vectors, and x is a unit vector along the direction of 
alignment of the atomic magnetic moments. H-J show 
that 

q=eX(eXx), (8) 
so that 

g=1—(e-x)*. (9) 


It is seen that g? can attain values between 0 and 1 and, 
for the particular case where x is randomly directed, 


g (random) = 3. 


This dependence of g? upon the relative directions of 
scattering and magnetization has been given a direct 
experimental test in the scattering from magnetized, 
ferromagnetic substances,'* and these data show the 
correctness of the above formulation. 

The differential scattering cross section F? determines 
what is available for coherent neutron scattering but 
tells nothing about the angular distribution of scattered 
intensity from a magnetic lattice. Details of the scat- 
tered intensity in the diffraction pattern will be deter- 
mined (as in x-ray or electron diffraction) by the crystal 
structure factors, and from the experimental deter- 
mination of these factors, one can hope to establish the 
magnetic lattice. It is interesting to note that according 
to Eq. (5) there is no coherent interference between the 
magnetic and nuclear portions of the scattering, and 
that in essence the two intensities of scattering are 
merely additive. This is a consequence of the treatment 
for unpolarized incident neutron radiation and would 
not be the situation if the neutron magnetic moments 
were all aligned in the incident beam. For the latter 
case, the differential scattering cross section contains 
cross terms between the nuclear and magnetic ampli- 
tudes in addition to the above square terms. 


MnO 


As already mentioned, MnO is thought to be anti- 
ferromagnetic below its Curie temperature of 120°K; 
and Fig. 4 shows neutron powder diffraction patterns 
taken for this material at 300°K and at 80°K. The pow- 


8 Shull, Wollan, and Strauser, Phys. Rev. 81, 483 (1951). See 
also discussion by D. J. Hughes and M. T. Burgy, Phys. Rev. 81, 
498 (1951). 
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dered sample was contained in a thin walled cylindrical 
capsule held within a low temperature cryostat. Both 
patterns were taken of the same sample before and 
after introduction of liquid nitrogen coolant. The room 
temperature pattern shows both magnetic diffuse scat- 
tering and the Debye-Scherrer diffraction peaks at 
positions indicated for nuclear scattering. There should 
be coherent nuclear scattering at both all-odd and 
all-even reflection positions from this NaCl-type lattice, 
and since the signs of the nuclear scattering amplitudes 
are opposite for Mn and for O, the odd reflections, (111) 
and (311), are strong whereas the even reflections, (200) 
and (220), are very weak. When the material is cooled 
to a low temperature, there is no change in the nuclear 
scattering pattern,'** but the magnetic scattering has 
now become concentrated in Debye-Scherrer peaks at 
new positions. As can be seen from the figure, these 
extra magnetic reflections cannot be indexed on the 
basis of the conventional chemical unit cell of edge 
length 4.426A. The innermost reflection for this cell is 
the (100), falling at about 133° in angle, and there exists 
a strong magnetic reflection inside of this angle at about 
11}°. It is possible to index the magnetic reflections, 
however, on the basis of a cubic unit cell whose axial 
length is just twice the above, or 8.85A. For this cell 
the magnetic reflections are all-odd, intensity being 
observed at the (111), (311), (331), and (511) positions. 
The (311) mag is on the shoulder of the (111)nuc1, aS can 
be seen from the asymmetry of this reflection. 

This twice-enlarged magnetic unit cell indicates that 
successive manganese ions along the cube axis directions 
are oriented differently, so that the repetition distance 
(for identical scattering power) along the axis is 8.85A 
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Fic. 4. Neutron diffraction patterns for MnO taken at liquid 
nitrogen and room temperatures. The patterns have been cor- 
rected for the various forms of extraneous, diffuse scattering 
mentioned in the text. Four extra antiferromagnetic reflections 
are to be noticed in the low temperature pattern. 


488 The nuclear intensities will increase by a few percent due 
to a slight increase in the Debye-Waller temperature factor. 
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MAGNETIC 
UNIT CELL 
Mn ATOMS IN MnO 
Fic. 5. Antiferromagnetic structure existing in MnO below its 
Curie temperature of 120°K. The magnetic unit cell has twice the 


linear dimensions of the chemical unit cell. Only Mn ions are 
shown in the diagram. 


rather than 4.426A as seen in x-ray scattering or in 
neutron scattering by the nuclei. The intensities in the 
magnetic reflections fall off regularly with increasing 
angle, which is just what the magnetic form factor 
should require. Because of this weakening of magnetic 
intensity with increasing angle, only a limited number 
of magnetic reflections are measurable; in this case the 
four mentioned above. If nothing were known about 
the MnO structure, it would be difficult and uncon- 
vincing to attempt a magnetic structure determination 
on the basis of just four intensities. However, x-ray dif- 
fraction studies have already shown the positional rela- 
tionship of the various atoms and the general symmetry 
of the lattice. Furthermore, the magnetic data and the 
nature of the quantum mechanical exchange forces 
responsible for the magnetic alignment limit drastically 
the number of possible structures which could exist. 
Néel!® has suggested several possibilities, and the 
results of these, along with some others, have been 
compared with the experimental neutron intensities. 


MAGNETIC STRUCTURE OF MnO 


Of the various magnetic structure models which were 
tested, only that shown in Fig. 5 gave satisfactory agree- 


TasLE I, Comparison between the observed antiferromagnetic 
reflection intensities for —s and those calculated for the mag- 
netic structure model of Fig. 5 








Magnetic 


4 Observed integrated 
reflection i i 


intensity 


Calculated intensity 
(neutrons /min) 





(111) 1072 1038 
(311) 308 460 
(331) 132 129 


(511)\ 70 54 








.. Néel, Ann. phys. 3, 137 (1948). 
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ment with the data.’ Table I shows the comparison 
between the experimental intensities and those cal- 
culated on the basis of this model. The intensities shown 
in this table are on an absolute scale and should be 
compared in absolute as well as in relative values. In the 
calculated intensities, the magnetic form factor for the 
3d-shell in Mn** as determined from the above para- 
magnetic scattering experiments (see Fig. 2) has been 
used. Conversely, on the basis of the suggested MnO 
lattice, the antiferromagnetic reflections can be inter- 
preted in terms of the magnetic form factor, and when 
this is done, the form factor values shown as discrete 
points in Fig. 2 are obtained. The intensity agreement 
shown in Table I appears quite satisfactory, with the 
exception of the (311) intensity for which the observed 
value is somewhat lower than the calculated value. As 
seen in Fig. 4, the (311) magnetic reflection is unre- 
solved from the (111) nuclear reflection, so that its 
intensity assignment is subject to considerable error, 
and, thus, the intensity discrepancy may not be sig- 
nificant. 

The magnetic lattice is seen to consist of parallel 
sheets [(111) planes] within which all the Mn ions 
are coupled ferromagnetically but with antiferromag- 
netic coupling between neighboring sheets. Of the 12 
nearest neighbors surrounding any Mn ion, 6 are 
oriented parallel to the central ion and 6 are oriented 
antiparallel. Among the 8 second-nearest neighbors, 
however, there is complete antiparallel coupling with 
the central ions. In other words, along the cube axes there 
is always antiferromagnetic coupling from one Mn ion to 
the next, and this coupling persists through, or is caused by, 
an intermediate oxygen ion between adjacent Mn ions. 
This phenomenon of superexchange, in which the elec- 
tronic wave functions of magnetic ions (Mn) overlap 
those of intermediate ions (O) and thereby result in an 
exchange coupling of the magnetic ions, was first ad- 
vanced by Kramers” in 1934 and later discussed further 
by Anderson.!@ 

Studies have also been made on MnS and MnSe, 
which are isomorphous with MnO, above and below 
their antiferromagnetic Curie temperatures. The pat- 
terns obtained were completely similar to those for 
MnO and hence the magnetic structures are considered 
to be the same as for the oxide. 

In the lattice of Fig. 5 it is to be noticed that not all 


19 Reasonable neutron intensity agreement was also found with 
a random sublattice model, but this type of structure does not 
correlate with the precision x-ray splitting effects to be discussed 
later. On this model, the four simple cube sublattices of the face- 
centered-cubic Mn array are considered to have nearest neighbor 
antiferromagnetic coupling. within a sublattice but with no 
coupling from one sublattice to another. This model predicts 
neutron scattering intensities in satisfactory agreement with ob- 
servation, but then no distortion of the cubic symmetry would 
be expected below the Curie temperature, whereas this is always 
found. The model shown in Fig. 5 is identical to the random 
sublattice model with respect to antiferromagnetic coupling and 
differs from the latter only in having the various sublattices 
coupled together in a definite fashion. 

”H. A. Kramers, Physica 1, 182 (1934). 
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of the space-diagonal planes ((111) and permutations) 
are equivalent. This results in a reduced multiplicity, so 
that instead of eight equivalent (111) planes there result 
only two which contribute magnetic intensity at the 
(111) reflection position. The same situation holds for 
the other magnetic reflections, there being a fourfold 
reduction in multiplicity or scattered intensity for each. 


DETERMINATION OF MAGNETIC MOMENT 
DIRECTION IN LATTICE 


It has been mentioned that the magnetic scatter- 
ing cross section, and hence the scattered intensity, 
is dependent upon the relative directions of the ionic 
magnetic moment and the scattering vector. This 
dependence has been shown in Eqs. (5) and (9). Since 
the neutron diffraction data are obtained by scanning 
across a limited region of the Debye-Scherrer ring, for 
which the scattering vector is parallel to the normal to 
the diffracting planes of the particular crystallites in 
the powder sample which happen to be correctly 
aligned, one can hope to get information about the 
orientation of the magnetic moments with respect to 
the diffracting planes. 

For the magnetic lattice of MnO shown in Fig. 5 
there appear three cases of interest concerning the 
relative orientation of the moments and the lattice 
axes, and the observed scattering intensities should 
serve to distinguish between these. 

(a) The magnetic moments are aligned along arbitrary [100] 
directions, in other words, along the cube axes, as illustrated in 
Fig. 5. For this case it can be shown that g* (average) = } for each 
of the four observed magnetic reflections in MnO. 

(b) The magnetic moments are aligned perpendicular to the 
ferromagnetic (111) sheets. For this case, g* vanishes for the (111) 
reflection and becomes 32/33 for the (311) and 32/57 for the 
(331) reflections. 

(c) The magnetic moments are aligned arbitrarily in the ferro- 
magnetic (111) sheets. Here g* should be 1 for the (111) reflection 
and various odd values for the other reflections, depending upon 
the assignment of moment orientation within the sheet. 


Table II summarizes the calculated magnetic inten- 
sities for each of these three cases, for comparison with 
the experimentally observed intensities. The (111) in- 
tensity is quite sensitive to this selection, and it is seen 
that case (a) is to be preferred. The data thus suggest 
that the moments are aligned along the cube axes either 
perpendicular to or parallel to the direction of antiferro- 
magnetic coupling. Since the theory of exchange coupling 
does not correlate the alignment direction with respect 
to the relative positions of the magnetic ions, the above 
directional indication must be representative of some 
second-order lattice symmetry effect. 

It is to be emphasized that the aforementioned con- 
clusions are derivable from random powder samples 
without the necessity of single-crystal or single-domain 
study. Only those crystallites in the powder which 
happen to be oriented with the normal to the Bragg 
reflecting planes parallel to the scattering vector will 
contribute intensity to that portion of the Debye- 
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TABLE II. Comparison between observed MnO antiferromag- 
netic intensities and those calculated for various models of mag- 
netic orientation with respect to crystallographic axes. 





Calculated for various 
oriented models Observed 
(a) (b) (c) (neutrons /min) 


1038 0 1560 1072 
(311) 460 675 ear 308 
(331) 129 109 ret 132 


(511) 
t333} 54 24 ze 70 





(111) 








Scherrer ring under study. The orientation of the mag- 
netic moments relative to this normal will affect the 
observed magnetic intensity. All of the other crystallites 
which are not correctly aligned in the above sense con- 
tribute no intensity and, hence, are not being viewed 
in the observation. 


DEPARTURE FROM CUBIC SYMMETRY IN MnO 


At room temperature, precison x-ray diffraction 
studies on MnO have shown it to be strictly cubic in 
symmetry. Recently, however, Tombs and Rooksby* 
have shown that, at low temperatures in the vicinity 
of liquid nitrogen temperature, the x-ray lines are split 
slightly so that the true symmetry becomes slightly 
rhombohedral. This implies that the various (111) 
distances within the unit cell become slightly different 
at low temperatures. The magnetic structure model of 
Fig. 5 is very suggestive of this type of splitting, since, 
indeed, the lattice forces in the various (111) directions 
would be expected to differ somewhat. 

Other oxides such as NiO, FeO, and CoO have been 
studied, also by Tombs and Rooksby, at various tem- 
peratures, and here again lattice splitting effects are 
found. These oxides all become antiferromagnetic at 
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Fic. 6. The (111) antiferromagnetic reflection of MnO as ob- 


tained at various temperatures. A noticeable broadening occurs 
in the vicinity of the Curie temperature. 


*tN. C. Tombs and H. P. Rooksby, Nature 165, 442 (1950). 
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Fic. 7. Temperature dependence of magnetic intensity for 


MnO: The Curie temperatures suggested by specific heat and 
magnetic susceptibility data are shown. 


suitably low temperatures, and undoubtedly the lattice 
splitting effects are to be associated with the appearance 
of an antiferromagnetic lattice. This has been discussed 
recently by Greenwald and Smart.” 


TEMPERATURE DEPENDENCE OF THE MAGNETIC 
INTENSITIES 


A study has been made of the intensity in the anti- 
ferromagnetic pattern at and below the antiferromag- 
netic Curie temperature. The (111) magnetic reflection 
in MnO was scanned, with the specimen held at various 
temperatures. Typical diffraction peaks are shown in 
Fig. 6, and the data are summarized in Fig. 7. A sharp 
increase is seen to occur as the temperature is lowered 
through 120°K, followed by a more gradual approach 
to a saturation intensity. The Curie temperatures sug- 
gested by magnetic susceptibility and specific heat data 
are also shown in the figure. The temperature depend- 
ence of scattered intensity suggests that the magnetic 
lattice perfection improves as the temperature is 
reduced, with fewer and fewer local mistakes or faults 
in alignment appearing. In the peak for 124°K in Fig. 6 
there is some evidence of line broadening, and a simple 
calculation of magnetic crystallite size which would 
account for this broadening yields the value 50A. 

In the comparison of the various structural models 
with experiment it is necessary to use experimental 
intensities for the well-ordered lattice. From the inten- 
sity dependence shown in Fig. 7, the saturation inten- 
sities at O°K were estimated, and these are the inten- 
sities shown in Tables I and II. 


OTHER CUBIC OXIDES 


All the data so far presented have been for ma- 
terials containing Mn** ions. This ion is in a normal 
6S.,2 state according to spectroscopic data, and, there- 
fore, its magnetic moment should have only electron 
spin contributions with no angular momentum com- 
ponent. As mentioned earlier, the magnetic suscepti- 


2S, Greenwald and J. S. Smart, Nature 166, 523 (1950). 


bility data taken for a variety of Mn** salts support 
the contention that the ionic moment is equal to that 
of the 5 electronic spin moments in the 3d-shell with no 
orbital moment contribution. 

In addition to MnO, scattering data on other iso- 
morphous oxides of the transition elements, FeO, CoO 
and NiO, have been obtained above and below their 
antiferromagnetic Curie temperatures. All of these 
oxides show susceptibility and specific heat anomalies 
similar to those of MnO but at different temperatures. 
Data for these oxides are of interest because the various 
magnetic ions possess orbital momentum components as 
well as spin components in contrast to the above con- 
sidered Mn*+ compounds. Since there is a magnetic 
moment associated with the orbital momentum values, 
it might be expected that this, as well as the usual 
electron spin moment, would contribute to the scattered 
neutron intensity. 

Figures 8, 9, and 10 show the neutron diffraction 
patterns for FeO and CoO at liquid nitrogen tempera- 
ture and at room temperature and for NiO at room 
temperature. In the latter case,”* the antiferromagnetic 
Curie temperature of 250°C is well above room tem- 
perature, so that it is unnecessary to cool the substance 
to invoke the rigid magnetic lattice. The antiferromag- 
nelic patterns for all of these cubic oxides show the char- 
acteristic double-size magnetic cell with reflections being 
observable at only all-odd indexed positions. All of the 
magnetic reflections show the characteristic form factor 
decline of intensity with increasing angle of scattering. 
There are, of course, pronounced differences in both 
nuclear and magnetic intensity for the different sub- 
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Fic. 8. Neutron diffraction patterns for FeO taken at liquid 
nitrogen and room temperatures. 


2® Various samples of NiO enriched in the nickel isotopes Ni**, 
Ni®, and Ni® have also been examined, and, although the nuclear 
reflections show pronounced differences from sample to sample, 
the antiferromagnetic reflections are similar in intensity. 
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stances, since the nuclear scattering amplitudes and the 
ionic magnetic moments differ widely. 

The intensities and reflection positions in all of the 
patterns are consistent with a common structural 
model of the type shown in Fig. 5 for MnO, but with 
some differences in detail, such as in absolute orientation 
of the magnetic moments in the lattice and in the 
strength of the magnetic moments. These differences 
can be seen most easily when the powder intensities are 
converted to differential scattering cross sections per 
magnetic ion for all of the magnetic reflections. This 
conversion puts the data on an absolute scale and 
eliminates all of the instrumental and lattice charac- 
teristics such as multiplicity, angle of scattering, sample 
density, etc. A direct comparison is then possible with 
the various theoretical predictions of the magnetic cross 
section, depending upon the type of spin and angular 
momentum coupling in the ion or the degree of orbital 
momentum quenching in the lattice. The differential 
scattering cross sections obtained from the experimental 
data are summarized in the points of Fig. 11 for each 
of the four simple oxides under discussion. The curves 
shown in the figure are various theoretical curves; dis- 
cussion of them will be given later. 

All of the experimental points in this figure show the 
expected form factor variation with angle, with the 
single exception of the value characteristic of the inner- 
most (111) magnetic reflection of FeO. This particular 
reflection is very weak or even absent for FeO (see 
diffraction pattern), whereas the outer FeO reflections 
appear normal in intensity and form factor behavior. 
A possible explanation for this follows from the direc- 
tional effect considerations given in the MnO section. 
There it was shown that the magnetic moment align- 
ment in MnO was indicated as being along the cube 
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Fic. 9. Neutron diffraction patterns for CoO taken at liquid 
nitrogen and room temperatures. There is still remnant antifer- 
romagnetic intensity at room temperature, which disappears as 
the temperature is increased. 
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Fic. 10. Neutron diffraction pattern for NiO taken at room 
temperature. The Curie temperature is well above room tem- 
perature, so the antiferromagnetic reflections appear here. 


axis, i.e., case (a) was considered to be correct. How- 
ever, if the magnetic moments in FeO are aligned 
perpendicular to the ferromagnetic sheets of the latter 
[case (b)], then no intensity would be expected in the 
(111) magnetic reflection, whereas the other (311) and 
(331) reflections would possess normal intensity. This 
situation could, then, account for the observations on 
FeO. Similar arguments for the CoO and NiO data 
suggest that these are similar to MnO with respect to 
moment alignment. 

In order to compare the observed magnetic scattering 
data with the theory, we note that Halpern and Johnson 
considered, for convenience, only the case where the 
ionic moment was due to spin only. The generalization 
to cases where the magnetic moment is due to combined 
spin and orbital angular momentum is formally straight- 
forward; however, we shall discuss it only briefly.”> 
For the general case we note two important differences 
from the spin-only case: 


1. The contribution of the orbital moment to the ionic moment 
will depend among other things upon the type of coupling in the 
atom, the symmetry of the crystalline field (“quenching’’), and 
the exchange coupling in the lattice (e.g., ferromagnetism or anti- 
ferromagnetism). This will be discussed only for the particular 
cases at hand. 

2. The form factor to be expected in a case where L+0 will, 
in general, be a function not only of (sin@/X) but also of the orien- 
tation of the asymmetric ion with respect to the particular scat- 
tering planes. For small (sin@/d), this deviation from the form 
factor characteristic of spherical symmetry is small, but is not 
necessarily small for larger (sin@/A). In the following we shall 
assume the Mn** form factor (already discussed) for all cases, 
neglecting the deviations from spherical symmetry as well as the 
changes expected from different values of Z. This procedure, 
though justifiable only as a first orientation, is in reasonable 
agreement with the experimental data. 


In the following we shall, furthermore, assume that 
(a) Russell-Saunders coupling holds in all cases, (b) the 
crystalline fields are stronger than the L-S coupling 
but weaker than the interaction leading to Russell- 
Saunders coupling so that the orbital angular mo- 


™> We are much indebted to our colleague Dr. L. C. Biedenharn 
for many instructive and illuminating discussions on these points. 
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Fic. 11. Representation of the magnetic differential scattering 
cross sections corresponding to the various antiferromagnetic 
reflections of MnO, FeO, CoO, and NiO. The points are from 
experimental data; the solid line corresponds to that calculated 
for spin-only scattering with complete quenching of orbital 
moments, the dashed line correspond to that calculated for the 
free ion in which the spin and orbital moments add, and the dotted 
line corresponds to that calculated for the level splitting in the 
crystalline field. All of the curves are calculated with the Mnt* 
form factor and represent a first approximation to that which is 
correct for the other ions. 


mentum is quenched to some degree, and (c) antiferro- 
magnetic coupling leads to a definite spatial orientation 
of the spin moment for a given atom in the lattice. The 
simplest case is that of Mn**, where the free ion is in 
the spectroscopic state ®Ss,2 and therefore displays 
none of the difficulties mentioned above. Co** and 
Ni** are in F-states (L=3) in the free ion (*F9/2 and 
3F,, respectively), and according to Bethe* an F-level 
splits in a cubic field into three levels, two triply de- 
generate levels (magnetic) and one nonmagnetic single 
level. Van Vleck* and Schlapp and Penney* have 
assigned the single level in Ni** to be the lowest lying 
and normally occupied level, and hence, we expect Ni**, 
like Mn**, to show a spin-only magnetic moment. In 
other words, the crystalline field has completely 
quenched** the orbital contribution to the magnetic 
moment. (Although Nit+ has a spin-only moment, it is 
to be noted that the form factor for scattering may still 
display spatial orientation effects.) As its lowest level 
Co** has one of the triply degenerate magnetic levels, 
and therefore, a partial quenching of the orbital moment 
is to be expected. Similarly Fe+*+, *D, for the free ion, 
has the D-state split by the cubic field into two levels, 
one triply degenerate and one doubly degenerate, with 
the latter nonmagnetic. Again Van Vleck* assigns the 
triply degenerate level as the normal one in Fe+*, and 
partial quenching is to be expected. 

To calculate the expected magnetic moment, we use 
the fact that the spins are oriented in the antiferro- 
magnetic lattice and this, by virtue of the L-S force, 
orients the remaining orbital moment. Since the L-S 

%H. Bethe, Ann. Physik 3, 133 (1929). 

% J. H. Van Vleck, Phys. Rev. 41, 208 (1932). 

25 R. Schlapp and W. G. Penney, Phys. Rev. 42, 666 (1932). 

%e This picture is somewhat oversimplified for the Nit* ion 
since recent experiments (see discussion by C. Kittel, Phys. Rev. 
76, 743 (1949)) do suggest some orbital contribution in this ion. 
This is not pronounced, however, and, since the magnetic scatter- 


ing intensities are so low for this ion, the simple theory was con- 
sidered adequate in initial interpretation. 
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coupling aligned the moments parallel for the free ion, 
the spin and orbital moments are taken to add together 
in the crystalline lattice case. For a cubic field the orien- 
tation of the spin moment is unimportant to the degree 
of quenching, and the effective magnetic moment for 
both Fe++ and Cot++ turns out to be just (25+ 42). 

The magnetic moments predicted from the level 
assignments cited [2S for Mn++ and Nit*, (25+ 4L) 
for Fe++ and Cot+] have been used along with the 
Mn** form factor to give the theoretical curves for 
the magnetic scattering cross section shown in Fig. 
11. For comparison, there is also shown in the figure 
(a) the curve (Solid line) for complete quenching, 
with the magnetic moment corresponding to 2S and 
(b) the curve (dashed line) for the free ion, with the 
moment corresponding to (2S+-L). It is to be seen that 
the data for Mn** and Ni** are in good agreement with 
the expected spin-only curves. This also indicates that 
the approximation of all of the form factors by the 
Mn**+ form factor is not grossly in error. For Cot+, 
and to a lesser extent for Fe+*+, the experimental data 
are in reasonable agreement with the theoretical curves 
based on partial quenching. It is to be noted again that 
the very low value for the innermost (111) FeO reflec- 
tion is the result of a different effect, namely, that ¢* 
vanishes for this reflection as already discussed. In view 
of the approximations involved, the general agreement 
of the observed intensities or cross sections with those 
expected appears satisfactory. 

The aforementioned quenching effects in Fet*, 
Cot*, and Nit* compounds appear also in the para- 
magnetic susceptibility and gyromagnetic ratio mea- 
surements, and, in fact, the early theory was directed 
towards an understanding of these observations. The 
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@ Fic. 12. Comparison of x-ray and neutron diffraction patterns 
for a-Fe,O; hematite. The innermost two reflections are anti- 
ferromagnetic in origin and are absent in the x-ray case. 
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effective magnetic moments for these ions as calculated 
from the paramagnetic susceptibility show departures 
from spin-only values in the fashion described for 
crystalline field level splitting, as do also the g-factors. 
This is summarized in several tables of Van Vleck* and 
of Stoner.” 

As mentioned, Tombs and Rooksby* have shown 
for all of these simple cubic oxides at temperatures 
below their antiferromegnetic Curie points a slight 
departure from cubic symmetry. Their precision x-ray 
studies have suggested (a) a rhombohedral unit cell 
with enclosed angle slightly larger than 60° (if strictly 
cubic, the equivalent angle would be exactly 60°) 
for MnO and NiO, (b) a rhombohedral cell with an 
angle slightly smaller than 60° for FeO, and (c) a 
tetragonal unit cell with axial ratio about 0.995 for CoO. 
Here again the neutron scattering similarity from oxide 
to oxide shows the same grouping as does the x-ray line 
splitting. With respect to moment alignment in the 
unit cell MnO and NiO show the same behavior with no 
crystalline field orbital momentum effects with respect 
to moment alignment. FeO behaves differently, and the 
CoO scattering data indicate a considerable coupling of 
the orbital momentum to the spin momentum. No 
detailed picture of the correlation between the scat- 
tering data and the splitting observations are available 
as yet, but it may be that a detailed investigation will 
show such a correlation. 
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Fic. 13. Inner structure of a-Fe,O; diffraction pattern at sev eral 
temperatures. The (111) and (100) reflections are magnetic in 
origin and fall off at the higher temperatures, whereas the (110) 
is a nuclear reflection and is insensitive to temperature changes. 

36 J. H. Van Vleck, Electric and Magnetic Susceptibilities (Oxford 
University Press, London, 1932). 

27 E. C. Stoner, Magnetism and Matter (Methuen and Company, 
Ltd., London, 1934). 
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Fic. 14. Variation of a-Fe,Os magnetic scattering intensity with 


temperature. The Curie temperature T, is that obtained from 
magnetic susceptibility data. 


STUDIES ON a-Fe,0; 


The magnetic properties of a-Fe,O; (hematite) have 
been studied by many observers, and widely different 
conclusions have been drawn concerning its magnetic 
structure. At room temperature very pure samples 
show weak ferromagnetic properties, which disappear 
at temperatures above 675°C. This Curie temperature 
is suspiciously close to that of Fe;0, (magnetite), and 
Néel”® considers that the observed ferromagnetism is 
parasitic and that the basic magnetic structure is that 
of an antiferromagnetic material. Very recently, Morin” 
has shown the room temperature ferromagnetism to 
disappear sharply at a temperature of —20°C, and 
below this the magnetic susceptibility can be accounted 
for on the basis of an antiferromagnetic lattice. Further- 
more, Morin finds no crystallographic transition (by 
x-rays) above and below this low temperature trans- 
formation. 

Neutron diffraction patterns have been taken for this 
substance over an extensive range, from 80°K to 1000°K, 
and these indicate the existence of an antiferromagnetic 
lattice throughout this temperature region but with 
some difference with temperature in structural detail. 
The room temperature pattern is shown in Fig. 12 along 
with an x-ray pattern for comparison purposes. All of 
the observed neutron reflections can be accounted for on 
the basis of permitted reflections for the chemical unit 
cell; therefore, the magnetic unit cell is suggested to 
be of the same size as the conventional chemical unit 
cell as determined by x-ray diffraction. This is a 
rhombohedral cell of edge length 5.42A and rhombo- 
hedral angle 55°17’, with two Fe2O; molecules contained 
in the unit cell. The innermost two reflections (111) and 
(100) in Fig. 12 are the most interesting and informative 
in the neutron pattern. On the assumption that all Fe 
ions are alike in scattering power (justifiable for x-radi- 


8 L. Néel, Ann. phys. 4, 249 (1949). 
29 F. J. Morin, Phys. Rev. 78, 819 (1950). 
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Fic. 15. Comparison of magnetic scattering in a-Fe,0; at 
295°K and 80°K. The magnetic intensities show a considerable 
rearrangement in cooling the sample below room temperature. 


ation), there should be no scattered intensity in these 
reflections, because the crystal structure factors vanish 
in the summation over the unique atoms of the unit 
cell. There is pronounced neutron intensity at these 
positions, however, so that the magnetic orientation, 
or scattering power, must differ among the four Fe 
atoms of the unit cell. 

Before discussing the magnetic structure of this 
material, it is desirable to present the temperature- 
dependent data which have been taken. The region of 
the diffraction pattern containing the (111), (100), and 
(110) reflections was studied at various elevated tem- 
peratures up to 730°C. The latter reflection is wholly 
nuclear in origin and should change only slightly due to 
the Debye-Waller temperature factor, whereas the 
other two magnetic reflections should exhibit charac- 
teristic Curie temperature behavior. Figure 13 shows 
typical curves at temperatures of 20°, 650°, and 710°C, 
and it is seen that the nuclear reflection remains essen- 
tially unchanged, whereas the magnetic reflections are 
sensitive to temperature changes. Figure 14 summarizes 
the magnetic intensity data, after correction for the 
Debye-Waller temperature factor as determined in the 
nuclear reflection, at various temperatures. The inten- 
sity variation is not nearly as pronounced as in the 
MnO case and, in fact, falls off with essentially a linear 
dependence on temperature. Even at the Curie tem- 
perature of 675°C, suspected from magnetic data, there 


Fic. 16. Magnetic structure of a-Fe,O; at room temperature. 
The rhombohedral unit cell containing four unique iron atoms is 
shown. 
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is still a remnance of the magnetic ‘reflections. The 
patterns gave no indication of a reorganization of the 
structure, only a gradual fall-off in intensity. 

In addition to the high temperature studies, the 
pattern at 80°K has been studied, and here a reor- 
ganization of the pattern appears. Figure 15 compares 
a portion of the 300°K and 80°K patterns, and it is seen 
that the normally strong (111) magnetic reflection has 
now become very weak or absent, whereas the (100) 
magnetic reflection has increased in intensity. The 
remaining reflections in the complete pattern showed 
little significant change; and these are not of much use 
in the structural arguments, because their weak inten- 
sity is not resolved from strong nuclear intensity. From 
observations on the pattern intensity when the sample 
was being cooled to low temperatures, it was established 
that the transformation occurred in the general vicinity 
of the —20°C transition, which had been found by 
Morin, although this was not studied in complete detail. 


MAGNETIC STRUCTURE OF a-Fe.0; 


As already mentioned, the neutron diffraction data 
suggest that the magnetic unit cell is the same size as 


TABLE III. Comparison between observed and calculated F* 
values for various magnetic structure models of a-Fe.0;. The 
numbers are values calculated and observed for the differential 
scattering cross section F* in absolute units of 10-* cm?/Fe,O; 
molecule. 


Xi cae 
A nid), (D 


(111) ras se ie 


1.25 0 
(100) 1.40 1.59 


~ Calculated for — 
Model (a) Model (b) 
aqp dip (dD aqp (ID 


43 023 0 O81 49 <0.05 
0.96 232 264 159 091 1.37 


Observed 
300°K = 80°K 





the chemical unit cell and, hence, that there are four 
uniquely positioned Fe atoms in the cell, shown as 
ABCD in Fig. 16. There are three possible antiferro- 
magnetic arrangements of relative spin orientation for 
these four atoms represented by Model (a) +——+, 
Model (b) ++——, and Model (c) +—+-—. Here 
Model (a) +——-+ indicates that atoms A and D have 
parallel orientation (say, directed upward) while B and 
C both have antiparallel orientation (downward) with 
respect to that of A and D. Of these models, the crystal 
structure factors for Model (c) vanish in the (111) and 
(100) reflections, and hence, this model can be immedi- 
ately excluded. Models (a) and (b) both predict finite 
intensities for these reflections, so it is to be hoped that 
the neutron data can show preference for one over the 
other. The observed intensities will depend not only 
upon the above model but also upon the orientation of 
the moments in the model with respect to the diffracting 
planes. For the absolute sense of orientation, the three 
most reasonable possibilities which have been con- 
sidered are: 

I. The moments are directed along the unit cell edges. 

II. The moments are directed along the space diagonal of the 
unit cell and thus are perpendicular to the ferromagnetic (111) 
sheets in the lattice. 
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III. The moments are in the (111) sheets and directed towards 
one of the three nearest neighbors in the sheet. 


Crystal structure factors have been calculated for these 
various cases using the magnetic scattering amplitude 
for Fe+** given by Eq. (6) with S=5/2, there being 5 
electrons in the 3d-shell which contribute to the mag- 
netic moment just as in the Mn** ion. Table III sum- 
marizes these calculations for the (111) and (100) mag- 
netic reflections for comparison with the observed 
values. All the values are given as differential scat- 
tering cross sections per Fe,O; molecule, and both 
calculated and observed values are on an absolute scale. 
It is seen that the room temperature data suggest 
Model (a) with orientation III as being correct, while 
at low temperatures the suggested structure is that of 
Model (a) with orientation II. Thus, the low tem- 
perature data could be accounted for as simply a reorien- 
tation of the magnetic alignment from within the (111) 
sheets to one perpendicular to these sheets when the 
temperature is lowered. 

The orientation results for the room temperature 
lattice fit in rather well with Néel’s picture of the weak, 
parasitic ferromagnetism which is always observed. In 
his picture there exist small, distorted crystallites of 
magnetite intimately mixed with normal a-Fe,O; layers 
in the layer structure built up along the trigonal axis 
perpendicular to the (111) sheets. In order to account 
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for the directional properties of the weak ferromag- 
netism in single crystals of a-Fe,03 observed by Smith*® 
many years ago, Néel envisages the magnetic moment 
direction in the magnetite inclusions and in the a-Fe:0; 
layers to be within the (111) sheets of the lattice. This 
is just the conclusion drawn from the neutron scattering 
observations. 

The magnetic lattice for a-Fe:O;, shown in Fig. 16, 
exhibits characteristics similar to those of the magnetic 
lattice for the simple cubic oxides shown in Fig. 5. 
When additional unit cells to those shown in Fig. 16 
are visualized, it is seen that the structure consists of a 
series of (111) sheets, within which all moments are 
arrayed ferromagnetically but with antiferromagnetic 
coupling between neighboring sheets. Interestingly, 
there are sheets of oxygen ions between each of the 
antiferromagnetically coupled sheets of iron ions. The 
alternating ferromagnetic sheet structure with inter- 
mediate oxygen planes was just that found in the cubic 
oxide magnetic structure. 

We wish to acknowledge our appreciation to Mr. 
W. C. Koehler and Mr. R. A. Erickson who obtained 
and analyzed some of the later period data of this inves- 
tigation, and to Dr. L. C. Biedenharn for many helpful 
discussions on the theoretical aspects of data inter- 
pretation. 


*® T. Townsend Smith, Phys. Rev. 8, 721 (1916). 
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The mean energies of photons producing the reactions Cu™(y, »)Cu®, Zn™(y, )Zn®™, and C!(y, n)C™ 
have been found by measuring their absorption coefficients for many values of Z. Monitor and detector were 
made of the element investigated. The absorbers were Be, C, Al, Ti, Fe, Ni, Cu, Zn, Se, Mo, and Sn. Less 
than 1 percent of the radiation striking the detector originated in the absorber. In this geometry, (1/Z) 
Xabsorption cross section was a linear function of Z. The Compton cross section was separated from the 
pair cross section by considering its different Z-dependence. The mean energy was evaluated in two ways: 
(1) from the observed pair cross section and the Bethe-Heitler formula, and (2) from the observed Compton 
cross section and the Klein-Nishina fo:mula. A correction was applied for the deviation of pair cross section 
from the value given by the Born approximation. With this correction, the values of the mean energy were 
found to be as follows: 
from pair production 

20.0 Mev 


from Compton cross section 
16.6 Mev 

Cu® 17.3 21.0 

c 23 32 


The integrated (y, #) cross sections for C and Zn™ have been found to be 0.08610 Mev-cm? and 
0.77X 10 Mev-cm?, respectively. 


Zn 


PART I 


HEN high energy gamma-rays fall on a nucleus, 
a reaction is usually observed that corresponds 
to absorption of the gamma-ray with emission of one 


or more neutrons, protons, heavier charged particles, 
gamma-rays. In all nuclear species which have been 
examined so far the nuclear absorption seems to rise 
to a maximum and then fall off again with increasing 
energy of the photon. As yet none of the nuclear species 


* This work was supported by the joint program of the ONR - pecan 6 
examined up to 100 Mev shows a second region in which 


and AEC. 
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Taste I. Typical data, and 1/zX cross section. 








Background 3-cm 
(10-cm Pb nickel 
No absorber absorber) absorber 


4768 0.138 X10-* cm? 
2483 


1/sXcross 
section 





Monitor 
detector 


Copper 4434cpm 4589 cpm 
6480 8S 


7668 0.13410" 


491 


7597 
1285 


Monitor 
detector 


Carbon 7929 
41 


12135 0.117 X10"™ 


1845 


12678 9969 
4586 57 


Monitor 
detector 


Zinc 








gamma-rays are absorbed in an amount comparable 
to the absorption in the 15-30 Mev region.! 

This resonance aspect of the photon absorption in 
nuclei has been interpreted by Goldhaber and Teller'* 
as an electric dipole absorption due to a “dipole” 
vibration of the neutrons against the protons of a 
nucleus, and consequently to a single energy level. 
The width of the level is ascribed to dissipation of the 
dipole vibration energy into other modes of vibration, 
after which the nucleus breaks up in various ways or 
re-emits the photon. These authors find for the integral 
of the total nuclear gamma-ray absorption 


fon n(w)dw= 2A e?/2mc, (1) 


where A is the mass number of the nucleus. This 
formula, however, is independent of the detailed 
Goldhaber-Teller assumption of a single nuclear level, 
and is in fact a consequence of the sum rule as was 
pointed out by Levinger and Bethe.? 

At the present time not much is known experimentally 
of the nuclear absorptions, since most of the existing 
information applies only to that part of the nuclear 
absorption which gives rise to the (y, m) process. The 
(y, n) cross section of Cu® for the 17.5-Mev gamma-ray 
produced by protons on lithium was estimated by 
Bothe and Gentner’ to be roughly 0.05 10-* cm?, and 
was later measured as 0.16 10-* cm? by Waffler and 


TABLE II. Absorption cross section for photons which activate 
Cu®, Zn™, and C®. ¢/Z=barns per electron of absorber. 








Detectors 
Zn“(y, 2)Zn® 
(38 min) 


CX(y, n)Cu 


Cu®(y, 2)Cu® 
(20.5 min) 


(10.1 min) 





0.200 
0.191 
0.158 
0.133 
0.131 
0.143 
0.134 
0.0979 
0.0849 
0.0531+0.008 
0.0467 


0.185 
0.167 
0.133 
0.120 
0.122+0.006 
0.122 
0.113 
0.116 
0.0795 
0.0550 
0.0465 








1M. L. Perlman and G. Friedlander, Phys. Rev. 72, 1272 (1947). 
‘8 M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). 

2 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 

3 Bothe and Gentner, Z. Physik 106, 236 (1937). 


Hirzel.‘** Considerable work has been done on the 
measurement of (y, ”) cross sections relative to that of 
Cu® for the 17.5-Mev y-ray.*® 

Since monochromatic gamma-rays of higher energy 
are not available, one uses the bremsstrahlung from 
high energy electron accelerators, e.g., betatrons. This 
radiation contains photons of all energies up to the 
maximum energy of the electrons producing it. The 
first paper on the shape of the (y, m) absorption curve 
of Cu® and C” for bremsstrahlung was published by 
Baldwin and Klaiber.?’ They measure the curve of 
activity versus maximum betatron energy and calculate 
the response of the monitor ion chamber to the brems- 
strahlung spectrum. They find a resonance energy of 
30 Mev for C” and 22 Mev for Cu®. 

The integrated cross section for the C(y, )C" re- 
action was measured by Lawson and Perlman® as 
Jey, n.(E)\dE=0.148 X 10-** Mev X cm’. 

In addition, Perlman and Friedlander obtain Joy, 
(E)dE=1.5X10-** MevXcm? for Cu®. This was de- 
termined from the cross section, the relative yields of 
the two reactions, and the relative quantum intensities 
at the two resonance energies. 

A third determination of /c,,,(E)dE for Cu® has 
been made by Diven and Almy® likewise from a yield 
curve of Cu® activity together with an assumed shape 
of the bremsstrahlung spectrum and a computed ion 
chamber sensitivity curve. They find /c,, ,(E)dE=0.6 
Mev barn and Exes=17.5 Mev. By the same type of 
measurement, Katz and co-workers® find the values 
0.7 Mev barns, and 17.5 Mev, respectively, for these 
quantities. 

Measurement of the (y,) cross section by direct 
absorption measurements is made difficult by the small 
size of the nuclear absorption cross section compared 
with the total electromagnetic absorption cross section 
(pair formation+ Compton scattering). For example, in 
the case of copper at 17.5 Mev, the electromagnetic 
cross section is ~ 3.6 barns, whereas the nuclear cross 
section is ~0.1 barn.*-** 

In the present work the mean energy Ep of the nu- 
clear absorption of Cu®, C”, and Zn™ has been meas- 
ured by a method somewhat analogous to the method 
of beam calibration of the Berkeley synchrotron used 
by Blocker, Kenney, and Panofsky.'® 

In principle, the mean energy of nuclear absorption 
of a given element could be obtained from the absorp- 
tion coefficient in an absorber of arbitrary Z for photons 


* Waffler and Hirzel, Helv. Phys. Acta 21, 200 (1948). 

“ R. L. Walker, Phys. Rev. 76, 527 (1949). (See footnote.) 

5 Bothe and Gentner, Z. f. Physik 112, 45 (1939). 

® Hiiber, Lienhard, Scherrer, and Waffler, Helv. Phys. Acta 
16, 33 (1943). 

7 W. C. Baldwin and W. S. Klaiber, Phys. Rev. 73, 1156 (1948) ; 
71, 3 (1947). 

8 J. L. Lawson and M. L. Perlman, Phys. Rev. 74, 1190 (1948). 

*B. C. Diven and W. M. Almy, Phys. Rev. 80, 407 (1950). 

% Katz, Johns, Douglas, and Haslam, Phys. Rev. 80, 131 
(1950) ; 80, 1062 (1950). 

10 Blocker, Kenney, and Panofsky, Phys. Rev. 79, 419 (1950). 
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Fic. 1. Absorption cross section for photons which 
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produce the reaction C(y, m)C™. 


which activate the given element. In practice, however, 
this method is inaccurate for absorbers of low and inter- 
mediate Z because the total electromagnetic cross sec- 
tion is not 2 sensitive function of energy, since it has a 
broad minimum in the relevant interval. This method 
is poor for absorbers of high Z, because for these the 
Born approximation becomes inaccurate, and conse- 
quently the electromagnetic cross sections cannot be 
calculated with sufficient accuracy. 

The difficulty is resolved by combining the data on 
absorption cross section for several elements in order 
to separate the Compton effect, which is a decreasing 
function of the energy, from the pair production, which 
is an increasing function of the energy. Since the Comp- 
ton effect per atom is proportional to Z and the pair 
production is proportional to Z*+aZ, the separation is 
possible. One obtains in this way two independent 
measurements of the resonance energy from the separate 
values of the Compton and pair cross sections. 

These measurements were made for Cu®, Zn“, and 
C”. In addition, the relative values of the integrated 
cross sections were obtained for the last two elements 
using 50-Mev bremsstrahlung. Absolute values for 
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Fic. 3. Absorption cross section for photons which 
produce the reaction Zn™(y, m)Zn®. 


these quantities have been obtained by using the abso- 
lute integrated cross section of copper." 


PART II 


In this experiment a good geometry for the measure- 
ment of absorption cross sections was used in order to 
eliminate effects due to secondary production of brems- 
strahlung. The y-ray beam of the Chicago betatron 
passed through a monitor foil, a set of absorbers, and a 
detector foil. Less than 1 percent of the photons activat- 
ing the detector were of secondary origin, even when the 
original beam had passed through as much as 6 cm of 
Pb absorber. 

The detectors used were Cu™(y, )Cu® (10.1 min); 
Zn™(y, n)Zn®™ (38 min); and C"(y, 2)C" (20.5 min). 
The data from a typical measurement are given in 
Table I. 

The data are summarized in Table II and Figs. 1, 
2, and 3. In Fig. 2, for example, the experimental cross 
section as measured by a copper detector has been 
divided by Z of the absorber and plotted versus Z of 
the absorber. 

In evaluating these data, the nuclear absorption cross 
section has been assumed small. The total cross section 
of absorber for photons activating the detector then 
may be written 


o(Er) = Opair(Er)+ 7Compton(Er). 





TaBLe III. Values of Eg. The quantities a and b are the experi- 
mental least squares coefficients in the equation ¢/Z=aZ+-b. 








a b 


Cu® 0.00296+0.00011 0.0380+0.0031 17.441.1 Mev 16.6+2.2 Mev 
Zn* 0.00285+0.00012 0.0409+0.0034 16.7+1.4 14.5+2.2 
C8 0.00350 +0.00017 0.0345+40.0051 25.5+2.3 19.5+4,7 


Mean energies after correction for deviation from Born approximation 
Er from a Ep from 6 

21.0 Mev 17.3 Mev 

20.0 16.6 

23.0 


Er from a Ep from } 





Cu® 
Zn* 
ca 32.0 
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Fic. 2. Absorption cross section for photons which 
produce the reaction Cu™(y, m)Cu®. 








4 Rosenfeld, Marshall, and Wright, Phys. Rev. 82, 301(A) 
1951). 
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TABLE IV. Integrated cross sections. 








Zn cn 





Saturated counts/roentgen/atom element 
a : 50 Mev 
Saturated counts/roentgen/atom Cu® 


van experimental 
Sorn(B dE retical (sum rule)* 





0.0605 


0.086 X 10-** Mev cm? 
0.18 10-** Mev cm? 


1.05 


0.77 X 10-** Mev cm?» 
0.96 10° Mev cm? 








* See reference 1. 


» This value differs form that reported in reference 11 (0.71 Mev barns) by the ratio of the average value of Ey found in the present work, 4(21.0 


+17.3) Mev, to the assumed value of 17.6 Mev. 


The pair production cross section is the sum of the 
pair formation in the field of the screened nucleus and 
the pair formation by photons which ionize orbital 
electrons. The nuclear part may be represented for light 
elements by Z°¢pair™"“", where Yoair is indepen- 
dent of Z, and is calculated from the Bethe-Heitler 
formula with screening which assumes the Born ap- 
proximation. For heavy elements the Born approxima- 
tion is no longer allowable, and ¢gpair""™ becomes Z- 
dependent. The electron contribution to pair formation 
may be written Z EP cart 

The Compton cross section may be written as 
ZeA(Er), where ¢-(Er) is independent of Z and is 
calculated with the Klein-Nishina formula. The fore- 
going equation now becomes 


(1/Z)o(Er)=Z pair" ™ (Er) 
+[ pair ™*(Er)+ ¢-(Er) ].- 


The left-hand side of this equation is the absorption 
coefficient per electron of absorber for photons which 
activate the detector. The right-hand side has the form 
aZ+b. The experimental results show a linear de- 
pendence on Z (see Figs. 1, 2, and 3) over a large range 
in Z. In addition, there is no indication for any of the 
detectors of an increased cross section due to self- 
absorption. It appears, therefore, that no large error 
is introduced by neglecting the nuclear cross section 
compared with the pair and Compton cross sections. 
No attempt has been made to correct for this omission. 

The equations of the best straight lines to fit the 
data for each detector have been found by least squares 
analyses. In each case two independent values of the 
mean energy of the nuclear absorption have been 
evaluated, one from the slope and the Bethe-Heitler 
pair formula, and the other from the intercept together 
with the Klein-Nishina Compton formula and the 
electron pair cross section. The last quantity is a small 
correction and has been taken as equal to the pair 
cross section for Z=1. The experimental least squares 
coefficients a and 6 in the linear relation aZ+0 are 
given in Table III, as are also the values of Er found 
independently from slope and intercept. The data have 
been corrected for the failure of the Born approxima- 


tion as found by Walker" for 17.5 Mev. The corrected 
values of Ep are given in Table ITI. 

The difference in the mean values of Er as measured 
by pair cross section and by Compton cross section 
may be taken as indication of a relatively large energy 
width for the nuclear absorption. The lack of evidence 
of self absorption is in agreement. 

Consider the case of Cu® for example. Assume that 
the points for high Z are shifted up more than the 
points for low Z. This will be true if the nuclear absorp- 
tion of copper is large in the region where Sn, Mo, Se, 
etc., also absorb, but falls off rapidly to higher energies 
where C, Be, etc., absorb. In this case the slope gives 
too high a value for Ep, and the intercept gives a cor- 
rect or a too low value for Er depending on whether 
there is negligible or non-negligible absorption by Be, 
C, etc., for photons which activate Cu®. 

If the nuclear absorption of copper is so wide that it 
extends through the region where C, Be, etc., also 
absorb, then the curves of Figs. 1, 2, and 3 in each case 
will be shifted upward an almost constant amount for 
all values of Z. In this case the slopes will give correct 
values for Ez but the intercepts will give values for Er 
which are too low. At present perhaps, the best that 
can be done is to use an average of the values of Ep. 

The integrated cross sections of C and Zn™ have 
been determined, with the aid of the resonance energies 
found above, assuming" the integrated cross section of 
Cu® to be 0.77X10- Mev cm’. Thin foils of zinc, 
polyethylene, and copper were irradiated together in 
the 50-Mev bremsstrahlung beam, and the activities 
relative to copper were measured. The results are 
given in Table IV. 

During the progress of this work, activation curves 
have been determined for Cu®, C”, Cl*5, F!®, K3*, Br79, 
and Zn® for bremsstrahlung of maximum energy from 
10 to 50 Mev. Relative activity was plotted versus 
(Emax— Ethreshoia). It was found that these curves when 
normalized to a maximum height of 1.00 were of 
identical shape, with one exception: in the case of 
fluorine, the activation curve was slightly wider. 

The author is grateful for discussion with Professor 
Fermi and is indebted to Charles McKinney and his 
betatron crew, Konrad Benford, Watts Humphreys, 
and Frank Sammons. 


2 R. L. Walker, Phys. Rev. 76, 1440 (1949). 
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The protons from the radioactive decay of the neutron have been identified by measuring their charge 
to mass ratio with an electrostatic field and magnetic lens spectrometer. Coincidences have been obtained 
between these protons and the corresponding beta-particles from the neutron decay using a second 
magnetic lens spectrometer to measure the energies of the beta-particles. In this manner the beta-spectrum 
of the neutron has been measured over the region from 300 kev to the end point and has been found to be 
consistent with the energy distribution expected for an allowed transition. The end point of the spectrum is 
782 kev with a probable error of +13 kev. The half-life of the neutron is 12.8 minutes with a probable error 


of +2.5 minutes. 


I. INTRODUCTION 


HADWICK and Goldhaber,' when they first ob- 

tained an accurate value for the mass of the 
neutron, observed that it should decay radioactively 
into a proton, a beta-particle, and a neutrino. Experi- 
mental confirmation of this was first reported by Snell 
and Miller,? who obtained evidence for the production 
of low energy positively charged particles by neutrons 
decaying in a beam from the Oak Ridge pile. Sub- 
sequently, Snell, Pleasonton, and McCord* obtained 
coincidences between beta-particles and low energy 
positive particles of approximately the proton mass 
resulting from the neutron decay, and the present 
author identified the decay product as a proton by a 
spectrometer method.‘ In this paper an experiment is 
described in which coincidences have been obtained 
between the beta-particles and the protons in an 
arrangement which has permitted the energy distri- 
bution of these beta-particles to be obtained. The 
experiment is an extension of that mentioned above,‘ 
and it used as a source of neutrons a beam from the 
Chalk River pile. Preliminary results were first reported 
at the Kingston meeting of the Royal Society of Canada 
in June, 1950. 

The main experimental difficulty in detecting the 
beta-particles resulting from neutrons decaying in a 
beam obtained directly from a pile is the large back- 
ground of electrons and gamma-rays which are always 
present in the vicinity of such a beam. One possible 
method of avoiding this background is to reflect the 
thermal neutrons out of the pile beam by means of a 
neutron mirror,> and a second method would be to 
filter out the gamma-rays by absorbers and remove 
the electrons by a strong magnetic field. Both these 
methods, however, involve loss of thermal neutron 
intensity if they are to be effective. In this experiment 
a high neutron intensity was an important consideration 


1 J. Chadwick and M. Goldhaber, Proc. Roy. Soc. (London) 
A151, 479 (1935). 

2A. H. Snell and L. C. Miller, Phys. Rev. 74, 1217A (1948). 

3 Snell, Pleasonton, and McCord, Phys. Rev. 78, 310 (1950). 

4J. M. Robson, Phys. Rev. 78, 311 (1950). 

5 Thorndike, Wotring, Shutt, and Borst, BNL-39 (unpublished) 
and private communication to the author. 


and, apart from a bismuth plug placed at the reacting- 
core end of the collimator to reduce the direct pile 
gamma-rays, no absorbers were placed in the beam. 
The beam therefore contained, in addition to thermal 
neutrons, a high intensity of fast neutrons, gamma- 
rays from neutrons captured in the collimator, and 
electrons. The beta-particles resulting from the neutron 
decay were identified from this background by obtaining 
their coincidences with the protons also resulting from 
the decay. 


II. EXPERIMENTAL ARRANGEMENT 
A. Apparatus at the Pile Face 


Figure 1 shows a plan view of the apparatus mounted 
outside the main shield of the pile. A collimated beam 
from which the pile gamma-rays had been filtered by 
a five-inch thick bismuth plug at the reacting-core end 
of the collimator entered an aluminum vacuum tank 
through a 0.005-in. aluminum window and emerged 
through a 0.018-in. window into a beam catcher. The 
beam was approximately 1.2 inches in diameter as it 
entered the vacuum chamber and contained approxi- 
mately 1.510" thermal neutrons per second at the 
pile power used during this experiment. A 0.1-in. thick 
shutter of boron carbide powder held between two 
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Fic. 1. Plan view of the apparatus mounted outside 
the main shield of the pile. 
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Fic. 2. Block schematic diagram of the electronic apparatus. 
0.005-in. aluminum foils could be inserted in the beam 
at S in the pile shield to shut off the thermal neutrons 
without appreciably scattering the fast neutrons or 
capture gamma-rays which were also present in the 
beam. 

Some of the protons resulting from the neutrons 
radioactively decaying in the beam were collected and 
identified by means of an electrostatic collecting system 
and magnetic lens spectrometer. The electrostatic field 
was formed by a 0.0003-in. aluminum high voltage 
electrode in the form of a hollow half-cylinder which 
was held at 13 kv positive with respect to ground, so 
that low energy positively charged particles such as 
protons from the neutron decay were deflected out of 
the beam through the entrance aperture into the 
magnetic lens spectrometer on the right of the beam. 
The counter at the end of this spectrometer was an 
electron multiplier whose first electrode covered the 
4-cm diameter exit hole of the spectrometer. The first 
electrode of this electron multiplier was held near ground 
potential and the final anode at 5 kv positive with 
respect to ground. The multiplier was shielded from 
the spectrometer magnetic field by mild steel shaped to 
deflect this field away from the 13 beryllium copper 
multiplying electrodes. The central stop of the spectro- 
meter and the defining rings were made of lead, and 
the end of the spectrometer was sourrounded by lead 
and boron carbide to reduce the background counting 
rate. 

The spectrometer on the left of the beam was a 
magnetic lens beta spectrometer with a mosaic of 
0.5-mm anthracene crystals covering an area of 1.5-in. 
diameter as detector. The light flashes from the an- 
thracene were piped down a 6-in. length of Lucite rod 
to an RCA 5819 photomultiplier which was shielded 
from the field of the beta-spectrometer magnet by a 
long mild steel pipe. This beta-particle detector will 
hereafter be referred to as the scintillation counter to 
distinguish it from the electron multiplier already de- 
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scribed as the proton detector. The beta-spectrometer 
was set up to have a magnification of 0.5 and a 
resolution of 9 percent in momentum expressed as 
total line width at half-maximum. It was calibrated 
in energy by mounting various sources in such a manner 
that their beta-rays had to pass through the 0.0003-in. 
aluminum high voltage electrode in a similar manner 
to the beta-particles from the neutron disintegration. 
The sources were electrically connected to the high 
voltage electrode so that the field between the high 
voltage electrode and the beta spectrometer was present 
during the calibration. Throughout the calibration the 
proton spectrometer magnet was set at the field 
required to focus protons from the neutron decay. It 
was first established that the current required to focus 
a line source of electrons (using a Cs'*7 source) was to 
the accuracy of the neutron decay experiment inde- 
pendent of the position of the source throughout the 
region of the neutron beam from which coincidences 
were to be obtained. The calibration was then made 
using sources mounted on the axis of the spectrometer 
at its intercept with the axis of the neutron beam. 
Three calibration points were used, namely, the K 
internal conversion line of the 411-kev gamma-ray 
from Au'®* (328 kev), the end point of Au'®® obtained 
by a Fermi extrapolation (957 kev),® and the end 
point of TI? (762 kev).’ Because of the small electro- 
static field between the sources and the spectrometer, 
and the presence of the small constant field from the 
proton spectrometer magnet, the current-momentum re- 
lationship for the beta-spectrometer was not exactly 
the same as would be expected for a normal magnetic 
lens beta-spectrometer. The difference was small, how- 
ever, and the calibration differed from a linear calibra- 
tion based on the end point of Au'®* by only about 1.5 
percent at 300 kev and 0.5 percent at 600 kev. 

The two spectrometers, the electron multiplier hous- 
ing, and the aluminum tank through which the beam 
passed formed one vacuum system which was con- 
tinuously pumped by liquid nitrogen trapped oil dif- 
fusion pumps. Throughout the experiment the pressure 
in this vacuum system was less than 10-* mm of 
mercury measured with a DPI ionization gauge. 


B. Associated Electronic Equipment 


Figure 2 shows a block schematic diagram of the 
electronic circuits. Two identical pulse amplifiers were 
used to amplify the pulses from the electron multiplier 
and the scintillation counter and the amplified pulses 
were fed to two identical discriminators. The output 
of the scintillation counter discriminator was fed into 
a forty section delay line on which taps were provided 
to enable any delay between 0 and 1 microsecond to 


*L. G. Elliott, in a private communication to the author, gave 
957+3 kev as the Fermi extrapolation to the end point of Au! 
relative to the 411-kev gamma-ray. 

L. Wolfson, in a private communication to the author, 
gave 76247 kev as the Fermi extrapolation to the end point of 
TI relative to the 411-kev gamma-ray of Au’, 
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be selected. The delayed pulses were then fed to a 
pulse shaping unit which produced by means of a 
twenty-section short-circuited delay line pulses of rise 
time 0.01 microsecond and of duration variable up 
to 0.4 microsecond. The output of the electron multi- 
plier discriminator was fed to a similar pulse shaping 
unit. These shaped pulses were then fed to a low im- 
pedance coincidence circuit working on the Rossi 
principle. The rise time of the pulses from the pulse 
amplifiers was such that the total time jitter of the 
pulses fed to the coincidence circuit at the discriminator 
settings used was about 0.07 microsecond because of 
the wide distribution in pulse sizes from the counters. 
Throughout the experiment the delay lines in the 
pulse shapers were set to produce pulses of 0.22 micro- 
second duration. Scalers were provided to enable the 
number of coincidences and also the number of pulses 
from the electron multiplier and from the scintillation 
counter to be individually recorded on a 10-pen re- 
corder. Continuous records were also made as a check on 
the scalers by means of counting rate meters and chart 
recorders. 

Using the focused electrons from the gold calibrating 
source, bias curves were obtained for the scintillation 
counter at various electron energies. From these curves 
the bias settings on the scintillation counter discrimi- 
nator were obtained which enabled a definite fraction 
(87 percent) of the counts at zero bias to be recorded. 
These bias settings varied slightly with energy, and the 
appropriate settings were used in the coincidence ex- 
periment on the neutron decay to be described later 
in this paper. Figure 3 shows the distribution in ampli- 
tude of the pulses from the scintillation counter when 
electrons of 300 kev were focused on the mosaic of 
anthracene crystals. This curve was obtained by differ- 
entiating the bias curve obtained at this energy. 

The currents through the two spectrometer magnets 
were electronically regulated to better than one part 
in a thousand by a continuous comparison of the 
voltages developed across standard resistances with 
those from standard cells. The comparisons were made 
by 400-cycle choppers whose outputs were amplified 
and arranged to control the currents through the 
magnets. 


III. EXPERIMENTAL RESULTS 
A. Protons from the Neutron Decay 


Figure 4 shows the counting rate obtained from the 
electron multiplier at different values of the proton 
spectrometer magnetic field with a voltage of +13 kv 
on the high voltage electrode. Two curves are shown, 
the solid line with the boron shutter “out” allowing 
the thermal neutrons to pass through the apparatus 
and the dotted line with the boron shutter “in” so 
that thermal neutrons were no longer present in the 
beam. A background which amounted to about 100 
counts per minute at the peak on the “out” curve and 
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Fic. 3. Pulse amplitude distribution from scintillation counter 


when 300-kev electrons are focused on the mosaic of anthracene 
crystals. 


which was due to other experimental apparatus not 
connected with this experiment has been subtracted 
from both curves. This background was obtained by 
closing a large iron gate, 12 inches thick, which was 
located about half-way along the collimator and which 
reduced the intensity of the beam by a factor of over 
1000. This background was, of course, present in the 
coincidence experiments to be described later in this 
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Fic. 4. Counting rate of the electron multiplier plotted against 
current through the proton spectrometer magnet. 
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paper. It can be seen that there is a large peak on the 
“out” curve centered at 10.5 amp which is not present 
on the “in” curve. This peak occurs at the correct 
magnetic field to focus protons of the energy received 
from the electrostatic field and is believed to represent 
protons resulting from the neutrons radioactively de- 
caying in the beam. The pressure in the vacuum tank 
was varied to see if any of these protons arose from 
spurious effects in the residual gas, but no significant 
effect was observed with air or oil vapor between pres- 
sures of 7X 10-7 mm and 5X 10~* mm of mercury. As a 
further check that the peak was not due to ionization 
effects, runs were made with lower voltages on the high 
voltage electrode. At accelerating potentials under 10 kv 
it would have been possible with the magnetic field 
available to observe the peak corresponding to singly 
ionized molecular hydrogen. No significant peaks other 
than that corresponding to protons were observed at 
any potential. The difference in counting rates between 
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Fic. 5. Coincidence rate between beta-particles and protons re- 
sulting from the neutron decay plotted against beta-particle 
energy. 


the “out” and the “in” conditions below 8 amp and 
above 12 amp is probably due to gamma-rays from the 
capture of thermal neutrons scattered by the vacuum 
chamber windows and by the air between the vacuum 
chamber and the beam catcher. 


B. Coincidences between the Protons and 
the Beta-Particles 


The proton spectrometer magnet current was set at 
10.5 amp to correspond to the peak on the boron 
“out” curve, and coincidences were sought between the 
pulses from the electron multiplier and from the scintil- 
lation counter at various settings of the beta-spectro- 
meter magnet current. To allow for the transit time of 
the protons through the proton spectrometer a delay of 
0.9 microsecond was introduced into the scintillation 
counter channel by means of the delay line mentioned 
in Sec. II of this paper. The calculated transit times 
for the protons lie between a minimum of 0.8 micro- 
second and a maximum of 1.0 microsecond, depending 
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on their paths; and a preliminary experiment indicated 
that the coincidence rate was a maximum with 0.9 
microsecond delay introduced in the beta-counting 
channel. An accurate knowledge of the resolving time of 
the coincidence system was an essential requirement of 
the experimental procedure, since, owing to the high 
background of beta-particles recorded by the scintilla- 
tion counter, the random coincidences were comparable 
to the expected coincidence rate from the neutron 
decay. The resolving time was therefore measured once 
every 10 hours throughout the experiment by measure- 
ment of the random coincidences when two separate 
radioactive sources were placed near the two counters. 
The resolving time was found to be 0.227 microsecond 
and remained constant to within +1 percent through- 
out the experiment. Figure 5 shows the coincidence rate 
obtained with the random coincidences subtracted. 
The random coincidences were calculated from the indi- 
vidual rates and the resolving time and amounted to 
about 0.75 coincidences per minute. Each point on Fig. 
5 represents about 24 hours of pile operation time. 

To check that the genuine coincidences shown in 
Fig. 5 were due to the neutron decay, several check 
runs were made with the beta-spectrometer set at 377 
kev. These are listed in Table I. 

It can be seen from Table I that genuine coincidences 
only appear under the following conditions: 


(1) thermal neutrons present in the beam, 

(2) proton spectrometer set to focus protons of the 
energy received from the electrostatic field, 

(3) the correct delay introduced in the beta-channel to 
allow for the transit time of the protons through the 
proton spectrometer. 


If any one of these conditions is not satisfied, the 
genuine coincidences vanish. If this evidence is com- 
bined with that obtained from the proton spectrometer 
and with the fact that the upper limit of the energy at 
which genuine coincidences appear is of the correct 
order for the upper limit of the energy of the beta- 
particles to be expected from the neutron decay, it 
seems very probable that these coincidences are due to 
decaying neutrons. 

The points below 300 kev are unreliable because of 
the absorption of low energy beta-particles by a 
5-mg/cm* Duralumin window which separates the 
mosaic of anthracene crystals from the beta-spectro- 
meter vacuum. These points are also unreliable for a 
reason connected with the proton collection system 
and discussed in the following section. 


IV. PROTON RECOIL MOMENTUM AND DIRECTION 


The variation with the beta-spectrometer focusing 
current of the coincidence rate between the beta- 
particles and protons will only represent the beta- 
spectrum of the neutron provided that the electrostatic 
collection system and the proton spectrometer are uni- 
formly sensitive to protons of all momenta and direc- 
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tions consistent with the beta-decay process. In the 
ideal arrangement the efficiency of the proton system 
should be independent of the momentum and direction 
of the proton recoil; or, expressed in other words, the 
volume of the neutron beam from which protons can 
be accelerated out of the beam and focused by the 
proton magnetic spectrometer onto the first electrode 
of the electron multiplier should be independent of the 
magnitude of the proton recoil momentum and its 
initial recoil direction relative to the axis of the spectro- 
meter. Since this ideal state cannot be attained, it is 
essential that an estimate should be made of the varia- 
tion in this collecting volume. 

To investigate this, a mechanical model was con- 
structed of the electrostatic collecting system in which a 
cross section of the electrode potentials in a plane per- 
pendicular to the neutron beam was represented by 
the height of a rubber sheet in a rubber model analog.® 
In such a model the paths of small spherical balls agrees 
closely with the paths of charged particles in the cor- 
responding electrostatic field. By giving a ball a small 
initial velocity corresponding in magnitude and direc- 
tion to a proton recoiling from a neutron disintegration 
its path through the system could be examined in one 
plane. Observations were made with different initial 
velocities covering the range of momentum and angles 
of interest; and in each case the point of entry through 
the entrance aperture of the proton spectrometer and 
the direction inside the spectrometer, in a region where 
the electrostatic field had essentially vanished, was 
recorded. These sets of observations were made for a 
series of small elements of area covering the cross 
section of the neutron beam. From the point of entry 
in the entrance aperture and the direction inside the 
proton spectrometer, the length of beam corresponding 
to each element of area, from which protons could enter 
the spectrometer and be focused, was calculated for 
various values of the component of the recoil momentum 
along the beam direction and therefore at right angles 
to the plane of the model. By summing the results for 
all the elements of area and making a correction for 
the neutron flux distribution across the beam, we 
obtained a set of graphs of sensitive volumes plotted 
against total recoil momentum for different initial recoil 
directions relative to the spectrometer axis. 

By averaging the results over small ranges of initial 
recoil direction a table was prepared which gave the 
volume »(’, ¢) of the neutron beam from which recoils 
of definite momentum p’ and of direction lying in the 
small range ¢ to ¢+d¢@ could be collected and focused 
onto the first surface of the electron multiplier. This 
showed that the proton collection system was uniform 
only over a region of the recoil momentum space where 
the angle ¢ between the recoil direction and the proton 
spectrometer axis was less than 60° and that above 
60° the volume from which collection was possible 

8V. K. Zworykin and J. A. Rajchman, Proc. Inst. Radio 
Engrs. 27, 558 (1939). 
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dropped off rapidly with increase of angle and with 
increase of recoil momentum. At 90° the volume 2(p’, ¢) 
was almost zero, and from 90° to 140° it again increased, 
remaining reasonably uniform above 140°. 

To assess the effect of this on the shape of the beta- 
spectrum, the possible recoil directions and momenta 
were calculated for various beta-particle energies on the 
assumption that momentum is conserved between the 
recoil proton, the beta-particle, and one zero rest mass 
neutrino. For beta-particle energies greater than about 
350 kev, this assumption, applied in this particular 
experimental arrangement, implies that when coinci- 
dences are obtained, the only protons involved will be 
those whose angle of recoil ¢ is less than 60° and thus 
those which are in the region where v(p’, @) is reasonably 
uniform. It is only for beta-particle energies below 300 
kev that an appreciable fraction of the recoils will have 
an angle ¢ greater than 60°. To obtain the quantitative 
effect of this, the individual volumes 2(p’,¢) were 
averaged over the regions of possible recoil momentum 
and direction predicted by the conservation of momen- 
tum and weighted by various correlations between 
the beta-particle and neutrino direction. In this manner 


I. Check runs to s)sow that the genuine coincidences 
were due to neutrons decaying. 


TABLE 








Proton 
magnet 
current 

(amp) 


10.5 


Genuine 
coincidences 
per minute 


1.108+0.055 
0.050+0.04 
—0.010+0.035 
0.011+0.028 
0.04 +0.03 


Delay 
introduced in Voltage on the 
Boron beta-channel high voltage 
shutter (microseconds) _ electrode 


out 0.9 13 kv 
out 0.5 13 kv 10.5 
out 0.9 0 10.5 
out 0.9 13 kv 6.5 


in 15 kv 











mean volumes V, from which coincidences could be 
obtained were calculated at given beta-particle energies 
for the various forms of correlation. The results 
are shown in Fig. 6 for three correlation factors: 
(a) 1+(p/E) cosé, (b) 1, and (c) 1—(p/E) cos@, where 
p and E are the momentum and total energy of the 
beta-particle and @ is the angle between the electron 
and the neutrino. It can be seen that above 300 kev 
the volume V, is about 8.8 cc and is constant to within 
+5 percent for each of the three cases. The other 
correlation factors 1+ 4(p/E) cos@ and 1—}(p/E) cosé 
lie between these cases and, to avoid confusion, are not 
shown on Fig. 6. The volume is again constant to 
better than +5 percent. 

If one assumes a multiplicity of neutrinos with 
randomness in their relative directions, their momenta 
will partially cancel each other and the proton recoils 
will tend to be more nearly opposite in direction to the 
beta particle direction. Under these circumstances the 
volume will become more constant than in the one- 
neutrino case. 

If one assumes that momentum is not conserved in 
the process except that the maximum value of the 
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Fic. 6. Volume of neutron beam from which recoil protons 
corresponding to the beta-particle energies are collected and 
focused onto the first surface of the proton counter. Conservation 
of momentum has been assumed between the beta-particle, the 
proton, and one zero rest mass neutrino. The solid line represents 
the case of a 1+(p/E) cos@ correlation between the beta-particle 
and neutrino, the dashed line a correlation 1 and the dot and 
dashed line a correlation 1—(p/E) cos@. 


proton recoil momentum cannot exceed the momentum 
corresponding to a beta-particle at the upper limit of 
the beta-spectrum, then all recoil directions and 
momenta used in the rubber model tests may be 
possible, and the effect on the beta-spectrum will 
depend on the amount of correlation between the beta- 
particle and the recoil proton. In the extreme case of 
complete correlation between a definite beta-particle 
energy and a definite recoil momentum and definite 
recoil direction, the coincidence spectrum would bear 
little resemblance to the actual beta-spectrum. How- 
ever, an experimental check is available which can give 
information as to whether the proton recoils are or are 
not restricted to the region predicted by the conserva- 
tion of momentum. This check is available in the follow- 
ing manner. 

The number of neutrons decaying per cc of neutron 
beam can be obtained from the total number of proton 
counts and from the volume of beam V, from which 
protons are collected and focused onto the first surface 
of the electron multiplier. This mean volume of beam, 
V,, has to be obtained by averaging the individual 
volumes »(’, ¢) over all recoil momenta p’ weighted 
by the recoil momentum spectrum and over all recoil 
directions @ weighted by their corresponding solid 
angle. In this case the protons alone are concerned and 
the beta-particles are of no significance, so that there 
will be no restrictions on the angle ¢ of the proton 
recoil. Consequently, »(p’, ¢) has to be averaged over 
all values of ¢ from 0° to 180°, and V, will therefore 
be smaller than the value obtained for V, on the 
assumption of momentum conservation. From this 
number of neutrons decaying per cc of neutron beam 
and from the resolution and solid angle of the beta- 
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spectrometer it is possible to calculate from the coin- 
cidence rate the volume of beam from which coinci- 
dences are obtained. If this volume is found to be 
about 8.8 cc, it will be some evidence that the recoils 
lie in the region predicted by the conservation of 
momentum. If, however, the volume is found to be 
appreciably less than 8.8 cc, the recoils must lie outside 
the restricted region predicted by conservation of 
momentum, and the coincidence spectrum would not 
necessarily represent the beta-spectrum. As will be 
shown in Sec. VI.A, the experimental results are in 
agreement with the prediction of the conservation of 
momentum. It is therefore assumed that the coinci- 
dence spectrum shown in Fig. 5 represents the beta- 
spectrum to within +5 percent for beta-particle energies 
above 300 kev. Table II summarizes the results of the 
mechanical model tests. 


V. THE END POINT OF THE BETA-SPECTRUM 


Figure 7 shows the momentum spectrum of the beta- 
particles from the radioactive decay of the neutron. The 
line connecting the experimental points has been 
drawn as a broken line below 2000 gauss-cm to em- 
phasize that in this region there are known instrumental 
defects which make the observed points inaccurate in 
their representation of the true momentum spectrum. 
These known defects are 


(a) absorption of the focused beta-particles by the 
5-mg/cm?. Duralumin vacuum window in front of the 
scintillation counter; 

(b) non-uniformity of the electrostatic collection 
system for the proton recoils corresponding to beta- 


TABLE II. Uniformity of the volume of neutron beam, V,., from 
which coincidences can be obtained as the beta-particle energy 
varies from 300 kev to the end point. The uniformity of volume 
represents the peak-to-peak error of the coincidence spectrum 
from the true beta-spectrum. 








5 Uniformity 
Veince of volume, 
percent 


+3 


Condition 





Momentum conserved between beta-par- 8.9 
ticle, proton and one neutrino. Correla- 
tion factor 1+(p/E) cosé. 

As case 1 but correlation factor 
1+4(p/E) cosé. 

As case 1 but correlation factor 1. 

As case 1 but correlation factor 
1—4(p/E) cosé. 

As case 1 but correlation factor 
1—(p/E) cosé. 

Momentum conserved between beta-par- 
ticle, proton, and multiple neutrinos. 
Neutrinos randomly oriented. 

Momentum not conserved in process. 
Randomness in orientation and recoil 
momentum of proton. 

Momentum not conserved in process. 
Complete correlation between beta-par- 
ticle energy and recoil proton momen- 
tum; randomness of recoil direction. 

Momentum not conserved in process. 5 
Complete correlation between beta-par- 
ticle energy and recoil proton direction; 
randomness of recoil momentum. 


+4 


+4 
+4 


+5 
+5 
completely 
uniform 


+30 


+30 
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particles with momentum less than about 2000 gauss- 
cm. 

The known inaccuracies in the points above 2000 
gauss-cm are all less than the standard deviations of 
the coincidence rates which have been indicated by the 
vertical bars through the experimental points. The ex- 
perimental data has therefore not been corrected for 
these known inaccuracies, which are 

(a) variations of the mean volume of neutron beam 
from which coincidences can be obtained, as discussed 
in Sec. IV of this paper; 

(b) effect of the finite resolution of the beta-spectro- 
meter. This was calculated by the method of Owen and 
Primakoff® using the experimentally determined re- 
solution curve of the spectrometer on a conversion line. 
The source used for this investigation (Cs'*”) was 
mounted at various positions throughout the region 
of the neutron beam from which coincidences cou!d be 
obtained, and an effective resolution curve was thereby 
obtained for a source of the same size as the neutron 
source. This resolution curve was of the form J(p) 
=1(po) exp[ —(p— po)?/2a*] with a= 0.0350. The effect 
of this resolution was found to be small compared 
with the standard deviations of the coincidence rates 
and was therefore neglected. The only points signifi- 
cantly affected by the resolution correction were the 
two at largest momentum and even for these two points 
the correction was less than the standard deviation. 

Figure 8 shows the spectrum plotted as a Fermi plot. 
The F function corresponding to the effect of the 
coulomb field has been set equal to one at all energies, 
since its variation for Z=1 over the region from 300 
kev to 800 kev is quite negligible in comparison with 
the standard deviations of the coincidence rates. It can 
be seen that above 300 kev the points lie on a straight 
line indicating that above this energy the energy 
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Fic. 7. Momentum spectrum of the beta-particles from the 
neutron decay. Below Hp=2000 gauss-cm the curve is unreliable 
because of instrumental effects discussed in the text. 


*G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948). 
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Fic. 8. The beta-spectrum of the neutron plotted as a Fermi 
plot. N(p) is the number of coincidences per unit momentum 
interval. 


distribution of the beta-particles is consistent with the 
distribution to be expected for an allowed transition. 

The end point of the beta-spectrum as obtained from 
an extrapolation of the Fermi plot is 785 kev. A correc- 
tion of 3 kev must be subtracted from this observed 
value of the neutron spectrum end point to allow for 
the energy received by the beta-particles from the 
electrostatic field for the proton collection. This is 
necessary because the calibrating sources were elec- 
trically connected to the high voltage electrode and 
were thus at a potential of 13 kv, while the mean 
potential at the position of the neutron beam was about 
10 kv. Taking into account the errors due to (a) un- 
certainty in the actual end point of Au'®* and of T?™ 
relative to the 411-kev gamma-ray of Au’, (b) calibra- 
tion error of the beta-spectrometer, and (c) error in the 
extrapolation of the Fermi plot of the spectrum of the 
neutron decay, the value for the end point of the beta- 
spectrum of the neutron from this experiment is 782 
kev with a probable error of +13 kev. 


VI. HALF-LIFE OF THE NEUTRON 


A. Number of Neutrons Decaying per Unit Volume 
of Neutron Beam 


The number of neutrons decaying per unit volume of 
the neutron beam can be estimated from the number 
of protons striking the first electrode of the electron 
multiplier and the volume of beam V, from which it 
can obtain protons. The mean volume of beam from 
which protons can be collected and focused onto the 
electron multiplier was obtained by averaging over all 
momenta and angles of recoil the volumes 2(p’, ¢) 
obtained from the mechanical model in the manner 
discussed in Sec. IV. In this averaging the solid angles 
subtended by the small angle intervals associated with 
each observation made on the mechanical model was 
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taken into account; and the distribution of recoil 
momenta used was that predicted by conservation of 
momentum between the beta-particle, recoil proton, 
and one zero rest mass neutrino for a mixture of the 
two cases of interaction with invariance properties of 
a tensor and of an axial vector. The value obtained in 
this manner for the mean volume of the beam V, 
was 4.7 cc. 

The number of protons which strike the first surface 
of the electron multiplier is the counting rate divided 
by the efficiency of the electron multiplier. It is a 
characteristic of electron multipliers that the average 
amplitude of the pulses obtained when counting protons 
is considerably larger than the average amplitude ob- 
tained when counting gamma-rays or beta-particles. 
Thus, as the bias setting on the electron multiplier dis- 
criminator is increased, the ratio of the proton peak 
increases relative to the background. The actual bias 
setting used in the main part of the experiment was 
therefore chosen so that the background was reduced 
to a satisfactorily low value. The efficiency of the elec- 
tron multiplier for protons at this bias setting was 
estimated by the following procedure. Curves similar 
to Fig. 4 were obtained at different bias settings of the 
discriminator used in conjunction with the electron 
multiplier. From these curves a bias curve was obtained 
for the electron mutliplier counting protons resulting 
from the neutron decay. From this curve an extrapola- 
tion to zero bias indicated the number of protons which 
would have been counted at zero bias and showed that 
the ratio of the counting rate at the bias setting used 
in the main part of the experiment to the counting 
rate at zero bias was 0.29. Previous experiments!” have 
indicated that for an electron multiplier using beryllium 
copper electrodes the efficiency for 10-kev protons was 
100 percent at zero bias. However, the electron multi- 
plier used in this experiment employed a considerably 
larger first electrode than the one previously tested for 
10-kev protons; and with such a large surface a correc- 
tion will be necessary for the probable non-uniformity 
of the first surface. This correction was obtained by 
using alpha-particles from a source of Cm of known 
strength. The source was mounted inside the proton 
spectrometer in such a position that its alpha-particles 
could strike the first surface of the electron multiplier. 
The electron-multiplier entrance-aperture was covered 
with 0.00025-in. aluminum to’ stop the low-energy 
secondary-electrons emitted from various parts of the 
spectrometer and from the source. A bias curve was 
then taken for the electron multiplier counting the 
6-Mev alpha-particles from the curium source. It was 
found that this bias curve was very similar in shape to 
that obtained when counting protons from the neutron 
decay and was unaffected by the application of the 
magnetic field necessary to focus the protons from the 
neutron decay. From the counting rate at zero bias and 


10 J. M. Robson, Rev. Sci. Instr. 19, 865 (1948). 
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from the solid angle presented by the electron multiplier 
entrance aperture to the curium source the correction 
to be applied due to non-uniformity of the first surface 
of the electron multiplier was estimated as 0.82. The 
resulting value for the efficiency of the electron multi- 
plier was therefore 0.237 at the bias setting used in the 
main part of this experiment. The number of protons 
counted by the electron multiplier at this bias setting 
was 705 per minute at a certain known reference value 
of the pile power. Combining these values with the 
value obtained for V, the number of neutrons disin- 
tegrating into protons per cubic centimeter of the beam 
is found to be 630 per minute. The various sources of 
error in this determination will now be considered. 
The error will primarily be due to uncertainty in the 
knowledge of the mean volume, V », of the neutron beam 
from which protons can be collected. The data obtained 
from the mechanical model tests are obtained essentially 
by a series of calculations based on a set of observations 
made with the model. By performing the calculations 
in different manners the various volumes of beams 
discussed in Sec. IV were obtained for different assump- 
tions as to the process of the neutron decay. In each 
case, however, the same data were used. Consequently, 
the values obtained for the various assumptions are 
probably self-consistent to the accuracy of the calcula- 
tions. The absolute values of the volumes, however, 
depend on the accuracy of the data obtained from the 
mechanical model and on the accuracy of the mechanical 
model in representing the true paths of the protons in 
the electrostatic field. A series of tests made with the 
mechanical model indicated that its self-consistency 
for repetition of the same operation was such that the 
resulting probable error in the volume of the beam 
would be about +6 percent due to the errors in the data 
from the mechanical model. The inherent error in the 
representation by the mechanical model of the true 
paths of the protons in the electrostatic field is difficult 
to estimate because no simple method has been devised 
to test experimentally the applicability of the method 
in this particular case. Some information, however, has 
been published by Zworykin and Rajchman® on the 
accuracy of a similar mechanical model in representing 
the paths of electrons between adjacent surfaces of an 
electron multiplier. They compared the landing coordi- 
nate of an electron liberated from one surface and 
accelerated to a second surface as obtained from the 
mechanical model with that obtained from a specially 
designed electronic tube. If the value obtained from the 
electronic tube is accepted as correct, it is possible to 
estimate from their published curve the error of the 
mechanical model value. This error will probably be a 
function of the starting position of the electron from 
the first surface and is more of the nature of a systematic 
error than a random error. A similar situation will 
arise in the mechanical model representation of the 
paths of the protons in the electrostatic field of the 
neutron decay experiment, namely, that the individual 
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errors of the paths of the protons will be a systematic 
function of the exact path and consequently of the 
magnitude and direction of the initial proton recoil 
momentum. However, in the estimation of the volume 
of beam from which protons can be collected and 
focused onto the first surface of the electron multiplier, 
a large number of individual observations made with 
the mechanical model are combined. An estimate of the 
error of the volume has therefore been attempted by 
treating the individual errors of the model of Zworykin 
and Rajchman as being representative of the individual 
errors of the mechanical model in this experiment and 
by then treating these errors as if they were random so 
that a probable error can be derived for the error of one 
determination made with the mechanical model. In 
this manner, the portion of the probable error contri- 
buted by the mechanical model, of the volume of beam, 
V,, from which protons can be collected and focused 
onto the first surface of the electron multiplier, was 
estimated to be +9 percent. Several other errors must 
be combined with this to determine the error in the 
number of neutrons disintegrating per unit volume of 
beam. These are (a) the error in the method of calcula- 
ting the volumes v(p’, @) from the mechanical model 
tests, (b) the error in the counting rate of the electron 
multiplier, and (c) the error in the determination of 
the efficiency of the electron multiplier for the protons 
resulting from the neutron decay. 

The calculation of the volumes 2(p’,¢@) from the 
individual results of the mechanical model involves a 
calculation of the trajectory of the protons through the 
magnetic field of the proton spectrometer. The error in 
this calculation is probably not serious in view of the 
long focal length of the magnet in comparison with the 
diameter of the entrance and exit window of the spectro- 
meter and is arbitrarily considered as less than 5 per- 
cent. A further source of error will be considered here, 
namely, the error which arises from the method of 
averaging the volumes 2(p’,@) to obtain the mean 
value V,. The value of 4.7 cc quoted above for V, 
refers to an average over the distribution of recoil 
momenta predicted by assuming conservation of 
momentum between the recoil proton, the beta-particle, 
and one zero rest mass neutrino with an equal mixture of 
tensor and axial vector invariance properties of the 
interaction between the nucleons and the light particles. 
The volumes V , obtained by averaging over the momen- 
tum distributions" predicted by all the possible inter- 
actions are listed in Table III. Also listed in this table 
are the volumes obtained by merely averaging uniformly 
over all momenta and by averaging uniformly over all 
recoil energies. It can be seen that the volume V, is not 
very sensitive to the form of beta-decay process which 
is assumed for the neutron decay. However, to allow 
for the variation, a probable error of 5 percent is in- 
cluded for the method of averaging. 


"OQ, Kofoed-Hansen, Phys. Rev. 74, 1785 (1948), 
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The error in the counting rate of the electron multi- 
plier is small statistically but may amount to 4 percent 
owing to possible differences in amplifier and electron- 
multiplier gain and discriminator bias settings between 
the actual runs with protons from the neutron decay 
and the runs used for estimating its efficiency. The 
probable error in the determination of the efficiency of 
the electron multiplier is estimated as 7 percent. When 
all these errors are combined, the number of neutrons 
decaying per minute per cubic centimeter of neutron 
beam is 630 with a probable error of 15 percent. 

As was mentioned in Sec. IV this value for the 
number of neutrons decaying per minute per cc of 
neutron beam can be combined with the coincidence 
counting rate to determine the volume of beam from 
which coincidences are obtained. A comparison of the 
value thus found with that predicted by the conserva- 
tion of momentum will give a check on the validity 
of the assumption that momentum is conserved in the 
neutron decay process. If m is the number of neutrons 
decaying per cc of beam, V, the volume of beam from 
which coincidences can be obtained, e(EM) the efficiency 

TABLE III. Volume, Vp, from which protons can be collected 
and focused onto proton counter without restrictions as to direc- 
tion of beta-particle. The correlations between the beta-particle 


and neutrino direction are expressed as 1+-a(p/E) cos@ with a 
having the values listed. 


Condition 





Vector 

Tensor 

Axial vector 

Scalar or pseudoscalar 

Equal mixture of tensor and axial vector 
Averaging uniformly over all proton momenta 


Averaging uniformly over all proton energies 
‘ 


of the electron multiplier, e(SC) the efficiency of the 
scintillation counter, 2 the solid angle of the beta- 
spectrometer expressed as a fraction of 47, and R the 
resolution of the spectrometer defined as the fractional 
width of a square distribution whose area is the same 
as the area under the resolution curve of the spectrom- 
eter for a line source of electrons, then 


v= f (N/p)dp / RQe(EM)e(SC), 
0 


where JN is the observed coincidence rate. 

The integral was obtained graphically using the ob- 
served coincidence rates above 250 kev and using the 
extrapolation of the Fermi plot to give extrapolated 
rates below 250 kev. This was necessary because of the 
absorption in the Duralumin window separating the 
scintillation counter from the main vacuum. The in- 
tegral was found to be 1.0 count per minute. R and 
Q were determined by using a source of Cs'*?. The 
source was about § inch in diameter and was placed 
at various positions in the neutron beam covering 
the volume from which decay events could be recorded 
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by the spectrometers. In this manner the effective 
solid angle for the neutron source was obtained relative 
to the solid angle for a small source centrally located 
on the beta-spectrometer axis. This latter solid angle 
was calculated geometrically and checked by the 
approximately known number of internal conversion 
electrons from the source. The product RQ was found 
in this manner to be 9X10~. The efficiency of the 
scintillation counter e(SC) was assumed to be equal to 
the counting rate at the bias used in the coincidence ex- 
periment divided by the counting rate at zero bias and 
multiplied by a factor giving the effective coverage by 
the mosaic of anthracene crystals. The bias correction 
was 0.87, and the coverage correction was estimated as 
0.95, giving 0.825 for e(SC). The efficiency of the 
electron multiplier e(EM) has already been discussed 
and was found to be 0.237. Inserting these values in 
the above formula gives V.=8.9 cc. 

This value is in agreement with that predicted by 
the application of the conservation of momentum to the 
data from the mechanical model tests. It is considerably 
larger than the value obtained by not restricting the 
proton recoils to the region predicted by momentum 
conservation and thus gives some evidence that mo- 
mentum is conserved in the neutron decay process. 


B. The Density of Neutrons in the Beam 


The density of neutrons in the beam’ was measured 
by the activation of calibrated manganese foils. Man- 
ganese foils were used because the activation cross 
section of manganese is inversely proportional to 
the neutron velocity for neutrons of energy less than 
1 ev. Consequently, the activity produced in a man- 
ganese foil by neutrons of energy less than 1 ev is 
proportional to the neutron density and not the 
neutron flux. Thus, by obtaining the difference of the 
activities of a foil with and without a cadmium shield, 
we can measure the density directly without any deter- 
mination of the distribution of neutron velocities. The 
use of a cadmium shield to eliminate effects due to 
neutrons of energy greater than 1 ev is justified because 
these neutrons will contribute negligibly to the density. 
The foils used were calibrated separately against 
standard manganese foils of the same thickness which 
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had previously been calibrated by Fenning of this 
laboratory.” Fenning activated the standard manga- 
nese foils in a density of thermal neutrons which he 
measured absolutely with a small boron trifluoride 
chamber. The density of neutrons in the beam was 
measured in two separate measurements. In the first 
measurement the neutron density at various points 
across the beam was measured relative to the neutron 
density at the center of the beam at the point S in Fig. 1. 
This neutron distribution agreed closely with the dis- 
tribution to be expected from the geometry of the 
collimator and was used to correct the measurements 
made at individual points across the beam in the 
mechanical model tests. As a consequence of this, the 
volumes of beam mentioned in this paper all refer to 
volumes having a neutron density equivalent to that 
at the center of the beam at the point S in Fig. 1. In 
the second measurement the absolute neutron density 
at the center of the beam at the point S was measured 
at the particular pile power used as a standard reference 
during this experiment. The manganese foil activations 
were all made both with and without cadmium covers, 
and the activities used were the difference of these two 
measurements. The value obtained in this manner for 
the density of neutrons at the center of the beam at the 
point S was 1.16X10* neutrons per cubic centimeter 
with an estimated probable error of 8 percent. 

The half-life of the neutron is related to m the number 
of neutrons decaying per minute per cubic centimeter 
of beam and p the density of neutrons by the formula 


T= (p/n) X0.693. 


Inserting the values quoted above, we find that 7, 
= 12.8 min, with a probable error of 18 percent. 
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12 F. W. Fenning, Montreal Report MP-252, (1946), National 
Research Council of Canada (unpublished). 
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The mobility of the photoelectrons produced in cadmium sulfide by pulsed ultraviolet and x-ray excitation 
has been determined through measurements of the incident radiation, the luminescence radiation, and the 
initial rates of rise and decay of the photocurrent. The mobility value as well as the efficiencies of the 
excitation and radiative recombination processes for the two types of excitation are obtained directly from 
these measurements by means of a general analysis which is independent of the details of the photoelectric 
mechanism. The following approximate numerical results are obtained: The electron mobility is 30 cm*/volt- 
sec. Two percent of the conduction electrons radiate red light quanta upon recombining. Each 0.5A x-ray 


quantum produces about 2000 conduction electrons. 


I. INTRODUCTION 


HOTOCONDUCTIVITY in the crystal phosphors 

is accompanied by the phenomenon of lumines- 
cence and is closely related to it. It is this relation 
which gives this class of crystals its importance in the 
development of solid state theory. That a given crystal 
of the class could profitably be investigated both for 
its photoconducting properties and its luminescence 
behavior seems to have been realized first by Lehfeldt! 
working with zinc sulfide. Later Kallman and War- 
minsky* and Frerichs* studied cadmium sulfide using 
the same approach. 

Lehfeldt observed the decay of the current simultane- 
ously with the decay of the luminescence, but only for 
low intensities of the exciting radiation and for long 
decay times. It occurred to the authors that perhaps a 
study of the simultaneously observed current and 
luminescence responses of such a crystal for high 
intensities of excitation and short times might give new 
insight into the above relation, and into the mechanism 
of photoconductivity. The introduction of fast and 
sensitive light detecting systems*:> had made it experi- 
mentally possible to do this. 

The authors therefore devised a method of making 
the measurements and were able to record the simul- 
taneous rise-and-decay curves of the current and of the 
luminescence for a crystal of cadmium sulfide, the time 
interval covered being about 10 milliseconds. The 
approximate magnitudes of the electron mobility and 
other parameters were deduced from these curves.* The 
full interpretation of the curves was not attempted 
and indeed cannot be given until further work is done, 
but the authors feel that certain deductions from a 
limited portion of the work are of sufficient interest to 
justify giving them now. 


1W. Lehfeldt, Gottingen Nachr., yoy ee IT, 3, 263 (1933). 


2H. Kallman and R. Warminsky, Ann. P 

3 R. Frerichs, Phys. Rev. 76, 1871 (1949). 

*R. J. Cashman, OSRD Report No. 5997 NDRC Div. 16.4 
(1945), unpublished. 

5L. Holland and W. Hole, OSRD Report No. 5298 NDRC 
Div. 16.4 (1945), unpublished. 

* L. Gildart and A. Ewald, Phys. Rev. 78, 645 (1950). 


ysik 4, 69 (1948). 


The aim of this paper is to describe the new method 
for the quantitative determination of the mobility of 
the conduction electrons in crystal phosphors and to say 
something about the efficiencies of the excitation and 
radiative recombination processes in cadmium sulfide. 


Il. THEORY 


Although it is unnecessary to adopt a detailed model 
of a crystal phosphor in the development which follows, 
we shall use the Seitz-Johnson modzl’ to make the 
analysis clearer. The theory develops logically if we 
specify only that when the crystal is excited, e.g., 
subjected to radiation of sufficient energy, as x-rays or 
ultraviolet light, electrons are raised to the conduction 
band and while there contribute to the conductivity of 
the crystal; and that after spending a few milliseconds 
in excited states (i.e. the conduction band and traps) 
the electrons fall down again (recombine) into lower 
energy levels, either with the emission of the character- 
istic luminescence quanta, or without (radiationless 
transitions). Further, whether the law describing the 
recombination is monomolecular or bimolecular does 
not have to be known. 

The customary expression for the current density in 
the crystal is consistent with the above limited picture 
of the process 

j=euEp, (1) 


where ¢ is the electron charge, u is the electron mobility 
in the conduction band, E£ is the electric field intensity, 
and p is the density of conduction electrons. Since 
cadmium sulfide is an V-type conductor, a term for the 
hole-conductivity is not included.* 

The main assumption in the development is that 
changes in the current density are determined entirely 
by changes in the density of conduction electrons. 
Thus, if p changes with time because of a time variation 
of the excitation intensity, the resulting variation in j 
is given by 

dj/dt=epEdp/dt. (2) 


Substitution of the measurable quantities i and V (the 


7 F. Seitz and R. Johnson, J. Appl. Phys. 8, 246 (1937). 
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current and the voltage) for j and E gives 


i/A=epnVp/L (3) 
and 


di/dt=euV A(dp/dt)/L, (4) 


where A is the cross section of the crystal and L is its 
length.”* 

In Eq. (4) dp/dt is the net rate of change of the 
conduction electron density in the crystal, i.e., the 
difference between the rate at which the density is 
increasing due to excitation and the rate at which the 
density is decreasing due to recombination. This relation 
applies to two cases which are of particular importance: 
case (a) The irradiation is suddenly blocked off from 
the crystal, the crystal having reached a steady state 
in the light, and case (b) The irradiation is suddenly 
allowed to fall on the crystal, the crystal having already 
reached a steady state in the dark. One of us has 
shown® that in these cases the magnitude of dp/dt is 
given by the excitation rate. That this is so even for a 
many-process model can be seen from the following 
argument, applied to the Seitz-Johnson model (Fig. 1): 

Let R,, be the rate at which electrons are raised from 
the centers to the conduction band, and R, the reverse 
process. Let Q, be the rate at which they are raised 
from the traps, and Qa be the reverse process. If n is 
the population of electrons in the conduction band 
(n=pAL), then the rate at which it is changing at 
any instant is given by 


dn dt= R,- RatQu—-Qa. 


Suppose that the crystal has been receiving constant 
irradiation and equilibrium has been attained. The rate 
at which electrons are raised from the valence band 
into the conduction band (either by direct or indirect 
process) must equal the rate at which they return again 

7a For simplicity these equations, and also those below de- 
scribing the luminescence process, are written for the case of 
uniform charge and current densities. However, products of the 
type pA and (dp/dt)A can be replaced by integrals over the 


cross-sectional area without affecting our results. 
8 A. W. Ewald, Phys. Rev. 81, 607 (1951). 
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to the valence band. Likewise, for any competing 
process, as, for instance, the exchange of electrons 
between the conduction band and the normally empty 
trapping centers, the rate at which electrons are raised 
into the conduction band must equal the rate at which 
they drop down again. Up until the instant at which 
the radiation is cut off, it is true that 


Ru=Ra and Q.u=Qa. 


At the cut-off instant and for a moment afterward,** 
say, from time (¢) to time (/+), it is true that 


R,=0, 
while 
Qu=Qa 
still. Therefore, it follows that during the short interval 


of time, e, 
dn/dt= — Ra, (5) 


or the instantaneous rate of decrease of the number of 
electrons in the conduction band is equal to the rate at 
which electrons fall into the activating centers, e.g., 
the recombination rate. This is case (a) above. 

Suppose the crystal has been in the dark long enough 
so that all rates of transfer of electrons, and the popu- 
lation of electrons in the conduction band, are not 
appreciably greater than zero, viz. : 


Ru=Ra=Qu=Qa=0, and n=0. 


If the crystal is suddenly illuminated, it will be true 
for a short interval of time, e, thereafter, that 


Ra=0=Q.=Qa 
still, and therefore 
dn/dt=+R,, (6) 


or the instantaneous rate of increase of the number of 
electrons in the conduction band is equal to the excita- 
tion rate. This is case (b) above. 

If the number of activating centers is large compared 
with the maximum value of , then R,, is constant for a 
given excitation intensity and thus we can deduce from 
Eqs. (4), (5), and (6) that the initial rise slope of the 
current is equal to the initial decay slope of the current. 
This was found to be true within the limit of experi- 
mental error for several crystals studied. There were, 
however, some crystals for which, under the experi- 
mental conditions, this equality was not satisfied. These 
require further investigation before one can decide 
whether or not they do conform to this general model. 

The luminescence process can be described in terms 
of the luminescence radiation by the equation 


pi=hv,ALdp ‘dt, (7) 


where ; is the luminescent light power emitted by the 
crystal and hy; is the energy of each luminescent light 
quantum. Equation (7) assumes that each conduction 


88 The time interval, ¢«, is taken as short compared with the 
lifetime of the electron in the conduction band. 
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electron emits one luminescence quantum when it falls 
from the conduction band. If, however, only a fraction 
a of the conduction electrons undergo such radiative 
recombinations, Eq. (7) must be written as 


phi= ahv,A Ldp/dt. (8) 


Alternatively, the luminescence process can be de- 
scribed in terms of the excitation by 


pa=hv.AL(dp/dt)/8, (9) 


where #, is the excitation radiation power absorbed by 
the crystal, hv, is the energy per excitation quantum, 
and 8 is the number of electrons excited per absorbed 
quantum. 

The photoconductive process and the luminescence 
process can be related, as previously mentioned, by 
eliminating (dp/dt) between Eqs. (4) and (8) or between 
(4) and (9). All quantities in the resulting relations are 
experimentally measurable by the method described 
below, except a, 8, and wu. If we assign 8 a value for 
one type of excitation, this value being based on other 
experimental evidence, then the electron mobility in a 
given crystal can be found, together with the remaining 
coefficients of the equations. As a check the value of u 
so obtained can be put back into the same relation but 
for another type of excitation, and the 8 resulting from 
this solution can be compared with 8 from other 
experiments. 


Ill. APPARATUS AND PROCEDURE 
A. Ultraviolet Excitation 


The light source for the ultraviolet excitation of the 
crystal was a high pressure mercury arc in quartz 
envelope operated at 65 volts.* Light from this source 
could be interrupted at 30 cps by a rotating chopper 
disk shown at position J in Fig. 2 and was sent through 
a glass ultraviolet filter and directed upon the crystal. 
The voltage developed across a 10,000-ohm load resistor 
connected in series with the crystal and a 45-volt 
battery was applied to an oscilloscope. The steady-state 
power of the ultraviolet light incident on the crystal 
was measured by means of a vacuum thermocouple 
calibrated against a Bureau of Standards lamp. 

A known fraction of the luminescent light from the 
crystal was gathered by an /f/1 optical system and 
focused on a photocell receiver, first passing through a 
No. 70 Wratten filter and a second 30-cps chopper 
(shown at position //). The detecting system consisted 
of a Cashman thallous sulfide cell‘ sensitive in the red, 
and a tuned amplifier based on the design of Holland 
and Hole.’ This system was calibrated against a beam 
of red light of known intensity coming from the exit 
slit of a monochromator. 

The initial slope of the current rise curve was found 
as follows: A chopper disk having a 15-degree aperture 


* W. W. Coblentz and R. Stair, J. Research Natl. Bur. Standards 
16, 83 (1936), RP 858. 
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and driven by an 1800-rpm synchronous motor was 
used in the first modulation position, giving a dark 
time of 32-msec and an on-time of 1.4 msec. This ratio 
of dark time to on-time allowed the crystal studied to 
come to equilibrium in the dark once each cycle while 
still allowing time enough for the initial rise curve to 
have sufficient extent so that its slope could be measured 
easily. The curve appearing on the oscilloscope screen 
was recorded photographically. The initial slope of the 
current decay curve was found similarly, except that 
the chopper in the first modulation position had an 
aperture of 345 degrees, inverting the ratio of dark time 
to on time. The crystal now came to a steady state 
condition in the light once each cycle. 

For the calculation of the present paper the steady- 
state luminescence power was the only luminescence 
measurement needed. Thus a chopper disk of 180-degree 
aperture driven by the 1800-rpm synchronous motor 
in the second modulation position was used to provide 
the modulation of the luminescence light required by 
the ac detecting system. During this measurement the 
first chopper was not operated. That the filter system 
was not allowing a false signal to get through to the 
detector was proved by substituting a nonluminescent 
diffuse reflector in the position of the crystal. 

To get the entire rise-and-decay curve of the lumi- 
nescence, previously described,® the 180-degree disk 
was replaced by one having a 5-degree aperture, and 
both this disk and one in the first modulation position 
were operated simultaneously. Any desired phase rela- 
tion between the two choppers could be obtained by 
rotating one motor while both were operating which 
made possible pointwise scanning of the luminescence 
curve. 


B. X-Ray Excitation 


The source of x-rays was a copper target tube 
operated at 40 kv with 18-ma beam current. The 
target-to-crystal distance was 10 cm, and the compo- 
nents were arranged as in the ultraviolet experiment. 
Because the x-rays from the self-rectified tube were 
pulsed at 60 cps, it was necessary to use a 10-degree 
aperture disk in the first modulation position so as to 
pass only the middle portion (of nearly constant 
amplitude) of alternate x-ray pulses. The modulator 
was phased for maximum response while running, thus 
insuring that the middle portion of the x-ray pulse was 














Fic. 2. Schematic 
diagram of appa- 
ratus arrangement. 
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coming through. Although this procedure allowed 
ample time for the crystal to reach a steady-state 
condition in the dark between pulses, the pulse length 
was not sufficient to assure a steady state under irradi- 
ation. However, the fact that the initial slopes of the 
rise and decay curves obtained were equal is taken as 
evidence that the crystal reached an approximately 
steady state condition during each pulse. 

To determine the x-ray power striking the crystal, 
the x-ray beam was chopped as described above, and 
the average power of this pulsed beam was found by 
measuring the heating of a lead target. The amplitude 
of these approximately rectangular pulses was then 
calculated from the average value. The heating of the 
target was measured by a thermocouple arrangement 
operated as a null system as follows: Two lead targets, 
made from layers of foil in which were embedded (a) 
thermocouples and (b) small heating coils, were con- 
structed to be as nearly alike as possible. The thermo- 
couples of the two targets were connected in series 
opposition through a galvanometer. One target was put 
in the x-ray beam. The heating of the absorbed x-rays 
produced a thermal emf which deflected the galva- 
nometer. A small current was then sent through the 
heating coil of the dummy target which remained out 
of the beam. When the emf generated in this target 
balanced the emf produced by the x-ray heating, the 
galvanometer came to zero, and the electric power into 
the dummy target gave the average x-ray power 
absorbed. 


C. General 


The crystals used in these measurements were 
furnished the authors by Dr. Frerichs. No impurity 
was intentionally added, and the luminescence is 
attributed therefore to a stoichiometric excess of 
cadmium. The crystals were mounted upright on Lucite 
rods ; and the electrodes were graphite-painted over the 
ends, to which fine copper wires were attached. The 
crystals contained a sufficient thickness of cadmium to 
stop at least 99 percent of the x-rays incident on them. 
All the results given below were obtained with one 
crystal and are typical of the data obtained with the 
crystals which satisfied the “equality of slopes” cri- 
terion. This crystal was approximately cylindrical, 5 
mm long by 2.2 mm in diameter. 


IV. EXPERIMENTAL RESULTS 
A. Ultraviolet Excitation 
From Eqs. (4) and (9) the mobility becomes 
u=hyv,L*(di/dt)/BepaV. (10) 
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To evaluate this from the ultraviolet data of Table I 
we set hv.=3.38 ev (corresponding to an effective 
wavelength of 3650A for the filtered ultraviolet) and 
8=1. The assumption of this value for 8 is justified 
by the results of other experiments using ultraviolet 
excitation, and also because it leads to an entirely 
reasonable value of 8 for the x-ray case. The excitation 
power, fa, which appears in Eq. (10) is smaller than 
the power incident on the crystal, p;, because of surface 
reflection and small losses within the crystal. The total 
loss is probably between 30 and 50 percent. Setting 
pPa=0.5p; the mobility comes out to be 


u=30 cm*/volt sec. 


The uncertainties in 8 and in the loss factor mentioned 
above are at present the primary limiting factors on the 
accuracy of the results. It is estimated that this mobility 
value and the results found below are correct to within 
a factor of two. 

Defining an over-all luminescence efficiency as p:/ pa, 
we find from the table that 


efficiency = p;/p.=0.01. 


This, together with Eqs. (8) and (9), yields the radiative 
recombination coefficient, a=0.02, or only one electron 
in fifty radiates upon recombining. 


B. X-Ray Excitation 


Taking the mobility to be constant, i.e., independent 
of the type of excitation, and hy.=2.47X 10 ev (corre- 
sponding to an effective wavelength of 0.5A for the 
40-kv x-rays),!° we find from Eqs. (4) and (9), 


B=hv,L?(di/dt)/peV pa= 1850, 


or there are 1850 electrons raised to the conduction 
band per absorbed x-ray quantum. If all the energy of 
a single x-ray quantum of effective wavelength 0.5A 
were spent in raising electrons through the 2.4-ev 
energy gap between the valence band and the conduc- 
tion band of cadmium sulfide, then 10,000 electrons 
would be excited per absorbed x-ray quantum. Using 
our result for 8, we see that the efficiency for this 
process is 18 percent. 

The over-all efficiency of the present crystal for 
x-ray excitation is 


efficiency = p;/p.=0.003, 


giving for the radiative recombination coefficient the 
result, a=0.022, in good agreement with the value 
found for the ultraviolet excitation. The over-all 
efficiency of 0.3 percent above is somewhat lower than 
the values of 0.5 to 20 percent reported as the over-all 
efficiency of phosphors for x-ray excitation." However, 
the excitation efficiency for this crystal (18 percent) is 


10C, T. Ulrey, Phys. Rev. 11, 401 (1918). 
1H. W. Leverenz, Luminescence of Solids (John Wiley and 
Sons, Inc., New York, 1950), p. 316. 
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comparable with the over-all efficiency of the most 
efficient phosphors, indicating that its lower over-all 
efficiency is due to a small percentage of radiative 
recombinations. 


C. General 


While this work was in progress, two other papers 
reporting the evaluation of the electron mobility in 
cadmium sulfide by combined photometric and photo- 
electric measurements appeared.”:" In each of these 
the analysis depends upon the assumption of detailed 
models incorporating the bimolecular recombination 
law. By measuring the ac component of the photo- 
current produced by modulated ultraviolet excitation, 


2 J. Fassbender and H. Lehmann, Ann. Physik 6, 214 (1949). 
8 T. Broser and R. Warminsky, Ann. Physik 7, 289 (1950). 


PHYSICAL REVIEW VOLUME 


IN ASYMMETRIC TOP MOLECULES 


363 


Fassbender and Lehmann found mobility values be- 
tween 20 and 40 cm*/volt-sec, for which they claim 
only an order-of-magnitude accuracy because of the 
approximate nature of the theoretical representation. 
An investigation of the complete current decay curve 
led Broser and Warminsky to conclude that the 
mobility is of the order 5 cm*/volt-sec. Our method 
differs from these primarily in that it does not require 
a detailed model. The uitimate accuracy of the method 
is not limited by the validity of assumptions as to 
details of the mechanism or by the degree of approxi- 
mation of the theoretical development. 

The authors are grateful to Professor R. J. Cashman, 
Dr. R. Frerichs, and Professor A. J. F. Siegert of the 
Physics Department of Northwestern University, for 
help and advice. 
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Centrifugal Distortion in Asymmetric Top Molecules. 
I. Ordinary Formaldehyde, H.C”O* 


R. B. LAwrancet AND M. W. P. STRANDBERG 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received February 8, 1951) 


A semiclassical approach is used to develop a simple expression for the centrifugal distortion correction 
in asymmetric top molecules. The general expression for the shift of any given energy level involves five 
experimentally determined distortion coefficients and a knowledge of the dependence of the term value 
as a function of asymmetry. A useful simplified expression for the frequency correction in AJ =0 transitions 
involves only two effective rigid rotor parameters and four distortion coefficients. The method is applied 
to the microwave spectrum of H,CO; the results show excellent internal consistency. The resulting rigid- 
rotor parameters are: a= 282,106 Mc/sec, b= 38,834 Mc/sec, and c=34,004 Mc/sec. The electric dipole 
moment is determined to be 2.31--0.04 debye and the line breadth parameter as 97+10 microns Hg per 


Mc/sec. 


I. INTRODUCTION 


HE problem of handling the effects of centrifugal 
distortion in rotational spectra is not one of 
theory, which has been extensively discussed by several 


authors; rather, it is one of finding convenient and 
direct means of relating the experimental data to the 
theoretical parameters. With the high precision now 
available through microwave spectroscopy this central 


problem has acquired renewed urgency. In a series of. 


papers by various authors from this Laboratory it is 
proposed to develop and apply two simplified methods 
for calculating the frequency shifts due to centrifugal 
distortion. 

The general theory of vibration-rotation energies was 
first formulated by Wilson and Howard,' and several 


* This work was supported in part by the Signal Corps, the 
Air Materiel Command, and ONR. 
t Now at National Research Corporation, Cambridge, Massa- 


chusetts. 
1E. B. Wilson, Jr., and J. B. Howard, J. Chem. Phys. 4, 260 
(1936). 


other similar analyses? have since appeared. For our 
purposes the analysis given by Nielsen is the most 
convenient. His paper gives explicitly to second order 
the matrix elements for the hamiltonian of a general 
vibrating-rotating polyatomic molecule.’ The analysis 
proceeds in conventional fashion; the matrix elements 
for the rotational energies are developed in terms of 
symmetric top wave functions which have the quantum 
numbers J, K, and M. The matrix has off-diagonal 
elements in K only, namely, (K|H|K+2) and 
(K|H|K-+4). The elements are expressed in terms of 
the three equilibrium-molecule principal moments of 
inertia, the variation of these moments with vibrational 
state, and six centrifugal distortion coefficients which 
involve the equilibrium structure and the vibrational 
potential constants through cubic terms. When the 


?A list of these publications, mostly dealing with specific 
molecular symmetries, is given in H. H. Nielsen, Phys. Rev. 60, 
794 (1941); 61, 540 (1942). 

3 The treatment excludes molecules with internal rotation and 
those with tetrahedral symmetry. For accidental degeneracies see 
H. H. Nielsen, Phys. Rev. 68, 181 (1945). 
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Fic. 1. The microwave absorption frequencies of H:C"O as 
functions of J and K_,. The solid circles represent the presently 
known spectrum. 


centrifugal distortion terms are neglected, the matrix 
can be expressed in terms of the single asymmetry 
parameter « (or the simply related parameter 6); hence, 
the matrix can be diagonalized once a numerical value 
for x has been specified. 

In short, the general procedure involves setting up 
the complete energy matrix and then diagonalizing it. 
A basic difficulty in the former operation is the inevi- 
table lack of precise initial knowledge of the equilibrium 
molecular structure and the potential constants. Thus, 
the initial coefficients can be only estimates, although 
these estimates can be successively refined by reiterating 
the calculations after comparison with experimental 
data. However, the first diagonalization is generally 
tedious enough to discourage successive approximation 
even though a method of approximate diagonalization 
is available for some high J terms.‘ 

Simplifications occur for certain classes of molecules 
and for certain types of transitions. The general analysis 
has been carried out for HO and H.S.® The second 
paper of the present series will give the development 
and application of a simple analytical expression with 
which the transition frequencies may be simply analyzed 
and the amount of distortion shift evaluated. 

Alternately, a different attack may be used, which 
is presented in this paper. As shown by Wilson and 
Howard the exact calculation involves three “effective”’ 
reciprocal moments of inertia. These represent the 
equilibrium constants modified in a complicated fashion 
by the presence of zero point and excited vibration. 
The true levels are those of a fictitious rigid rotor 
corrected finally for the effects of centrifugal distortion. 


*S. Golden, J. Chem. Phys. 16, 78 (1948); 16, 250 (1948). 

* E. B. Wilson, Jr., J. Chem. Phys. 4, 526 (1936) ; 5, 617 (1937); 
B. T. Darling and D. M. Dennison, Phys. Rev. 57, 128 (1940); 
P. C. Cross, Phys. Rev. 47, 7 (1935); B. L. Crawford, Jr., and 
P. C. Cross, J. Chem. Phys. 5, 621 (1937); Grady, Cross, and 
King, Phys. Rev. 75, 1450 (1949), 
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The distortion correction can be expressed as a Taylor’s 
series in the quantum numbers. In the following section 
we present a semiclassical analysis whose result is to 
indicate which in the terms in this expansion may be 
expected to be important. 


Il. DEVELOPMENT OF EXPRESSION FOR 
THE DISTORTION CORRECTION 


In this section the notation adopted is that of King, 
Hainer, and Cross.* In the interest of brevity we shall 
carry out the development for the case of a nearly 
prolate-symmetric molecule, but the method and many 
of its results are much more general than this. At the 
end of the derivation we indicate its wider application. 

The following symbols and definitions are assigned: 


Effective rigid-rotor rotational constants expressed in 
frequency units (Mc/sec). By convention a2 b2c. 
5 Dimensionless asymmetry parameter defined by 
6=(b—c)/(a—c). For nearly prolate-symmetric 

molecules 0<5<1. 

Kk Dimensionless asymmetry parameter defined by 

«= (2b—a—c)/(a—c) = —14+28. 

W Term value, a function of quantum numbers and 
asymmetry, expressed in frequency units (Mc/sec). 

A dimensionless quantity, essentially a reduced 
energy. It contains the entire effect of asymmetry 
on the term value W’. 

Usual angular momentum quantum numbers. 

An index which for a limiting prolate-symmetric top 
becomes the quantum number K (projection of J 
on the molecule-fixed principal axis of least 
moment of inertia). In a slightly asymmetric top 
this significance is partially retained, partially lost.” 
In this paper K_, will sometimes be abbreviated 
to K, where this can be done without confusion. 

A symmetry-indicating index which is +1 or zero. 
An asymmetric top state is specified by the 
quantum numbers J, K, M, +. 

An index having the same significance for an oblate- 
asymmetric top as K_, does for a prolate-asym- 
metric one. See KHC for the relation between 
B K_1, Ki, and 7. 


a, b,¢ 


E, or 
E(x), E(8) 


J,M 
Ky 


The term value is 
W i=} (a+0)J(J+1)+3(a—-OEV, K-1, vi, 8) 
+distortion terms. (1) 


We may temporarily confine ourselves to the transitions 
between states of the same J and of the same K-_,: 
states which in the prolate-symmetric top are degen- 
erate. For these transitions we have 


Vij= [3(a—c){EV, K_1, Vis 5)—E(J, K_, Yi» 6)} J 
+[ difference of distortion terms]. (2) 


When (a—c), 6, and the quantum numbers have been 
specified, the rigid-rotor transition frequency repre- 
sented by the first bracketed expression can be calcu- 
lated as accurately as desired.® 
~ ¢ King, Hainer, and Cross, J. Chem. Phys. 11, 27 (1943); 
Cross, Hainer, and King, J. Chem. Phys. 12, 210 (1944). We 
shall refer to these as KHC and CHK, respectively. 

? The correct expression is given later in Eq. (4). 


8 The continued fraction development given in KHC is ex- 
tremely convenient and can give any required accuracy; useful 
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Before developing an expression for the distortion 
correction, we write down a simple approximate expres- 
sion for the rigid-rotor frequency. Figure 1, which 
shows the absorption frequencies for formaldehyde, 
suggests that the variation with J involves a factor 
such as [J(J+1)/K*]*. A good approximate expression 
has been given by Wang;;? in our notation it is 

a—c (J+K)! 6* 


2) J—K)(K—1)(K—1)! 16811 — 4a) &* 

Noting that if J>K, then only a smalLerror is incurred 
when (J+K)!/(J—K)! is replaced by JIEI+1, we 
find that for our purposes adequate accuracy is obtained 
with the simple form'® 


v=}(a—c)[6J(J+1)/K*]*(f), 
~ 1.00, 1.00, 0.71, 0.44, 0.26, «++ 
for K=1, 2, 3, 4, 5, ---, 


In this expression the factor f is substantially inde- 
pendent of J and 6, but does assume different values, 
as shown, for various K. 

It is well known that for a nonrigid diatomic molecule, 
the term values are 


W=BJ(J+1)—DP(J+1), 


Thus, the correction acts to decrease the term value 
and is proportional to the square of the angular mo- 
mentum of the molecule. 

For an asymmetric top, with its three principal 
moments of inertia instead of one, we must generalize 
this result. We shall assume that the distortion correc- 
tion involves terms, nine in all, containing the average- 
squared values of angular momenta as projected along 
the three principal axes. We calculate these average- 
squared momenta by a method discovered and applied 
to this type of problem by Cross;!' the proof appears 
in a paper by Bragg and Golden.” The expression is 
(P.?)=0W/da. Since W and a are both expressed as 
frequencies, the P’s are accordingly dimensionless 
momentum numbers. 

If now we consider the effect on an energy level of 
small independent changes da, db, dc in the rotational 
constants a, b, c, we obtain easily the first-order change 
in the term value: 


dW =da[4J(J+1)+4E—}6dE/ds]+db[4dE/dé | 
+dc[4J(J+1)—4E—}(a—b)/(a—c)dE/dé]. (4) 


approximate calculations can be made by a modification of 
Golden’s method (reference 4, first paper). 

®S. C. Wang, Phys. Rev. 34, 243 (1929). A discussion of this 
splitting formula, together with numerical tables, is given by 
Hainer, Cross, and King, J. Chem. Phys. 17, 826 (1949) (referred 
to as HC K). 

Here and above K is used as shorthand for the index K_. 

4 P. C. Cross, Phys. Rev. 47, 7 (1935). In some respects our 
development of the centrifugal distortion correction is similar to 
that of Cross. 

2 J. K. Bragg and 


(3a) 


respectively. 


D>0. 


S. Golden, Phys. Rev. 75, 735 (1949). 
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The brackets are easily identified as (P.”), (P.*), and 
(P2). We are now prepared to formulate our theory. 
Consider two states whose rotational constants have 
undergone small changes da, db;, dc,; daz, dbz, dc2, and 
whose energies are thus changed by increments dW, 
dW». Focusing our attention on one of these states and 
using Eq. (1), we write for the first-order distortion 
correction 


dW ,=(P2)\da,+(P?) db, +(P2):der. (5) 


Next we postulate that 
4day=AKP2): + AKPPrt+AAKP?)1, 
tdb;= BP): + BX P+ BAP 2), (6) 
}dey= CA Po?) +CXP r+ CAP er. 
The nine coefficients A,---C, represent constants of 
the molecule. After some manipulation we find 
dW = L(dE,/d6)’+ M (dE, /d5)E,+N (dE,/d6)J (J+1) 
+QE?+REJI+1)+SPI+1), (7) 
where the new constants L---S involve only a, 8, c, 
1,:--C, and are hence independent of quantum num- 
bers. 

The desired frequency correction is the difference of 
two such term-value corrections. At this point we 
may specialize, both for brevity and because it is appro- 
priate to H,CO, to the case of AJ=0, AK_,=0 transi- 
tions. Expressing the energy levels in terms of their 


average reduced energy, E, and the rigid-rotor fre- 
quency v2, we arrive at the distortion correction” 


4K yy. dE 2r12 dE 
an= 1 = +ut| (xe+s—)| 
(b—c) dé (b—c) dé 


2K v2 4yi2 
+NI(J+1 [—“]+of “E| 
(b—c) (a—c) 


2v12 
+RII+0| | (8) 
(a—c) 


All these terms contain », as a factor, which is the 
first important result of our analysis. 

We can now also insert the explicit dependence of E 
and dE/dé on J, K, and 36: 

E=[(—J(J+1)+2K?]+8[J(J+1)—K*}+---. (9) 


The final expression, simplified by introducing four 
new constants, is 


dvyo= — yo (Xj +XpK)I(J+1) 
+(XitXiucK)K?]. 


Thus, we have arrived at the following point: six 
adjustable constants—the two rigid-rotor parameters 


(10) 


% Also used is the expression (3a) and the easily verified fact 
that f is sufficiently constant so that dv;2/d8=(K /8) v1». 
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(a—c) and (b—c), and the four centrifugal distortion 
constants X;---X,4,—are available for fitting the meas- 
ured frequencies of the AJ=0, AK_1=0 (‘‘a’”-type) 
transitions of a slightly asymmetric top molecule. Since 
in particular cases many more than six such transitions 
can be studied, the accuracy of the formula can be 
critically tested. The application of this analysis to the 
microwave absorption spectrum of formaldehyde is 
given in the next section. 

It was indicated above that the analysis given is 
valid for many asymmetric tops other than nearly 
prolate-symmetric ones, assuming that it is valid at all. 
Since the experimental evidence confirms this latter 
point, it is worth while to indicate the appropriate 
extensions. 

The various exact and approximate methods for 
calculating asymmetric top energy levels have recently 
been discussed by King" and by Hainer, Cross, and 
King. They introduce the convenient ratios 
A=[K?/J(J+1)} and n=E(x)/J(J+1); these quan- 
tities range between 0 and +1 and between —1 and +1, 
respectively. The familiar diagram of Fig. 2 shows the 
variation of a typical set of energy levels over the 
complete range of asymmetry. Several remarks can be 
made with reference to this diagram. First, the energy 
levels are perfectly symmetrical about the dashed 
diagonal line; the prolate-asymmetric treatment using 
the asymmetry parameter 6=(1+-«)/2 is exactly paral- 
leled by the oblate-asymmetric treatment using a 
parameter e=(1—x)/2. Replacement of 5 by ¢€ hence 
adapts all formulas presented here to the oblate case. 

Second, our general expression [Eq. (7) ] gives the 
distortion correction to a level in terms of its reduced 
energy £ and the rate of change, dE/dé. Owing to the 
simple linear relationship between 6, x, and e, however, 
Eq. (7) can be written with its derivatives in terms of 
whichever asymmetry parameter is convenient; it is 


4G. W. King, J. Chem. Phys. 15, 820 (1947). 
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perfectly general and applies over the entire range of 
asymmetry. The problem is thus reduced to one of 
finding adequate expressions for E(x) and dE/dx. As 
pointed out by King, an expansion of £ in terms of 6 
or € diverges when carried to the dashed diagonal line, 
so that such expansions are useful only in the rather 
large upper left and lower right corner regions. Suitable 
approximations are also discussed in reference 12. 

A third remark applies to the more specific case of 
those AJ=0 transitions between adjacent levels for 
which the Wang formula [Eq. (3)] is applicable. The 
same considerations of remoteness from the dashed 
diagonal apply, and for high values of X (i.e., high K_, 
for prolate-asymmetric or high K, for oblate-asym- 
metric) the Wang formula is useful to surprisingly large 
values of 6 (or ¢). This point is thoroughly discussed 
in HCK. 

Ill. APPLICATION TO THE MICROWAVE 
SPECTRUM OF H.C20 


To test the six-constant formula developed above we 
have measured the frequencies of seventeen AJ=0, 
AK._,;=0 absorption transitions of ordinary monomeric 
forrnaldehyde gas H2C"O. The values of J range from 
2 to 31 and those of K_,; from 1 to 5. 

The constants are evaluated according to the follow- 
ing procedure. Define the symbols 


v;= true frequency (measured), 

v.= calculated rigid-rotor frequency, 

va= distortion correction to rigid-rotor frequency 
(this is called dy. in the derivation above). 


For much of the calculation it is convenient to deal 
with the readily recognized dimensionless quantities 
obtained when the above frequencies are divided by 
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QUANTUM NUMBER K 


Fic. 3. Effect on K correction when (b—c) and (a—c) are 
simultaneously varied, their ratio 6 being kept constant. Calcu- 
lated for 5=0.019,466,39. 
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(a—c)/2. These root-differences will be referred to 

simply as “roots.” 
r= 2v,/(a— c), 
r,=2v,/(a—c), 


va= 2va/(a—c). 


(r. is exactly the quantity E,—E, 


from the rigid-rotor calculation), 


The steps are as follows: 


1. Assume a value of 5=(b—c)/(a—c). The energy level 
expansions in powers of 6, as given in Table III of KHC can be 
used for a first crude estimate of 5. A feedback method for 
refining this value in Appendix A. The initially chosen value of 6 
should be a rounded number of two or three significant figures. 

2. Calculate the rigid-rotor quantities r, corresponding to all 
the measured transitions. Even for this first computation the 
continued-fraction method of solving the secular equations is 
about as easy as the Mathieu approximation and has the ad- 
vantage that its accurate values can be useful in later interpolation 
calculations. The frequency calculations should preferably be 
made to at least seven places. 

3. Pick a likely value for (a—c). If some low J and K_.=1 
transitions are available, these have the smallest possible distortion 
correction and can hence be used to estimate (b—c) initially to 
three or four significant figures; (e—c) is obtained by combining 
this value with the assumed value of 6. 

4. Calculate all the “true” roots r; These are simply the 
measured true frequencies »; divided by (a—c)/2. 

5. Form all the quantities ra/r-=(r-—r:)/re. All subsequent 
manipulations are performed with these quantities, which may 
be given the symbol 7',, x. 

6. Within each family of the same K, form first differences 
Ts41,.x—Ts,x, and divide by 2(/+1). These are the provisional 
values of (X;+Xj.K) for the various values of K. 

7. Calculate X; and Xj, either graphically or, preferably, by a 


TaBLe I. Rigid-rotor constants and distortion 
coefficients of H,C”O. 


6=(b—c)/(a—c) =0.019,466,645 
b—c=4829.7+0.3 Mc/sec 
a—c=248,102+12 Mc/sec 
X;= 7.74, Xjx=+2.33) all X10~, and all estimated 
Xy=-—277, Xie=+242 accurate to ten percent 














TABLE II. Calculated distortion —corrected spectrum 
compared with measurements. 








Meas. freq. 
Mc/sec) 


72,838.14 
14,488.65 
28,974.85 
48,284.60 
72,409.35 

8884.87 
14,726.74 
22,965.71 

7892.03 
11,753.13 
17,027.60 
24,068.31 

7362.60 
10,366.51 
14,361.54 
19,595.23 
26,358.82 

7833.20 


Correction used Calc. freq. 


Transition (Mc/sec) (Me/sec) 





not calc. 
14,488.74 
28,975.07 
48,284.39 
72,407.81 
8884.44 
14,725.97 


not calc. 
0.37 
2.49 
8.04 
19.35 
13.55 
25.38 
44.73 
56.71 
89.73 
— 138.15 
— 207.53 
— 147.87 
— 216.68 
—312.44 
— 443.7 
— 621.42 
— 347.94 


Oo, oo, 1 
21, 22), 1 - 
31, s3:, 2 
41, «3:3 
51, 551, 4 
72, 672, 5 
82, 77826 
9, 892, 7 
145, 12145, iL 
15s, 13-7153, 12 
163, 147 16s, 13 
173, is 17s, 14 
224, 197224, 18 
234, 20234, 19 
244 2244, 20 
254, 22254, 21 
26,, 23-7264, 22 
31s, 7315, 26 


7827.25 
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Fic. 4. Distortion corrections and residual errors. 





least-squares solution. It will be found that this result is relatively 
insensitive to errors in the initial choice of 6, and the values 
obtained will probably not require drastic modification. On the 
basis of the calculated X; and Xj calculate the J corrections 
(X;+XjeK)J(J+1) for each line. 

8. Subtract these J corrections from the total corrections Ty, x 
to obtain the provisional K corrections for each line. These 
quantities are the “numerical remainders” referred to in the 
Appendix. 

9. Divide these K corrections by K? and examine whether the 
trend with K is linear. In making a least-squares evaluation of X, 
and Xxx it is advisable to average the quantities within each 
value of K and then weight the averages equally. This prevents 
overemphasis of the data associated with any particular K value. 

10. Correct the value of (a—c), if necessary, by the method of 
the Appendix. Compute a new value of 6 rounded to four signifi- 
cant figures. 

11. Repeat steps 2 through 9; the result should be a much 
improved K-fit. Having computed the r, for the new value of 6, 
it is now appropriate to vary (6—c). The quantity (e—c) will, 
of course, vary proportionally, giving rise to new values of r:. 
These can rapidly be made to give new approximations to the K 
correction, as shown in Fig. 3, where 4 is near the correct value. 


From this point the procedure is essentially one of 
successive refinings and will not be further described. 
Note that when (b—c) is varied the change of K cor- 
rection is greatest for K=1 with dilutions of 1/4, 1/9, 
-++ for the successively higher K’s. This provides a 
means for straightening the K-fit. By carrying out the 
fitting procedure outlined above we have arrived at the 
results shown in Tables I and II. 

As indicated earlier, the distortion corrections are 
proportional to the rigid-rotor frequencies »,, and it is 
hence natural to carry out the fitting process in terms 
of the fractional quantities (r.—r,)/r. or (v-—v1)/ve. 
Figure 4 shows the values of distortion correction and 
residual error expressed in parts per million of the 
calculated rigid-rotor frequency. Figure 4 and Table II 
thus display the corrections in fractional parts and in 
terms of frequency, respectively. 
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Since the test of any theory is its ability to predict, 
the computations were based entirely on the sixteen 
lines with K equal to one through four, and the fre- 
quency of the previously unobserved 315, 2731s, 2 
transition was predicted with the use of the best-fit 
constants. This transition was subsequently searched 
for and found very nearly at the predicted frequency. 
The error amounts to only 1.7 percent of the distortion 
correction applied, or one part in 1300 of the measured 
frequency. The sixteen lines used in evaluating the 
constants are fitted to one part in 20,000. It seems 
evident that a useful amount of truth resides in the 
simplified distortion theory. 

In obtaining the values set forth in Table I a total of 
eight complete fitting processes were carried out in- 
volving four slightly different values of 6 and four 
slight variations of (b—c) and (a—c). The limits of 
error stated in Table I are estimates based on the 
sensitivity of the residual errors to variation of the 
respective parameters. Slight variations in 6, for in- 
stance, can be accommodated by corresponding varia- 
tions of the other parameters, particularly the distortion 
coefficients. Variations in the rigid-rotor parameters 
5, (b—c), and (a—c) greater than those indicated give 
rather pronounced deviations from the required form; 
and it is on this basis that these limits of error are 
assigned. 

The individual values of the distortion coefficients 
are purposely assigned rather large uncertainties, 
although the three-figure values shown result quite 
definitely when the stated values of 6, (6—c), and 
(a—c) are used. The striking fact is that for every 
value of rigid-rotor constants in the narrow range where 
a reasonable fit can be obtained, the net values of the 
distortion corrections are predicted with great consis- 
tency. Even though the individual values of X;--- Xxx 
do vary appreciably as shown in Table III, their 
combination to give the distortion correction results in 
a highly stable value. 

We conclude that although the individual values of 
X;---Xi, are not known with great certainty the 
distortion corrections can be taken as quite accurate. 

For the three lines of Table III, Bragg and Shar- 
baugh’® have published approximate values of the 


TABLE III. Distortion corrections for some typical lines calculated 
with three slightly different sets of constants. 

Identifi- 

cation é 


A 0.019,466,60 








(b—c) 


4829.7 248,102 7.74 2.33 
B  0.019,466,39 4829.6 248,099 8.94 1.97 
C 0.019,466,68 4829.8 248106 7.75 2.33 


92,3-92,7 173,16-7173,14 
Mc/sec (Mc/sec) 
44.7 207.5 
44.3 206.9 
46.2 208.9 


(a—c) Xj Xin Xe Xe 


—277 242 
—310 251 
—242 232 


254,22->254,21 
(Mc/sec) 
443.8 
441.3 
442.7 





Identifi- 
cation 








16 The first microwave measurements of formaldehyde were 
reported by J. K. Bragg and A. H. Sharbaugh, in Phys. Rev. 75, 
I y’ 
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TABLE IV. The rotational constants of H»C"O, and the 
corresponding effective moments of inertia. 








Value 
(Mc/sec) 
a 282,106 
b 38,834 
c 34,004 


Rotational 


constant Moment of inertia 


1,792 amu-A? 
13.015 
14.864 











distortion correction calculated by the method of Wilson 
and Howard. These corrections were given as 30, 147, 
and 305 Mc/sec, respectively, which are uniformly less 
than our values in the ratio of about 0.68 to one. This 
agreement is considered very satisfactory. 


IV. THE ROTATIONAL CONSTANTS OF H;:C"O 


From the analysis just given we have obtained values 
of the effective rigid-rotor rotational constants in the 
form (a—c) and (b—c). An additional piece of informa- 
tion, permitting individual evaluation of a, 6, and c, is 
the measured value of the 0oo—1o, transition fre- 
quency, which is simply (6+c). We must remember 
that the a, b, and c are aprroximately, although not 
exactly, reciprocal moments of inertia averaged with 
respect to the zero-point vibrations. If we assume that 
centrifugal distortion is negligible for the 09,0101 
transition (it vanishes identically for the initial level), 
then we obtain a, b, and c immediately. These values, : 
together with the effective moments of inertia to 
which they correspond, are given in Table IV. 

Table IV shows two points of importance. First, the 
values obtained from the ultraviolet work of Dieke and 
Kistiakowsky"* are rather spectacularly confirmed. They 
obtained for @ and (6+c) the values 281,900, and 
72,850 Mc/sec, respectively, to four significant figures. 
These agree excellently with our more accurate values 
of 282,106 and 72,838 Mc/sec. 

The second point is that although the molecule is 
planar its largest moment of inertia, J., is not equal to 
the sum of the other two. This “inertia defect” is a 
well-known consequence of zero-point vibration and 
can be calculated.? The fact that it is so large makes 
those structure calculations which appear in the litera- 
ture’? much less accurate than indicated. 

We have made extensive measurements of the 
microwave spectrum of the isotopic molecule H2C¥O, 
which we intend to report later. With the aid of these 
1774 (1949). In this excellent work they measured and correctly 
identified the four transitions 92, s—>9», 7, 173, 15-7173, 14,254, 927254, 21 
and 264 2s—+26,, 2. Their fifth unidentified line we have shown to 
be the 92,927 transition of the isotopic molecule H:C%0. 
Other early unpublished work was done by R. L. Kyhl and M. 
W. P. Strandberg, who are responsible for the 0o, «1a, 1, 31, s-731, 2, 
41, «4, s, and 5;,5—>5:, , measurements here reported. 

16G. H. Dieke and G. B. Kistiakowsky, Phys. Rev. 45, 4 
(1934). They resolved the rotational fine structure of an electronic 
transition with six vibration bands between 3530 and 3260A. 
Infrared work by H. H. Nielsen and collaborators has confirmed 
certain of the results but not om ges their accuracy. 


1G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1945), 
440. 
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measurements, approximately corrected for the effects 
of zero-point vibration, we have estimated the equi- 
librium structural parameters of formaldehyde to be 
the following: C—H distance 1.12+0.01A, C—O dis- 
tance 1.21+0.01A, H—C—H angle 118°+2°. While 
these figures are tentative, we feel that they represent 
the best values available. 

Finally, we show in Fig. 5 a map of the microwave 
spectrum of H.C"O. The intensities are calculated 
according to the Van Vleck-Weisskoff formula, but all 
quantities entering into the calculation are experi- 
mentally known. In particular, the dipole moment has 
been measured as 2.31+0.04 debye and the line-width 
parameter P/A! is 97+10 microns Hg per Mc/sec. In 
a recent letter (Phys. Rev. 82, 95 (1951)) J. N. Schoolery 
and A. H. Scharbaugh give a precision measurement 
of the formaldehyde dipole moment. The two values 
are 2.339+-0.013, and 2.340+-0.019 debye units, for the 
9» s—92,7 and 3;,3—+3;,2 transitions, respectively. This 
supersedes the earlier, and lower, result of Bragg and 
Scharbaugh and is in excellent agreement with our 
less precise results. 

The method of preparation of formaldehyde developed 
for these experiments is due to Dailey.'* Well-dried 
calcium formate was decomposed at temperatures in 
excess of 150°C to form solid calcium carbonate and 
monomeric formaldehyde. 

The authors would like to express their appreciation 
for the assistance of Miss Mida Karakashian in carrying 
out computations and for the laboratory assistance of 
Messrs. J. D. Kierstead and E. C. Ingraham. 


APPENDIX 


FEEDBACK METHOD FOR CORRECTING 
ASSUMED VALUES OF 6 AND (a—c) 


Say that the calculation has been carried through step 8, but 
that the results are known to be incorrect. Differentiate between 
these incorrect and the as yet unknown correct values by super- 
scripts i and c, respectively: v¢°, v:°, va*, correct values (unknown); 
ve, vs‘, va", incorrect values from first calculation: 


v=o —va’. 
But »; is a measured frequency and cannot be incorrect; hence, 
drop its superscript: 
(1a) 


Define the A’s of various quantities as the increment in going 
from incorrect to correct values: 


= Ve — vg =e — va’. 


Av,= v-°—ve', similarly for A’s of va, (a—c), (6—c). 


Also, by Eq. (1a), we have Avy,= Avg, so again we drop sub- 
scripts and refer simply to Av. 
The quantity (b—c) can be taken as known (see step 3) and so 


8B. P. Dailey, private communication. 
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Fic. 5. Map of the H:C"O spectrum between 6000 and 90,000 
Mc/sec. The intensities are calculated, but the quantities entering 
into the calculation have been measured. Solid lines represent 
observed absorption frequencies; dashed lines are computed. 





can (X;+Xj.K)J(J +1). Unknown are (a—c)* and 8°. 
v= $f[J (J +1)/K*}*[(6—c)*}*/[(a—c) Je. 


Taking logarithmic derivative and applying to the finite changes 
A, we obtain 
Av/v-'= KA(b—c)/(b—c)'—(K—-1)A(a—c)/(a—c)*. (2a) 
As stated above, however, the first term can be taken as zero, 
giving 


A(a—c)/(a—c)*=[—1/(K—1) JAv/»,'. (3a) 


But Av=vg°—va' and we have 
wae = veo (Xi +X eK) I (J +1) +(Xet+-X eK) KR] 
= (ve! + Av)[(Xj+X eK) I(T +1) +(Xet+X eK) KR], 
vai= ve'| (Xj+Xj2K)J(J+1)+numerical remainder]. 


In this the X;---X¢e are all the correct values; the numerical 
remainder is, for each transition, the quantity left when 
(X;+XjeK)J (J +1) is subtracted from the (r,—r,*)/r.*. See step 8. 

We obtain 


Av [numerical remainder—(X4+X 42K) K?] 


ve LEX +X KIS +I) + (Kat XK) 
= —[num. rem. —(X4+X geK)K*]ve°/m. 
Thus, finally, we have 
A(a—c) _ (numerical remainder — (Xa+X eK) K?] v-° 
K == 1 ve : 
For initial correction purposes the factor »,°/v; may be taken 
as unity: refined values can be used in later applications of the 
formula. The presence of K—1 in the denominator compels the 
numerator to vanish for K=1, hence the average value of the 
numerical remainders for K=1 is equal to Xz+Xxe. At this 
point it is possible to estimate the variation of (X,+XiK)K?* 
with K’s greater than 1, but it is usually better to neglect this 
quantity compared with the numerical remainder and form a 
best estimate of the required correction A(a—c). With this 
information a new value of 6, rounded to perhaps four significant 
figures, can be used to recompute the complete set of roots 7,. 
For later application the complete expression obtained by 
combining Eqs. (2a) and (4a) can be used instead of Eq. (5a). 





(4a) 





(a—c)* (Sa) 
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Cross Sections of Gamma-Proton Reactions* 
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University of Pennsylvania, Philadelphia, Pennsylvania 
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Using the University of Pennsylvania betatron, the energy dependences of the y — cross sections of C, 
Al, Co, Ni, and Cb have been measured. The cross-section curves exhibit the resonance character found in 
—n reactions. The significant parameters of each of the curves are tabulated. From the data of this paper 
and the known y —» cross-section data, the sum of neutron and proton integrated cross sections is evaluated 














for carbon and nickel. 





INTRODUCTION 


HE excitation functions for y—n reactions, which 
have been measured for many nuclei, exhibit 
broad resonances of about 6-Mev half-width,'? and 
maxima in the vicinity of 20 Mev. This single resonance 
character is consistent with the measurements of Kerst 
and Price, who have shown that the total neutron 
yields from elements bombarded by bremsstrahlung 
of maximum energy 22 Mev are not appreciably dif- 
ferent from the yields resulting from bombardment by 
320-Mev bremsstrahlung. 

Recent theories‘ have been able to explain this 
dependence of cross section on energy by predicting 
that o4, the probability of forming a compound nucleus 
by photon absorption, should manifest a resonance 
behavior. The theory also predicts that information on 
gq as a function of excitation energy should permit a 
determination of the degree of correlation between par- 
ticles in a nucleus and, consequently, lead to dis- 
crimination among various nuclear models. 

A study of the yields of protons from elements irra- 
diated with x-rays from a 23.5-Mev betatron® indicated 
that for many nuclei the y—p reaction furnishes a large 
contribution to oa. Since y—p cross-section curves are 
known for only one element,® the method employed to 
obtain the proton yield data has been used to measure 
the y—? excitation functions of five elements. 
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Fic. 1. General experimental arrangement. 


* Assisted in part by the joint program of the ONR and AEC. 
—s Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 
(1950). 
2 B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
’D. W. Kerst and G. A. Price, Phys. Rev. 79, 725 (1950). 
*M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). J. S. 
Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
5 A. K. Mann and J. Halpern, Phys. Rev. 82, 733 (1951). 
® Stephens, Halpern, and Sher, Phys. Rev. 82, 511 (1951). 


PROCEDURE 


The arrangement of the experimental apparatus, as 
shown in Fig. 1, was essentially the same as that de- 
scribed in reference 5, in which there is also given a 
detailed description of the use of ZnS screens for the 
direct detection of photoprotons. The present experi- 
ment consisted of the measurement of proton yields 
from a sample as the maximum energy of the x-ray 
beam was varied in one-Mev steps from the threshold 
of the reaction in a given element to 24 Mev. During 
each exposure at a fixed energy, the total irradiation 
was measured by an ionization chamber monitor; the 
current from the monitor was integrated in the con- 
ventional manner. The monitor was calibrated against 
a Victoreen 100-r thimble meter embedded in a Lucite 
block of 8-cm diameter. The integrated current reading 
of the monitor was then converted by means of a geo- 
metric factor into 7 units of radiation striking the sample. 
The maximum energy of the betatron was controlled 
up to an energy of 20 Mev by an integrator-expander 
circuit’ and above 20 Mev by manual adjustment of the 
current through the betatron magnet. The energy scale 
was calibrated in terms of known thresholds for photo- 
neutron reactions, and each point on the energy scale is 
accurate to +0.2 Mev. 

The energy distribution in the forward direction of 
the x-ray beam has been calculated® and also deter- 
mined experimentally. The measured and calculated 
spectra agree within about 20 percent. We have used 
the calculated spectrum, modified by the amount of 
absorbing material between the betatron target and the 
sample, to convert the yield curve for each element into 
a cross-section curve. For all data except that for 
nickel, the donut wall, the ionization chamber (0.7-cm 
aluminum), and the Lucite block were in the path of 
the beam. The Lucite block was not present when the 
nickel data were taken. 


RESULTS 


The elements investigated were C, Al, Co, Ni, and 
Cb. The pertinent properties of the samples are listed 


7™Katz, McNamara, Forsyth, Haslam, and Johns, Can. J. 
Research 28, 113 (1950). 

8 L. Schiff, Phys. Rev. 70, 87 (1946). 

® H. W. Koch and R. E. Carter, Phys. Rev. 75, 1950 (1949) ; 77, 
165 (1950). 
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CROSS SECTIONS OF 


in Table I. With the exception of nickel, all of the 
elements are of single isotopic composition.’® Nickel is of 
particular interest because of its previously measured 
high yield. Furthermore, these elements cover most of 
the range of Z (6 to 41) over which the proton yields 
are sufficient for the performance of the experiment. 
The target thicknesses, which correspond to a proton 
range of about 5 Mev, represent a compromise between 
a high yield to background ratio and low target self- 
absorption. 

The energy distributions of protons from photo- 
nuclear reactions have an appreciable component 
below 5 Mev, and, consequently, the effect of proton 
absorption must be considered in the treatment of the 
data." From proton range data and the energy dis- 
tributions measured with photographic emulsions, it is 
possible to calculate an approximate absorption cor- 
rection. However, the correction obtained in this way 
is quite sensitive to the magnitude of the low energy 
components of the proton spectrum, where the measure- 
ments are least reliable. In order to determine the 
effect of absorption with greater precision, we have 
measured the yield curves for several sample thick- 
nesses of the same element under identical conditions. 
The curves for two samples of aluminum are shown in 
Fig. 2, which also shows the data obtained without a 
target in the scattering chamber. Within the precision 
of the measurements and independent of the energy in 
the range from 15 to 24 Mev, the yield from the thick 
sample is approximately 1.4 times greater than that 
from the thin sample. Additional data for a 19-mg/cm? 
sample substantiate this result with a factor between 
the 37-mg and 19-mg samples of 1.7 at all energies in 
the same energy range. The fact that the relative 
number of protons lost by absorption does not depend 
on the excitation energy (in this energy region) indicates 
that the proton energy spectrum is insensitive to the 
maximum energy of the bremsstrahlung. The reasons 
for this are that the peak of the proton spectrum 
produced by incident monochromatic radiation varies 
only slightly with the energy of that radiation; and 
that, when the reactions are caused by bremsstrahlung, 
the distribution in number of the bremsstrahlung 
changes as the maximum excitation energy changes so 
that variations in the proton spectrum are further 
reduced. 

The cross-section curves obtained from two such 
yield curves as presented in Fig. 2 should be identical 
in shape and should differ only by a scale factor change 
of the absolute cross-section coordinate. The magnitude 
of the scale factor change is a direct measure of the 
increased target absorption in the thicker sample. 
Using the data for the three aluminum samples of dif- 


” Any effect arising from the presence of C™ is negligible in 
comparison with the statistical errors attached to the measure- 
ments. This is also true of the nickel isotopes 61, 62, and 64. 

“Tt should be noted that part of the absorption is the result of 
a resence of air (7.3 cm) and a thin (0. 5 in.) aluminum foil 

e scattering chamber. For details, see reference 5 


GAMMA-PROTON REACTIONS 


TABLE I. Properties of the elements investigated. 





Sample 
thick- 


ness 
(mg/cm*) 


Proton 

binding Coulomb 
energy barrier 
(Mev) (Mev) 
16.0 2.1 

4 ‘ 16.1 

Aluminum 13 73 7.1 3.8 
Cobalt 27 113 6.6* 6.4 
Nickel 28 5 . 104 7.5* 6.7 


’ 8.8* 
Columbium 41 114 6.3* 8.5 


Percent 
abun- 


Element Zz dance 





Carbon 6 k 38 








* Calculated from the mass formula. 


ferent thickness, it is possible to extrapolate to the 
absolute cross-section values for a thin target. For the 
73-mg/cm* aluminum sample, the total correction for 
absorption is a factor of 2.1. This factor is smaller by 
about 30 percent than that previously estimated® from 
proton range data and measured proton energy dis- 
tributions. The new value has been used in the appli- 
cation of absorption corrections to both carbon and 
aluminum, and should be accurate to about 15 percent. 
From data taken at 23 Mev for two different thick- 
nesses of copper, the estimated correction factor for the 
cobalt and nickel samples is 1.6. This is again 30 percent 
smaller than the value used previously. The factor for 
columbium was obtained by reducing the calculated 
value by 30 percent. 

The yield curves for carbon, cobalt, nickel, and colum- 
bium are presented in Figs. 3-6, respectively, and the 
cross-section curves for each of the elements are given 
in Figs. 7-11. Each of the curves exhibits a resonance 
character similar to that found in y—™» reactions. In- 
creased proton absorption and diminishing yield 
prevent measurements of cross sections at energies 
below about 15 Mev. The numerical values of the sig- 
nificant parameters of each curve are listed in Table IT. 
The values for carbon are in agreement with those 
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Fic. 2. Proton yield curves for aluminum 
samples of two thicknesses. 
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Fic. 3. Proton yield curve for carbon. 


determined in a preliminary investigation.” The errors 
given in the table arise primarily from two causes. 
First, the reduction of the yield data to a cross-section 
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Fic. 4. Proton yield curve for cobalt. 


curve involves the subtraction of numbers of approxi- 
mately equal magnitude. Second, the uncertainty in the 
correction for proton absorption is reflected in the 
values of the parameters. Errors resulting from non- 
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Fic. 5. Proton yield curve for nickel. 


® A. K. Mann and J. Halpern, Phys. Rev. 80, 470 (1950). 
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Fic. 6. Proton yield curve for columbium. 


isotropic proton emission and from uncertain knowledge 
of the counter efficiency are expected to be small.® 


DISCUSSION 


The widths of the cross-section curves at half- 
maximum are about equal in magnitude and the same 
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Fic. 7. Gamma-proton excitation function for aluminum. 


as those for y—m reactions, except for carbon which is 
considerably narrower than the others. This result 
might be expected in view of the possible large alpha- 
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Fic. 8. Gamma-proton excitation function for carbon. The 
—n cross-section data of Haslam et al. are shown for comparison. 
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Fic. 9. Gamma-proton excitation function for cobalt. 


particle correlation in carbon. However, the C"(y—n) 
cross-section curve of Haslam et al.," which is shown in 
Fig. 8, is not appreciably different in width from the 
other y— and y—? excitation functions. 

The energies at which the cross-section maxima occur 
are the same for all elements except nickel, for which it 
is about 2.5 Mev lower in value. This difference mani- 
fests itself in a comparison of the yield values with the 
integrated cross sections, because the yields are propor- 
tional to the integrated cross sections only if the half- 
widths of the resonances are small compared to the 
energy at resonance and if the variation from element 
to element of the resonance energy is also small. The 
first criterion is approximately satisfied by all of the 
curves observed thus far. However, a shift of 2.5 Mev 
in the resonance energy of nickel means that the 
number of photons at that energy when the betatron 
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Fic. 10. Gamma-proton excitation function for nickel. The 
y—n cross-section data of Katz et al. are shown for comparison. 


‘8 Haslam, Johns, and Horsley, Phys. Rev. 82, 270 (1951). 
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Fic. 11. Gamma-proton excitation function for columbium. 


is operated at 23.5 Mev is greater than the number at 
the resonance energy for the other elements by a factor 
of 1.6. If the nickel yield value is reduced by this factor, 
satisfactory agreement obtains between all of the 
integrated cross section and yield values in Table II. 

Using the results of this paper and the y—» cross- 
section data of Haslam ef al. and of Katz et al." (Fig. 
10), it is possible to evaluate the sum of the neutron 
and proton integrated cross sections for carbon and 
nickel. For carbon, /(¢y~-n+¢,—»)dE=0.018Z. For 
nickel, {(¢y~-n-+¢,~»)dE=0.023Z. The proton data for 
nickel are for the natural element, while the neutron 
data are for Ni**. The maximum possible value of the 
Ni®* y— > integrated cross section would obtain under 
the assumption that Ni® makes no contribution to 


Tasxe II. Summary of results. 








Maximum ¢ 
Element (barns) 


Carbon 
Aluminum 
Nickel . Lf 
Cobalt 21.540. 
Columbium 21.3 


Sed. 
(Mev-barns) 


0.063 +0.016 
0.12 +0.03 
0.32 +0.08 
0.14 +0.04 
0.12 +0.03 





0.022 +0.006 
0.058 +0.015 
0.024 +0.006 
0.018 +0.005 








* The values in this column were taken from the data of reference 5 
modified to include the revised absorption corrections. 


the result for the natural element. For this case, 
S (¢y-n+0,~»)dE=0.029Z. The theory of Levinger 
and Bethe‘ predicts that the integrated cross section 
for all photonuclear processes in a given isotope should 
equal 0.030Z(1+0.8x), where x is the fraction of at- 
tractive exchange force for the neutron-proton potential. 


“4 Katz, Johns, Baker, Haslam and Douglas, Phys. Rev. 82, 271 
(1951). 
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Microsecond Transient Currents in the Pulsed Townsend Discharge 


Joun A. HornsBeck 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received April 4, 1951) 


The transient current resulting from the release of a very short (0.1 usec) pulse of photoelectrons at the 
cathode of a gas-filled tube has been observed experimentally. The current-time patterns agree quantita- 
tively with theory within the limitations of the theory and experimental accuracy. The experiment provides 
a method for studying fundamental parameters and processes occurring in the noble gases; drift velocities 
of positive ions and electrons, identification of molecular ions, cross section of formation of molecular ions, 
and the importance in the Townsend discharge of electron emission at the cathode caused by positive ion 


neutralization there. 





INTRODUCTION 


N the classical Townsend discharge light from a 

steady external source liberates a current of photo- 
electrons at the cathode of a gas-filled tube, and the 
total current is observed as the applied voltage and 
electrode separation are varied under space-charge-free 
conditions. Engstrom and Huxford' introduced time as 
a controlled variable in studies of the Townsend dis- 
charge by using a step-function light source obtained 
with a rotating shutter. They showed that the diffusion 
of metastable atoms to the cathode is the cause of the 
millisecond time-lag observed in a phototube filled 
with a rare gas. Molnar® extended this technique and 
showed that the relative amounts of electron emission 
from the cathode caused by positive ions, photons (from 
excited gas’ atoms), and metastable atoms could be 
studied under certain conditions. Newton* predicted 
theoretically the form of the transient current of micro- 
seconds duration following the release of a very short 
burst (a delta-function) of photoelectrons from the 
cathode of a Townsend tube with plane-parallel elec- 
trodes across which the applied voltage is held steady. 
In this paper, a pulsed Townsend experiment on a 
microsecond time scale is described, experimental con- 
firmation of Newton’s theory is given, and the applica- 
tion of this experiment as a technique for studying some 
electrical processes in gases is discussed. 
| ese 
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Fic. 1. Experimental arrangement for studying the, microsecond 
transient current. 


1 R. W. Engstrom and W. S. Huxford, Phys. Rev. 58, 67 (1940). 
2 J. P. Molnar, to be published. 
2. R. Newton, Phys. Rev. 73, 570 (1948). 


The experiment is arranged to cause the release of a 
0.1-usec pulse of photoelectrons from the cathode of the 
experimental tube and to observe the current transient 
that follows. Ionization and excitation of the gas mole- 
cules occur by electron impact during the light pulse. 
Because the electron drift velocity in the field is the 
order of 100 times the positive ion drift velocity, the 
transient consists of a sharp spike, attributable to 
current carried by the initial photoelectrons and their 
progeny electrons, followed by a smaller current lasting 
the order of ten microseconds. The slower component 
originates primarily from the motion of the positive 
ions in the field and the release of “secondary” electrons 
at the cathode by positive ion bombardment, or more 
accurately, neutralization. 

The experiment provides a direct, time-of-flight 
method for measuring: (a) the drift velocity of positive 
ions in a gas as a function of E/, the ratio of electric 
field strength to gas pressure, up to very high E/p and 
(b) the variation with E/> of the drift velocity of elec- 
trons in the low E/p range. It confirms again the im- 
portance of positive ion neutralization at the cathode 
as a source of secondary electrons in the Townsend 
discharge and affords a semiquantitative method for 
measuring the efficiency of electron emission by this 
process. The time resolution inherent in the experiment 
has led to the identification of molecular ions of the 
noble gases and measurement' of their drift velocity. 


APPARATUS 


A combination block diagram-schematic of the experi- 
ment is shown in Fig. 1. All operations are synchronized 
from the spark light source, which operates at a repeti- 
tion rate of 60 cycles/sec. 

Light in pulses is focused by a quartz lens system, 
passes through the multiply perforated anode, and is 
intercepted by the cathode. The separation between 
the plane parallel electrodes is varied by means of an 
external magnet and measured by a travelling micro- 
scope. The potential difference across the electrodes, 
measured by a potentiometer, is established by a con- 
tinuously variable dc power supply comprising stacked 
“B” batteries. The tube current of the order of 0.1 


4J. A. Hornbeck, Phys. Rev. 80, 297 (1950). 


374 





MICROSECOND TRANSIENT CURRENTS 


yamp is controlled so that negligible space charge dis- 
tortion of the applied field occurs. It flows through a 
series resistor R, developing a voltage that is amplified 
and impressed across the vertical plates of a cathode-ray 
tube. The horizontal sweep circuit is triggered through 
a low capacitance coupled to the spark electrodes. To 
prevent blocking of the amplifiers by the large initial 
electron current, or photopulse, part of the incident 
light is reflected by a partial mirror into a vacuum 
phototube, thus developing current in phase with the 
light pulse. This current flows through a small, variable 
series resistor in the input of the amplifier so as to 
develop a voltage opposing that developed by the tube 
current. The amplifier** gain is varied by changing the 
input resistor R and by a series attenuator situated 
between the preamplifier and the main amplifier. The 
maximum voltage gain of the system is 110 db at a 
band width of 7 megacycles. 

The light source, a modification of one described by 
Beams ef al.,5 is shown schematically in Fig. 2. The 
principal changes consist in (1) replacing the distributed 
capacitance transmission line by a small (1000 uyf) 
lumped capacity and (2) triggering the source regularly 
at a fairly low repetition rate, e.g., 60/sec. This is easily 
accomplished by using an ac transformer as the high 
voltage supply and arranging for the trigger voltage to 
be applied in the proper time phase. The light source 
meets the requirements of the experiment fairly satis- 
factorily: viz., it gives a light pulse that is short com- 
pared with ion transit times; it is intense, with appre- 
ciable energy in the ultraviolet; it can be adjusted so 
that successive flashes are constant in intensity to 
within a few percent. 

The experimental tube, similar to one described by 
Molnar,’ is shown in Fig. 3. The electrodes are nickel 
disks, two inches in diameter, and the cathode was 
coated with a mixture of BaCO; and SrCO; at a density 
of 0.5 mg/cm*. During outgassing the carbonates are 
reduced to oxides, and the surface® is made uniform by 
subsequent high frequency spark treatment. The tube 
envelope with a quartz window in one end is 3’ outside 
diameter, small enough so that the metal parts can be 
heated readily by rf induction. The choice of these 
dimensions, however, necessitates coating the inside of 
the envelope with Aquadag (not shown in Fig. 3) so 
that a uniform, known wall potential can be established. 
The currents measured were not sensitive within wide 
limits to the choice of this wall potential, and a value 
intermediate between the anode and cathode was 
adopted. The electrode surfaces are parallel to about 
0.1°. The light transmission of the anode is about 30 
percent. 


**T am indebted to Dr. R. W. Hull for the loan of an inter- 
mediate amplifier and to Dr. Hull and to Dr. K. G. McKay for 
advice on amplifier construction. 


5 Beams, Kuhthau, Lapsley, McQueen, Snoddy, and White- 


head, J. Opt. Soc. Am. 37, 868 (1947). 
5* Pure metal electrodes are equally as satisfactory except for 
decreased photoelectric sensitivity. 
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Fic. 2. Schematic diagram of light source. A and B are the 
main electrodes, 7 the trigger electrode. C=1000 uuf, Ri=1 
megohm, R:=21 ohms. The peak voltage of the transformer is 
about 5000 volts. 





Time measurements were made both by the use of 
calibrated sweeps and by employment of a single timing 
“pip” that was introduced into the vertical deflection 
system just prior to the push-pull stage. In the latter 
scheme, copied from a circuit devised by T. R. Finch 
of these Laboratories, the pip may be moved continu- 
ously along the horizontal axis. The accuracy of the 
circuit is about 0.02 usec. A zero-time reference for the 
marker was established by feeding the trigger pulse, 
derived from the firing of the main spark source, 
through a calibrated delay line of 1.15 ysec and causing 
this pulse to modulate the intensity of the electron 
beam in the cathode-ray tube. 

Two circuits have been used to “buck out” the initial 
photoelectric pulse. The objection to the method de- 
scribed above, employing a passive network, in addition 
to the normal difficulties one expects caused by stray 
capacities, finite wire inductances, etc., is that the 
photoelectric current pulse in the experimental tube is 
not exactly in phase with the light pulse. On account of 
the finite drift velocity of the electrons in the gas, an 
asymmetry is introduced: current flow builds up in the 
gas-tube circuit about as fast as in the vacuum photo- 
tube circuit, but the transit-time effect causes the 
current fall to lag in the gas tube, particularly at low 
E/p. Attempts to improve the bucking by using a 
cathode follower for shaping the phototube pulse have 
not been more succesful than the original scheme, 
although exhaustive investigation of this difficulty has 
not been undertaken. With either procedure the height 
of the photoelectron pulse can be reduced by a factor 
of five. 
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Fic. 3. The experimental tube. The Aquadag coating on the 
inside of the tube envelope is not shown. 
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Fic. 4. Drawing (not to scale) of the idealized transient current 
vs time following the formation at ¢=0 of an exponential distribu- 
tion of positive ions between the electrodes. The currents carried 
by electrodes and by ions are shown also as separate components. 
The unit of time is that of one ion transit between the electrodes. 





GAS HANDLING AND VACUUM TECHNIQUES 


One advantage of this experiment is that gas purity 
is not so much of a problem as in an experiment that 
lasts milliseconds and longer. For example, effects 
associated with the production of an impurity ion by a 
collision between a metastable atom of the noble gases 
and an impurity molecule will not be observed, in 
general, because the time constant associated with this 
process is the order of milliseconds. Low concentrations 
of impurities will affect the breakdown voltage and the 
cathode emission efficiency, but not the general form 
of the transient current associated with the ion motions. 

The tube has been operated on a pumping station 
with a mercury cutoff and large liquid nitrogen trap. 
The spectroscopically pure gases used, helium, neon, 
and argon, have been introduced from “gettered” 
bottles both through stopcocks and through porous 
ceramic leaks in which the rate of leak is controlled by 
the height of a mercury column. Additional large 
Ba— Mg getters have, on occasion, been fired after the 
introduction of a gas sample. In no case has the current 
pattern indicated the presence of impurity effects. Also, 
on occasion, samples of the gases in the experimental 
tube have been sealed off and analyzed in a mass spec- 
trometer. No impurities have been detected by this 
instrument, which has a sensitivity limit of about 0.005 
percent. 

Before the gas was introduced into the tube, standard 
evacuation procedures were followed. The tube could 
be baked to 450°C and the electrodes (Ni) heated to 
about 1000°C. 


COMPARISON OF THEORY AND EXPERIMENT 


Consider the case of a noble gas at low pressure (~ 1 
mm Hg) in the region between two infinite, plane- 
parallel electrodes separated a distance X across which 
is maintained a steady voltage. We desire to know the 
current as a function of time following the instantaneous 
release of a pulse of mo photoelectrons/cm? from the 
cathode. For simplicity we assume (1) that the photo- 
electrons and progeny electrons, created by ionizing 
collisions, have essentially an infinite drift velocity com- 
pared to the positive ion drift velocity, (2) that ioniza- 
tion may be accounted for under the assumed uniform 
field conditions by a single coefficient a; defined as the 
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number of ions produced per cm of path per electron, 
(3) that all ions created have a unique velocity, their 
drift velocity v, which is in the field direction, and 
(4) that for each ion collected at the cathode there are 
released y; “secondary” electrons that subsequently 
behave as did the initial photoelectrons. We shall ignore 
for the present electrical effects resulting from the 
production by electron impact of radiating atoms and 
metastable atoms. 

The initial condition resulting from these assumptions 
is an exponential distribution, »;, of positive ions 
between the electrodes, each ion moving with a velocity 
v. The initial ion current, therefore, is proportional to 
the product of » and the total number of ions present, 
i.e., to the area under the initial distribution function. 
If, originally, ions are not formed until the photoelec- 
trons have fallen through a potential difference roughly 
equal to the ionization potential, corresponding to a 
distance x) from the cathode, the current will remain 
constant for a short time, f9j=x9/v, because no ions are 
lost immediately. Subsequently, the ion current will 
decrease as the total number of ions decreases through 
neutralization at the cathode. 

Electrons will be released from the cathode as the 
positive ions are collected. The electron-carried current 
component is proportional to y; and the rate of arrival 
of ions, i.e., proportional to y;, v, and the instantaneous 
density of ions at the cathode. Because we have 
assumed that the electron transit time is very fast 
compared with the ion transit time and because y; and 
v are constant, the electron current component as a 
function of time depends directly upon the amplitude 
of p; as a function of x, the distance from the cathode. 
Thus, any structure in p; appears in the current tran- 
sient through the electron component. Since p; has two 
spatial discontinuities, one at x=» where ionization 
begins abruptly, and the other at x= X, the anode, we 
expect two current discontinuities: a large one at 
t= X/v and a small one at f9== 20/2. 

Both current components and both discontinuities 
are shown in Fig. 4, in which the transient current is 
plotted as a function of time ¢, where ¢ is in units of one 
ion transit time X/v. The current actually lasts longer 
than /= 1, as shown in Fig. 4, on account of regenerative 
effects: the “secondary” electrons released by the 
yi-mechanism produce more positive ions, which in 
turn produce more electrons, etc. Inclusion of these 
higher order effects, as Newton*® has shown, adds tails 
to both current components and additional structure 
to the electron component in the form of a discon- 
tinuity in slope at ‘= 2. The slope discontinuity follows 
as a consequence of the large current discontinuity at 
=1. 

An experimental transient current pattern reproduced 
from a photograph of the cathode-ray tube trace is 
given in Fig. 5 for comparison with Fig. 4. The principal 
differences between the two appear to be readily ex- 
plainable. The ions, of course, do not all move with a 
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unique drift velocity but have a random velocity dis- 
tribution with a mean component 1 in the field direction. 
The randomness in velocity originates not only from 
thermal motions but more importantly at high E/p 
from elastic collisions between the ions and neutral gas 
atoms. Diffusion will, therefore, smear out the large 
mathematical discontinuity of Fig. 4 into the sharp 
break observed in Fig. 5. Diffusion and other effects 
generally mask the discontinuity at 4%, as in Fig. 5, 
although this is not always the case. The slope discon- 
tinuity clearly shows up in Fig. 5. 

The explanation of the ripple structure in Fig. 5 after 
t=) is found in the well-known inexactness® of the 
assumption regarding a@;. In practice p; is not a smooth 
exponential function of x for x>x». Electrons begin to 
make ionizing collisions in the neighborhood of x, but 
the act of ionization reduces the number of electrons 
possessing ionizing energy. Hence, fewer ions are formed 
at x larger than 2 until the electrons have moved 
roughly another 2 distance in the field direction, at 
which place ionization becomes more probable. At large 
distances from the cathode the electrons approach a 
stationary velocity distribution, which implies that a; 
is independent of x. It will be noted that, as with the 
discontinuities, structure in p; manifests itself in the 
observed current through the y;-mechanism. 

Metastable atoms diffuse to the cathode and also 
release electrons which contribute to the current, the 
time constant associated with this mechanism being, in 
general, two orders of magnitude longer than positive 
ion transit time. Thus, a current component of meta- 
stable origin is not observed in the microsecond time- 
scale experiment, whereas it is prominent in millisecond 
experiments.!? 

Radiation from excited atoms presents a more 
troublesome problem because resonance radiation, 
which originates from transitions between excited states 
and the ground state, may require,’ to reach to cathode, 
times in the microsecond range at 1 mm Hg. Radiation 
that arrives at the cathode essentially instantaneously 
after the decay of an excited atom cannot alter the form 
of the ion transient and hence can be ignored for our 
present purposes. One must rely on experiment to 
evaluate the relative magnitude of the delayed current 
component of radiation origin. Although the experiment 
is not very reliable on this point at the present time, 
there has been some indication of the radiation com- 
ponent in the lower E/p range (for argon, <75 volts/ 
cm-mm Hg). Of course, even if the ion and radiation 
components overlap, the latter may still be so small 
that it is not observed if y>>v,, where y, stands for the 
electron yield per photon striking the cathode. 


APPLICATIONS OF THE PULSE EXPERIMENT 
Let us now investigate the pulse experiment as a 
technique for measuring the parameters aj, i, and » 


*M. J. Druyvesteyn and F. M. Penning, Revs. Modern Phys. 
12, 98 (1940), for example. 
7 T. Holstein, Phys. Rev. 72, 1212 (1947). 
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and also other possible applications of the experiment. 
Readily observable quantities in the experiment are the 
integrated area A under the initial photopulse, the 
magnitude i of the initial positive ion current (¢<‘), 
the magnitude A of the discontinuity at ‘=1, and the 
ion transit time 7. It can be shown that these quan- 
tities, neglecting diffusion, can be expressed as follows: 


A = (Cno/a,X) {exp[ai(X — x0) ]+am—1}, 
io= (Cnoo/X){expla(X—x)]—1}, 
A= (Cnoyn/X) exp[y(X— x0) ] 
X fexplai(X—xo) ]+aito— 1}, 
T=X/». J 


L (1) 





al 


Here C is the calibration constant of the amplifying 
system. From Eq. (1) it follows directly that to a good 
approximation 


aj=toT (1+0)/AX, 
vi=[A/io(1+¢) ] exp[—(ioT/A)(1+0)(1—2x0/X)], (2) 
v= X/T. 


The approximation made is the neglect of all but the 
linear term in o in the expansion 


aX =ipTA"(1+0+Do?+---), (3) 
where 
o= (io T xo/AX){exp[ioTA(1—40/X)]—1}-. (4) 


At most, ¢ is about 20 percent, and in many cases it is 
negligible; Do? is never more than about 1 percent. It 
should be noted in the above that +; as here defined is 
the product of the true electron emission efficiency per 
positive ion neutralized and an escape, or back-dif- 
fusion, factor for the electrons from the surface. This 
factor has been measured by Molnar,’ among others, 
and can be determined independently from this experi- 
ment. 

At present, measurement inaccuracies and difficulties 
resulting from inexact assumptions in the theoretical 
treatment permit only semiquantitative evaluation of 
y; and a; The determination of » is not so limited. 
Because of the existing roughness in the method, only 
a single example of the results on +; will be presented 


Fic. 5. Oscillogram showing the experimental transient current- 
time pattern in argon. The time scale indicated is the same as 
Fig. 4. The photopulse has been bucked out and therefore is not 
seen. 
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Fic. 6. Oscillograms showing the photoelectric pulse in vacuum 
and in helium at constant plate separation and constant gas 
pressure. For traces b through f the applied voltage is increased, 
as indicated. The scale of the horizontal time axis is the same for 
all traces as is the scale of ordinates excepting traces e and f, for 
which the scale change is indicated. 


here. 
Ba—O—Ni cathode 
A=0.3 cm 


io= 0.5 cm 


Experimental data 
Po=0.82 mm Hg argon 
X=1.00 cm 


V=70 volts A=7.0 wsec-cm 


E/po=85 volts/em-mm Hg T=15.0 usec 


From these data, since x corresponds to about 15 volts, 
xo/X-~15/70, c=0.17, and y;=0.19. The total + of the 
classical Townsend equation, which includes all secon- 
dary emission processes at the cathode, viz., ion, radia- 
tion, and metastable atom, may be obtained approxi- 
mately from a breakdown measurement and substitu- 
tion of a published*® value for a; at the corresponding 
E/ po.** Breakdown occurred at 83 volts, which yielded 
y=~0.35, and thus y;/y=54 percent. The significance 
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Fic. 7. Experimental data on the drift velocity of electrons in 
helium at low E/po. The data of Townsend and Bailey and the 
theory of Allen are also shown. fo indicates pressure corresponding 
to gas density (see footnote). 

8A. A. Kruithof, Physica 7, 519 (1940). 

88 The pressure fo corresponds to gas density, i.e., the observed 
gas pressure p at T°C is corrected to pressure pp at 0°C. E/po is 
actually implied wherever E/p is written in this paper. 


of this result is that ions probably are an important, 
perhaps the most important, source of electron emission 
in the Townsend discharge at moderate and high E/p. 

We may also compare with Kruithof’s measurement 
values of a; obtained from substituting the above data 
in Eq. (2). The close agreement between these values 
(a:;=1.25, whereas Kruithof quotes 1.30 per cm) is 
undoubtedly fortuitous because of the crudeness of the 
present measurements. It gives confidence, however, in 
the general interpretation of the experiment. 

The measurement of ion drift velocity® can be made 
directly and accurately, its limitation being only one of 
time resolution. Advantages of this technique are (1) 
the extremely short lifetime of the ions observed, (2) the 
ability to detect the coexistence of ions of different 
mobilities, and (3) the applicability of the method up 
to high E/p. Disadvantages of the technique are that 
(1) as now used, it applies only to ions of the parent 
gas and (2) the method is not satisfactory at essentially 
zero-field conditions where the ion mobility is inde- 
pendent of the field. 

The experiment provides a direct method for meas- 
uring the electron drift velocity, v,, at sufficiently low 
E/p that ionization by collision may be ignored. In this 
case the photoelectric current pulse is that shown in 
oscilloscope trace 6 of Fig. 6. With the sudden creation 
of the electrons by the external light pulse, the current 
rises abruptly from zero. The current 7, then remains 
constant, while the packet of mo electrons crosses from 
cathode to anode, its value being 


te=Cnov./X. (5) 


The current would drop discontinuously to zero at one 
electron transit time 7,= X/», except for diffusion and 
the finite time duration of the light pulse. The other 
traces in Fig. 6 show the photoelectric current pulse as 
the voltage is increased at constant electrode separation, 
except for trace a, which is the photocurrent in vacuum. 
Increasing the applied voltage increases v, and thereby 
increases i, while decreasing 7. The area would remain 
exactly constant (a;=0) if m9 were constant; increasing 
the field, however, decreases the loss of electrons by 
back diffusion so that the area increases with voltage. 

From the experiment », is obtainable in two ways, 


m=tX/A or 0.=X/T., (6) 


where 7, is the time measured to the midpoint, of the 
current break. Measurements of 2, in helium are pre- 
sented in Fig. 7, and for comparison the theoretical 
curve of Allen’® and the older experimental data of 
Townsend" are shown. The results obtained with the 
pulse method agree with the results of the more indirect 
experiment within the error of the pulse experiment, 
which may be as large as 10 percent. Patterns similar to 


* J. A. Hornbeck and G. H. Wannier, Phys. Rev. 82, 458 (1951). 
contains an example of these measurements. 

10H. W. Allen, Phys. Rev. 52, 707 (1937). 

J. S. Townsend and V. A. Bailey, Phil. Mag. 46, 657 (1923). 
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those in Fig. 6 have been obtained for neon and argon 
except at the very lowest E/), i.e., a few volts applied 
potential. Under these conditions a sharp spike is 
observed at the beginning of the pulse. Increasing the 
voltage increases the amplitude of the pulse and rapidly 
eclipses the spike effect. Thereafter, the pulses behave 
like helium. The origin of the spike has not been inves- 
tigated. 

Experimental data from other applications of the 
experiment are now being obtained and will be reported 
later. These include (1) the measurement of the drift 
velocity of molecular ions in the parent noble gases, 
(2) the semiquantitative determination of the cross 
section of formation of molecular ions in a collision 
between an excited gas atom and a neutral atom, (3) a 
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semiquantitative study of the diffusion of ions under 
high field conditions, i.e., when thermal energy is small 
compared with the energy derived from the field. 
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The differential and total scattering cross sections have been calculated for slow neutrons impinging on 
crystalline spheres whose radii are very much greater than the neutron wavelength. The results for the 
differential cross section show that when the difference, p, between the neutron phase shift in traversing 
the particle diameter and the phase shift in traversing the same distance in vacuum is small, the result agrees 
with the Born approximation, while if p is large, the result agrees with that obtained by geometrical optics. 
Also, the total cross section for p small is rR*%p*/2 and for p large is 2xR*, where R is the particle radius. 

Using the Oak Ridge reactor, the broadening of a neutron beam in traversing finely divided materials 
was measured as a function of neutron wavelength, particle size, and coherent scattering cross section, 
and the results verified these considerations. 

A new method for determining coherent cross sections of nuclei and the phases of slow neutron scattering 
was demonstrated through the use of a liquid of known index of refraction into which the finely divided 
materials were immersed. In this manner, the phases of Mo, Cb, Pd, Ru, Si, P, and Te were shown to 





be positive. 


I. INTRODUCTION 


HEN a well-collimated beam of thermal neutrons 
or x-rays (of an angular width in minutes of arc) 
is passed through finely divided material, the beam is 
found to diverge.!? This is attributed to diffraction and 
refraction occurring at each individual particle. The 
theoretical interpretation of the broadening of the beam 
has been the subject of much discussion, and a great 
deal of x-ray work has been done in this field.? Two 
“conflicting” theories dominated the field—that of 
Rayleigh-Gans*> (diffraction only) and that of von 
Nardroff® (refraction only). As late as 1949, papers 
* Research carried out under contract with AEC. 
1 Krueger, Meneghetti, Ringo, and Winsberg, Phys. Rev. 75, 
1098 (1949) ; 80, 507 (1950) (neutrons). 
2D. L. Dexter and W. W. Beeman, Phys. Rev. 76, 1782 (1949) 


(x-rays). 

3 LH. Donnay and C. G. Shull, Am. Soc. X-Ray and Electron 
Diffraction (March 1, 1946). 

4 Lord Rayleigh, Proc. Roy. Soc. (London) 84-A, 25 (1911). 

5 R. Gans, Ann. Physik 76. 29 (1925). 

®R. von Nardroff, Phys. Rev. 28, 240 (1926). 


appeared which refuted one theory or the other on the 
basis of experimental results, even though a thesis by 
Van de Hulst’ had appeared in 1946 which showed that 
for electromagnetic radiation the Rayleigh-Gans and 
von Nardroff theories were different limiting cases of 
the correct approach to the problem. The important 
consideration, as was pointed out by Van de Hulst, is 
the difference, p, between the phase change in traversing 
the particle diameter and the phase change intraversing 
the same path length in vacuum. If p1, the Rayleigh- 
Gans theory is valid, while if p>>1, the von Nardroff 
theory is valid. A re-check into some experimental 
results has shown that this, indeed, was the case and 
only the accidental choice of particle size determined 
the magnitude of p. 

These considerations are here extended theoretically 
and experimentally to neutrons, the essential difference 
being that we deal with a scalar wave equation 


7H. C. Van de Hulst, Optics of Spherical Particles (N. V. 
Drukkerij J. F. Duwaer en Zonen, Amsterdam, 1946). 
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(Schrédinger’s equation) for neutrons and a vector 
wave equation (Maxwell’s equations) for x-rays.® 


Il. THEORY 


Our purpose is to calculate the differential scattering 
cross section, o(@), for @ small (<10-*) and the total 
cross section, o, for scattering into small angles of a 
plane wave of neutrons impinging upon a spherical 
particle containing NV nuclei/cc. The wavelength of the 
neutrons, X, is of the order of 10-* cm and the particle 
diameter 2R> 1004. 

It has been shown® by using the Fermi pseudo- 
potential that the Schrédinger equation inside a lattice 
oriented so as not to fulfill the Bragg conditions can be 


given by 
Vytky=0, (1) 


where &’ is the wave number in the lattice and is related 
to the wave number in free space by the index of 


refraction 
p=k'/k= (2) 


G is the coherent scattering amplitude. By replacing 
k’ by k we have the wave equation in free space. The 
net effect has been to replace the potential at each 
nucleus by an average potential over the sphere. The 
general solution can be given as a sum of partial waves. 
The differential scattering cross section for a spherically 
symmetric potential is! 


1—Ndan/2x=1—56. 


1 | @ ' 
o(6)= peo |>> (2/+-1)[1 —exp(2zp:) |P:(cos6) (3) 
“| l=Q 
where p; is the phase shift of the /th partial wave. 
By applying the WKB method" to the partial waves 
we obtain for p; 
(4) 


where x; is } the chord length that the /th partial wave 
intercepts in traversing the sphere at an impact 
parameter s=(/+-4)/k. 

Since the particle diameter is greater than 100), 
kR>1 (R=particle radius) and many partial waves 
must be taken. For / large and @ small 


P(cos@)=Jo{ (1+4) sind}. (5) 


Substituting in (3) for p: and P;(cos@), replacing /+-4 
by &s and the summation by an integral, we have!!* 


pi= — bkx1, 


2 


R 
o(o)=! f Jo(ks er anlingiiaes ‘ (6) 


§ An extensive theoretical treatment of neutron small angle 
scattering has been given by O. Halpern and E. Gerjuoy, Phys. 
Rev. 76, 1117 (1949). Itis based on the Laue diffraction expression 
derived from the Born approximation and is valid only for p1. 

9M. L. Goldberger and F. Seitz, Phys. Rev. 71, 294 (1947). 

LL. I. Schiff, Quantum Mechanics eee Book Com- 
pany, Inc., New York, 1950), Chapter 5. 

UL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1950), Chapter 7. 

ula This integral arises also in the high energy scattering of 
neutrons by nuclei discussed by Fernbach, Serber, and Taylor 
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The upper limit, R, is determined by the fact that all 
partial waves (/+4)>R will miss the particle. Mak- 
ing the substitutions s=Rsiny, x=Rcosy, z=k sin@ 
2k sin$@, and p= 26kR, we have 


hr 
f (1—e-* cos 7) 
0 
2 


XJo(Rz siny) siny cosydy| . 


o(6) = Rk? 
(7) 
The above integral is evaluated by Van de Hulst,’ 
who obtains for p<1 
wR p? 
(0)= (ile+ Re yt. 
2(p?+ R’z?) 


When the experimental angular resolution is much 
poorer than 6(6~10-*), p*<<R*s? and 


o(0) = 2eR**8°J;(Rz) P=4R°K8%g(Rz), 


sinx cosx\? 
ye 
3 2 


The total cross section is 


(8) 


(9) 


(10) 


c= awe f 2mg(Rz) sinddO= wR*p?/2. (11) 
0 


Since o(@) falls off rapidly at small angles, the integral 
over @ is little affected by the approximation _ 
k sind=z= 2k sin}6. 


The above result for o(@) agrees with the Born approxi- 
mation result"! and corresponds to the Rayleigh-Gans 
formula. 

For p>1 Van de Hulst has shown that Eq. (7) 
becomes 


®t LJ (Re) P 


sin?6 


4R°3? 
"(48+ sin*6)* 
6R*J ,(Rz) sin(p?+ R’z*)* 
¥ (48-+-sin?@) sin@ 








The first term is interpreted as the diffraction around 
the particle having a half-width «)/R. The second 
term is interpreted as the refraction through the particle 
and agrees with the von Nardroff® analysis on the 
basis of geometrical optics. The cross term is interpreted 
as the interference between refraction and diffraction. 
For p>3 the broadening due to the second term pre- 
dominates. 

[Phys. Rev. 75, 145 (1947)]. Nuclei in our problem become 
nucleons in theirs and particles become nuclei. Because of absorp- 
tion, however, 6 is complex at high energies. S. Pasternack and 


H. S. Snyder ‘[Phys. Rev. 80, 921 (1950) ] make use of Van de 
Hulst’s evaluation of the integral i in the high energy case. 
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The first and second terms in (12) each contribute 
mR? to the total cross section, while the third term gives 
zero because of its oscillatory character. For p>>1, then, 


o=2nR’. (13) 


The neutron is diffracted and refracted by every particle 
it traverses. No convenient expression for o(6) in the 
range p~ 1 is known; however, an exact expression for 
o for all values of p can be obtained. 

The total cross section for spherically symmetric 
potentials is!® 


4 
o=— >. (2/+1) sin*p;. 


[=O 


(14) 


Making the same substitutions as for o(@), we obtain 


hr 
o= (82/k’) k®R? siny cosy sin?(}p cosy) dy 
0 


= 2rR*{1—(2 sinp/p)+(2/p")(1—cosp)]. (15) 
One can verify that for large and small p Eq. (15) 
reduces to (13) and (11), respectively. A plot of ¢/R? 
versus p is given in Fig. 1. 

Because of its usefulness in treating the case of 
nonspherical particles, it is worth while to note another 
method used by Van de Hulst for obtaining the differ- 
ential scattering cross section per particle, Eq. (11). 
In the case of no Bragg scattering the wave remains 
essentially plane in traversing the medium.*® However, 
neutrons traversing different chords of the sphere suffer, 
different phase changes. If we assume an imaginary 
plane in space perpendicular to the incident k vector 
and use Huygens’ principle to assume the plane to be 
a new source of wavelets, we can sum up these waves 
at a distance far from the particle by integrating over 
the plane and taking into account the proper phase 
changes. The contribution outside of the shadow of the 
sphere is evaluated by Babinet’s principle. If we neglect 
refraction as a second-order effect on the phase changes 
and assume the amplitude of the wave to remain 
constant, we arrive at the above result (7). Further- 
more, since the index of refraction is very close to 
unity, reflection at the surface can also be neglected." 

When the conditions for Bragg reflection are satisfied, 
the index of refraction is no longer given by (2). If the 
mosaic blocks are <10~ cm, the index of refraction 


lb As an example this method has been applied to the case of a 
plane wave incident upon a cube whose face is perpendicular 
to the propagation vector. The result is o(6)=8k?(1—cosp) 
Xsin*(42L@ cosy) sin*(4kLé sin) /x*k*6 cos*y sin*y. L is the cube 
dimension and y¥ is the angle between the plane perpendicular to 
the cube face and passing through the point of observation and 
the plane perpendicular to the face of the cube and parallel to 
one of its edges. It should be noted that all small angle scattering 
disappears when the phase difference, p, is an even integral multiple 
of . These results are applicable to the work of A. T. Forrester 
and L. Mittenthal, Phys. Rev. 81, 268 (1951). Here again the ex- 
pressions reduce to the Born approximation for p small and to the 
geometrical optics expressions for p large. The total cross section 
o=2dImf(0), where o(0)=|f(0)|*. This yields o=2(1—cosp) L*. 
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can be approximately given by 
u—1=6=(NGN"/2x)(1—fx’), (16) 


where fx is the form factor corresponding to the 
reciprocal lattice vector K which is properly oriented 
to give Bragg reflection. In the present case the proba- 
bility of meeting a grain properly oriented is small 
(~10-*) and so provides a negligible correction. For 
larger grain sizes the Bragg reflectivity becomes high, 
and the neutrons are deviated through large angles and 
hence are not observed. 

In the diffraction range, pX1, the possibility of 
coherence between particles in a conglomerate (powder 
sample) must be considered. Since the total cross 
section per particle is small, the Born approximation 
can be applied. This will yield 


(0) =| (0) |?-+ 990 | f(0) |*g(Rz), (17) 


where &(6) is the differential cross section for the entire 
sample, % is the number of particles in the powder 
sample, f(@) is the scattering amplitude per particle, 

















Fic. 1. Total cross section divided by rR? for small angle scattering 
by spheres as a function of p. 


® is the width of the powder sample, and z= siné. 
The first term is merely the superposition of intensities 
of the individual particles which is the criterion for 
independent scattering. The second term in (17) in 
general has angular width too small to be detected and 
corresponds to the normal forward going coherence. 
If there is some short-range order in the powder sample, 
an additional term will be present; but, since the par- 
ticles are very much larger than the neutron wave- 
length, such coherence is probably small. 

In the refraction range, p>1, the particles are 
assumed to scatter independently, since the space 
between particles is of the order of the particle size. 
Multiple scattering is important, and the independent 
scatterings will yield approximately a gaussian distri- 
bution. The correct distribution will be discussed later. 
Von Nardroff’s’ analysis for slit geometry gives a final 
distribution which is gaussian and yields 


w” — wo? = 16n6*(In2)[1+1n(2/5) J, (18) 


where w is the beam full width at half-maximum, wo is 
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Fic. 2. Experimental arrangement for small angle scattering 
experiment. The movable slit was mounted on a comparator. 


the initial beam width, and n is the number of particles 
traversed. Von Nardroff only considered refraction 
(second term in Eq. 12). 


(A) Particle Shape 


So far we have considered only spherical particles. 
We shall assume that the criteria p<1 for the Born 
approximation and p>1 for geometrical optics apply 
independently of shape. In the diffraction range the 
Born approximation has been applied to particles of 
shapes other than spheres by Kratky and Porod” and by 
Shull and Roess." In the refraction range we can apply 
geometrical optics as von Nardroff has done for 
spherical particles. In general, particles large enough to 
be in the refraction range have fairly random configura- 
tions. As an approximation, if we assume a sphere to 
be made up of many segments of planes, these planes 
will be randomly oriented (all directions equally prob- 
able). One may then expect a distribution function very 
close to that of a sphere, except for a correlation factor 
between the incoming and outgoing deviation of the 
neutron which exists for a sphere but not for a random 
surface. Since the deviations at both surfaces of a 
sphere, @, are equal, if we take twice as many surfaces 
each giving rise to deviation @, we can approximate the 
case of randomly shaped particles. This gives 


o(0) = R?6?/(8+4-sin’6)?, 


where # is an average dimension, and by von Nardroff’s 
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Fic. 3. Neutron intensity in counts per minute versus vernier 
reading in mm for 200-325 mesh bismuth for three sample 
thicknesses. 

QO. Kratky and G. Porod, J. Colloid Sci. 4:1, 35 (1949). 

%C. G, Shull and L. C. Roess, J. Appl. Phys. 18, 295 (1947). 
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multiple scattering theory yields 


ww? — wo? = 8n6*(In2)(7+1n8/6). (20) 


(B) Magnetic Scattering 


An interesting phenomenon discovered by Hughes 
et al. is the small angle scattering in unmagnetized 
iron. The deviations in the magnetic index of refraction 
caused by the relative orientation of neutron magnetic 
moment and field direction B of each domain cause 
small angle scattering. The index of refraction including 
magnetic scattering is given by®:® 


1—p=5=(NGd2/2r)+(fB/2E)=Snuctbmag, (21) 


where 7B/2E is the additional term involving the 
interaction of the neutron magnetic moment, f, with 
the field B. E is the neutron energy, and the + sign 
indicates that the magnetic amplitude is either added 
or subtracted depending on the orientations of @ and B. 
Here again one expects either the Born approximation 
or geometrical optics to apply, depending on whether 
the size of the domain makes p<1 or p>>1. In Hughes’ 
paper he specifies the domain size as 3.4 10~* cm and 
bmag=5.2X 10~*. If we take R= 22/1.8X (108/cm), then 
p=<6. This value of dmag is half the maximum and exists 
only if the domains are on the average tilted 90° with 
respect to each other. If this is a reasonable assumption, 
then Hughes’ analysis in terms of magnetic double 
refraction (geometrical optics) appears correct. The 
fact that his distributions appear gaussian indicates 
that a high order multiple process is occurring. 


III. EXPERIMENT 


The experimental arrangement (Fig. 2) consisted of 
a graphite collimator which permitted a line source of 
neutrons of half-width approximately one minute of 
arc to emerge from the Oak Ridge reactor. The beam 
was reflected from a glass mirror set at the critical 
angle ~10.0' for neutrons of wavelength 3.0A. All 
neutrons of shorter wavelength were either attenuated 
by the glass (scattered out of the beam) or absorbed in 
a B,C “catcher.” The reflected neutrons traversed the 
powder sample, and a B,C slit system mounted on a 
comparator in front of a B'F; proportional counter 
plotted out the contour of the beam. Angles were 
determined as ratios of displacements of the slit read 
from a vernier to the base line from sample to slit. 

The neutrons reflected from the mirror consisted of 
those of all wavelengths greater than 3.0A in the max- 
wellian velocity distribution of the pile. The flux is of the 
form F,d\=A exp(—KT/E)dd/-* where T is the 
moderator temp, \ is the wavelength, K is the Boltz- 
man constant, E is the neutron energy, and A is a 
constant. A curve of the neutron distribution of the 


(194 Hughes, Burgy, Heller, and Wallace, Phys. Rev. 75, 565 
949). 
46 Halpern, Hamermesh, and Johnson, Phys. Rev. 59, 981 (1941). 
16H. Ekstein, Phys. Rev. 76, 1328 (1949). 
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Oak Ridge reactor is given by Wollan and Shull.” 
The portion of the curve in which we are interested 
(A> 1.65A) can be represented by F,\dAAdv/)5. 


Refraction Range 


Over the range of 5 with which we shall deal 
(~10-*— 10-5) the logarithm term in (18) and (20) is 
relatively insensitive to variation in 5. We shall there- 
fore combine it into the constant yielding 


(wo? — wo?) = bdn!. (22) 


The parameter 6 depends on the particle shape, and its 
value will be discussed later. From this equation and 
Eq. (2) we see that the broadening in the refraction 
range, p>>1, is proportional to n!, to d*, to 6, and to d@ 
but should be independent of R. Since the neutron 
beam is not monochromatic, we must calculate an 
effective X*, i.e., that single value of \? which will give 
the same broadening as the entire portion of the 
maxwellian distribution we are using. Each wave- 
length gives rise to a gaussian distribution of the form 
exp(—af?/w*), where 8 is the angle, w is the half-width, 
and a is a constant adjusted so that 8 equals w at the 
half width. The final distribution is, then, 


Ga)=a f e~ OF) exp(—aB?/w*)dr, 

Xe 

We determine that value of 8 such that G(8)=G(0)/2. 
Exp(—cd) is a term which will allow for absorption by 
the powder sample. It is assumed that such absorption 
in the energy region we are working follows the usual 
1/v character. 

The evaluation of \*.¢¢ has been performed, and for 
c=0 (no absorption) the effective wavelength is 
(Ne¢¢)!= 1.06\,=3.2A. It turns out that for the sub- 
stances used the absorption has negligible effect on d*¢¢4. 

Experiments in the refraction range were performed 
to verify the functional dependence of the broadening 
on n, A, R, 6, 6, and 4. 


1. Dependence on Number of Particles Traversed 


To check the proportionality with n', bismuth 
powder was differentially graded between 200 and 325 
mesh screens and several sample thicknesses were used. 
In Fig. 3 are the curves for thicknesses 3”, 13”, and 
23” of sample. The contour of the incident beam is 
also plotted. The widths A are the full widths at half- 
maximum after subtracting background and making a 
small asymmetry correction because the finite angle 
subtended by the mirror makes the critical angle differ- 
ent at each end of the mirror. The slit width was kept 
less than § the half-width and contributed very little 
apparent broadening. The curves are reduced to semi- 
curves because of symmetry. 

In Fig. 4 is plotted (w?—w *)! in mm of vernier 
reading versus the square root of the sample thickness, 


17 E. O. Wollan and C. G. Shull, Nucleonics (July, 1948). 
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Fic. 4. Broadening of neutron beam in mm after traversing 
different sample path lengths versus the square root of the path 
length. 


L. The errors due to estimated inaccuracy in measuring 
the half width are shown. Figure 5 is a representative 
sample of a few of the 200-325 mesh bismuth particles 
enlarged 57X. An average particle size from the 
photograph is 1/250 inch. The value of p for these 
particles at A\=3.2A is +10 


2. Dependence on Particle Size 
In the range p>>1 the half-width of the diffraction 


term in (12) is 6;2=1.62\/2xR, while the refraction 
term in (12) has a half-width @;*=1.256, but since 
p=25kR>1, 

6,8 = 1.256>>1.25/2kR=1.25d/4eR=0.6/2eRX6,?/3. 
Therefore, p>3 means that 0;"> 6,”. 
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Fic. 5. 200-325 mesh bismuth particles enlarged 57X. 











R. J. 





Besssse gs 
Bees sees 8 8 BB 














‘ ‘ 2 3 ‘ $ ’ 
VERMIER READING (mm) 


Fic. 6. Intensity in counts per minute versus vernier reading in 
mm for bismuth powders of varying mesh numbers. 


Figure 6(a) shows curves for differentially graded 
bismuth of 100-200 mesh, 200-325, mesh and 325-400 
mesh as well as a curve of the incident beam width 
Fig. 6(c). The sample thicknesses were kept constant. 
Figure 7 is a plot of (w*—.)! for the 3 samples as a 
function of the square root of the number of particles 
traversed, !, estimated from the particle size, apparent 
density of the sample, and the path length traversed. 
The estimated p for the 100-200 mesh bismuth is 20 
and for the 325-400 mesh 7.0. The curve crosses the 
vertical axis at a value corresponding to w= 1.14 mm, 
whereas wo=1.1 mm. This is certainly within the 
experimental error to which the half-width can be 
estimated (~0.1 mm). No apparent deviation from 
linearity indicates that (w?— wo)! is independent of R 
to within the errors shown. 

In order to show diffraction broadening, 32 p>1, a 
200-325 mesh sample of vanadium was used. Vanadium 
is monoisotopic of spin 7/2. One of the spin scattering 
orientations, either 4 or 3 (spin parallel or antiparallel) 
is affected by a resonance at 2700 ev.'* This resonance 
interferes with the potential scattering and causes the 
scattering amplitude to be negative. The magnitude of 
the negative scattering amplitude times the spin weight 
factor appears to be just equal to the magnitude of the 
positive scattering amplitude times its weight factor 
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Fic. 7. Broadening of neutron beam in mm versus square root of 
number of particles traversed. 


18M. Hamermesh and C. O. Muehlhause, Phys. Rev. 78, 175 
(1950). 
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and the result is a coherent cross section, ¢eon<0.1 barn. 
Using 0.1 barn as an upper limit, the calculated value 
of 6=1.310~* for vanadium makes the phase change, 
p==3. In this case the diffraction broadening approxi- 
mately equals the refraction broadening. 

From Fig. 7, for p=3, one would expect (w*—w,")! 
=0.45 mm for refraction scattering. The additional 
diffraction term would add another 0.45 mm and so we 
should expect (w*—wo?)!'=0.9 mm. The experimental 
result is 0.75+-0.15 mm. A smaller value of the cross 
section would give better agreement. 


3. Dependence on Index of Refraction 


To show the dependence on 4, different elements 
were used, each differentially mesh graded between 200 
and 325 mesh screens. Since the broadening is propor- 
tional to ()!, the grading is not too important a factor. 
The index of refraction was computed from the coherent 
cross sections of Wollan and Shull.” In all cases A, and 














Fic. 8. Broadening of neutron beam in mm for substances of 
differing indices of refraction. d(¢cox)#/A is proportional to the 
index of refraction. 


n (the number of particles traversed) were kept constant 
and the only parameter varied was d(¢con)4/A, where 
d=density, A=atomic weight, o-on=coherent cross 
section, i.e., 


Nar? dAar d(econ)! 
6= ——_ = eyanaGrertel 
2x A 


where A=Avogadro’s number and N is the number 
of nuclei/cc. 

In Fig. 8 is plotted (w?—wo*)! versus d(acon)4/A for 
various elements. Although the shape factor 6, oxide 
coatings, and errors in density have not been taken 
into account, the points fit fairly well over a very large 
range of 6. Nickel has the largest value of |4| known 
and vanadium the smallest. As pointed out before, 
vanadium exhibits noticeable diffraction broadening. 
Other corrections were made to allow for the use of 
smaller samples of nickel to get better statistics and 
the use of 100-200 mesh Mg and 400 mesh As. 


“® C, G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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4. Dependence on Wavelength 

The proportionality with \* was checked by varying 
the cut-off angle of the mirror. The substance used was 
magnesium for which C0 so that MugxAZ<87. A 
plot of (w?— wo)! versus 0.2 should yield a straight line. 
However, since c¥0, the ratio of the area of the curves 
to the total reflected intensity for each setting of the 
mirror should be constant. Since the curves are approxi- 
mately gaussian, the area can be approximately given 
by the height times the width at half-maximum: 


(w?— wo”) 'T7/Tr=B, 


where Jr is the transmitted peak intensity, Jz is the 
total reflected intensity, B is a constant, and 


Tp/I r= (w*—we")!/B« 62. 


Since the shape of the reflected beam is a constant 
independent of mirror angle, Jp«Js, where Js=peak 
reflected intensity. We then have 


I s/Ir= 02 < dott. 


Figure 9 is a plot of I's/Ir in arbitrary units versus 02 
in (minutes). It confirms the proportionality with \’. 


5. Dependence on Coherent Scattering Amplitude 


One means of varying 4, the scattering amplitude, 
without varying the other parameters d, A, d’, and n 
is to use separated isotopes. Since this was impractical 
another technique, suggested by M. Goldhaber, was em- 
ployed. After measuring the broadening of the neutron 
beam, the sample was then immersed in CS:. The 
broadening was thereby decreased, since it is propor- 
tional to |5,—écs,|, where 6, is the difference from 
unity of the index of refraction of the sample and écs2 
that of the CS». Since the wavelength has been unaltered 
(0 for CS), (w*—wo?)! is proportional to |N.d, 
— Ncs:dcs,|. Since the N’s are known constants, we 
are actually measuring the effect on d. If d is negative 
(index> 1), the broadening is increased, since CS, has a 
positive amplitude. 

The magnitude of d can be determined by taking the 
ratio of the broadening with and without CS: 


(w®— wo”)? 
(w?—wo2)c8y! b(8,—8c82)n? (N'd,—Ncsdcs,) 


bin? NA; 





The quantities 6 and m remained unaltered by the 
addition of CSs, since the powder was tightly contained 
in a 400 mesh wire container which allowed CS, in but 
no powder out. The low viscosity of CS: permitted 
free flow around the individual particles. (Subsequent 
tests in mixing the powder and CS, mechanically 
exhibited no difference.) Solving for the coherent cross 
section, we obtain 


(da/A )cse(w* ee wo") (a? — wo’) cs.~? 


(d/A)C8e[_ (ca? — wo”) #(co? — wo?) C8274 — 7" i=) 
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Fic. 9. A measure of the broadening versus \* for 100-200 
mesh magnesium particles by measuring peak height versus 
critical angle squared. 


If the ratio of (w*—we*)!/(w?— wo") cs2! is close to unity 
(i.e., the CS» has little effect on the broadening), then 
the value of oon will be very sensitive to slight errors 
in the broadening. fherefore, in this case a liquid should 
be chosen whose index of refraction is close to the index 
of refraction of the unknown. If one had a whole series 
of liquids of varying index of refraction, one could 
attempt to match the indices (disappearance of small 
angle scattering). It is necessary, however, that these 
liquids attenuate the beam very little, and very few 
such liquids exist. Two readily available liquids which 
can be used are CS; and DO. 

In addition to determining the magnitude of 4, the 
sign or phase of slow neutron scattering can easily be 
determined upon the introduction of CS:. In general, 
if the beam narrows, d is positive, and if the beam 
broadens, d is negative. If the substance initially has a 
value of 6 less than that of CSe, which is rare, then 
further analysis is needed. 


Taste I. Experimental determination of coherent cross sections. 








Element Wollan and Shull 


Ni 17 +4 13.5 
Pd 5.2+0.5 5.0 
Sb 3.9+0.4 3.7 
Si 2.00.2 _ 

As 4.6+0.5 5.0 


Small angle scatt. 








Experiments were performed for the scattering by 
graded 200-325 mesh bismuth with and without CS». 
It was observed that the beam narrowed upon the 
introduction of CS2, thus showing that bismuth has a 
positive scattering phase. The scattering by titanium, 
graded between 200 and 325 mesh, with and without 
CS2, showed an increased broadening, verifying that 
titanium has a negative scattering phase. Substituting 
the values of the broadening for bismuth and titanium 
in (23), we obtained for the coherent cross sections: 
Teoh (barns) 
(Experimental) (Wollan and Shull) 

10 +1 10.1 

1.6+0.3 1.8 


Teoh (barns) 


Bismuth 
Titanium 
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Taste II. Phase determinations by immersion in 
liquids of positive phase. 








Element Small angle scatt. Wollan and Shull 





++4++4++ | 
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The values given by Wollan and Shull are considered 
accurate to within several percent. The probable errors 
listed for our results were obtained by considering the 
error in estimating the half-widths. 

In a similar way Ni was immersed in D.O. The index 
of refraction of D,0O is fairly large, and if it and a liquid 
like CS» were miscible, a combination of the two would 
be very valuable in matching an index by varying 
their ratios. 

Further measurements on coherent cross sections 
using CS, and D,0O yield the results in Table I. As yet 
the method is not too accurate, but it offers the ad- 
vantage in enabling one to use small samples (<500 
milligrams). 

Phase determinations were made on several elements. 
These are listed in Table II. Of about 60 elements for 
which the phases are now known, only H, Li’, Ti, Mn, 
and Ni® are known to be negative. The determination 
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Fic. 10. Snyder-Scott multiple scattering function for 100 scat- 
terings compared with a gaussian of the same half-width. 
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of coherent cross sections and phases has in many cases 
been the first indication that a resonance level exists.!®* 


6. Dependence on Particle Shape and Multiple Scattering 


We shall now show that the magnitude of the 
broadening is consistent with the experimental results. 
The von Nardroff multiple scattering formula for 
spheres yields 


(w* — wo”)! = 48(n In2)4[14+1n(2/8) }}, 
and for random surfaces 
(w®— wo)! = 26(2n In2)*7+1n(8/6) }}. 


The von Nardroff formula assumes the final distribution 
to be gaussian. This would be true only if the distribu- 
tion for each scattering were short range, which is not 
the case (12) (19), since the distribution actually falls off 
more slowly than guassian. An analysis of this type of 
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Fic. 11. Compounded Snyder-Scott and gaussian distribution 
compared with a gaussian. Included are experimental points for a 
typical scattering sample. 


multiple scattering and a comparison to the gaussian 
approximation has been made by Snyder and Scott.” 
Their scattering function has been plotted in Fig. 10 
along with a gaussian of the same half-width. This 
distribution function has to be compounded with the 
distribution function of the incident beam produced by 
the collimator. The incident beam was found to agree 
fairly well with a gaussian. 

To estimate how these are compounded, the beam 
was assumed monochromatic and the Snyder-Scott 
distribution function was graphically compounded with 
an initial gaussian beam from the collimator whose 
half-width was one-half the Snyder-Scott distribution. 


1% Noticeable incoherent scattering in Te led to an investigation 
of possible resonances in Te by Heindl, Ruderman, and Weiss. 
. resonance in Te™ at 2.2 ev was found to have a oo2100,000 

arns. 

*H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949). 
Note in particular their Fig. 5. 
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This yielded the curve in Fig. 11, whose half-width 
turns out to be the square root of the sum of the squares 
to within 10 percent. A gaussian of the same half-width 
and experimental points are also plotted. If, in addition, 
the wavelength distribution was included, the absolute 
error would have been greater than 10 percent. How- 
ever, the relative error over not too large domains 
should be comparatively small. 

The further complication that the incident beam is 
not monochromatic but is the tail end of a maxwellian 
distribution could not be included in the analysis 
without lengthy numerical calculations. It does not 
appear that this is serious, because of the rapid decrease 
of the pile spectrum with wavelength. 

As an illustration of the absolute magnitude of the 
broadening, we consider Ta in Fig. 8. From the sample 
thickness, particle size, and apparent density, m is 
estimated to be ~100+10. Consequently, for 3.2A 
neutrons, 6 is 6.32 10~*. This yields 


(w*— wo”)! = 1205= 2.59’ for spheres 
(w?— wo”)! = 1065= 2.26’ for random surfaces 


von Nardroff theory, 


Half-width= 725=1.55’ for spheres 


Half-width= 585=1.25’ for random surfaces 


Snyder-Scott theory. 


From Fig. 8 for Ta, (w?—wo”)'=1.3 mm. The dis- 
tance to the sample from the slit was 68 inches; this 
corresponds to an angle equal to 2.64 minutes. Since 
this result is based on taking the square root of the 
difference of the squares of the final and initial beam 
half-widths, the value is too large by 10-20 percent. It 
still appears that the absolute magnitude agrees more 
closely with the von Nardroff theory, but in any case 
it is consistent with either theory to within a factor 
of 2. 


Diffraction Range 


Experiments in the diffraction range were performed 
with graded carbon black supplied by Columbian 
Carbon Company through the courtesy of Dr. R. Ladd. 
The sizes of these particles are well known from electron 
microscope measurements which also reveal their 
shapes to be approximately spherical. From Eq. (9) we 
expect the small angle scattering width to be propor- 
tional to \ and 1/R but independent of 5. From Eq. (11) 
the total cross section should be proportional to R‘, \? 
and @. 


1. Dependence on Particle Size 


Figure 12 is a curve for Stat-ex (R=300A). Plotted 
in dashed lines is the incident beam scaled down to the 
same peak height. Figure 13 is the same curve for 
Micronex (R=140A) with the incident beam also 
indicated. Both were taken with mirror angle set so 
that \.=1.65A. 
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Fic. 12. Intensity in counts per minute versus vernier reading in 
mm for Stat-ex carbon black (R=300A). 


The value of p for both Stat-ex and Micronex can be 
calculated as it was for bismuth and yields p~10~°. 
The total cross section for small angle scattering (p<1) 
is given by Eq. (11): 

o= TR p?/2= (Ry NPE 1/2. 
[(R*)}! was determined to be 350A for Stat-ex from a 
plot of frequency versus particle size." The density of 
carbon was taken to be 2 g/cc. Since we are inter- 


ested only in the total cross section, we must calculate 
the average value of )?: 


oo oo 4 
ue'| f ruvan / f ran} = (2A2)t=2.3A. 
Ae Xe 


Taking ocon for carbon=5.2 barns, we find o=1.14 
XX 10-'* cm? per particle. 
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Fic. 13. Intensity in counts per minute versus vernier reading in 
mm for Micronex carbon black (R= 140A). 


21 Surface Area of Collodial Carbons (Columbian Carbon 
Company, 1942). 
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Fic. 14. Intensity in-counts per minute versus vernier reading in mm for Micronex with mirror adjusted 
to different critical wavelengths. 


The number of particles per cubic centimeter, N, is 
obtained from the apparent density (d’=0.1 gm/cc), 
the average particle size, and the density per particle: 


N=d'/[4/3(xdR®)]=0.05 x 10'*/cc. 


The fraction of the beam suffering small angle scattering 
is f=1—exp(—Nox). For Stat-ex x=3.3 cm and we 
obtain f= 1—exp(—0.05X 11.4X3.3)=0.84. Figure 12 
clearly shows the superposition of the undeviated beam 
and the diffracted beam. If we continue the curve from 
the break in the curve and extrapolate back to zero, 
we obtain the approximate diffracted curve. The ratio 
of the area of the diffracted portion to the total is 87 
percent. Allowance for multiple scattering will lower 
the 87 percent. 

For Micronex [(R*) }!=175A.% This makes ¢=7.1 
<10-" cm? per particle and N=0.22X 10'*/cc. Since 
x=6.25 cm, we obtain f=1—exp(—0.22X0.71X6.25) 
=().62. The diffracted curve can only be roughly esti- 
mated for Micronex, since the undeviated beam overlaps 
a large portion of the diffracted beam. The approxi- 
mated curve as drawn yields f=0.60. 

A similar curve was obtained for neospectra. The 
particle size distribution is unknown, but R is esti- 
mated*'* to be 50A. Assuming [(R*)« ]'=60A we obtained 
f(calc.)=0.28 and f(exp.) =0.39. 

The magnitude of the broadening for Stat-ex can be 


218 Dr. R. Ladd (private communication) (Columbian Carbon 
Company). 


derived from Eq. (9) and yields 


1.7 X ders 


(ca? wy?) = ——— 


(8.3’) 


where A.).. An inspection of the Stat-ex curve 
indicates a half-width of the scattered component, 
(w?—wo")'=4.5 mm. This corresponds to an angle of 
9 minutes, which is in good agreement with the calcu- 
lated result. (Multiple scattering will increase the 
broadening expected.) It is obvious that geometrical 
optics cannot apply here, for the curve would have to 
be gaussian and have a half-width of several degrees! 


2. Dependence on Wavelength 


From Eqs. (11) and (2) we expect the total cross 
section to be proportional to \?, or in our case to 
\.. Figure 14 contains curves of Micronex for four 
different values of \,. The shaded area gives a definite 
indication that the amount of small angle scattering 
increases with \. It is also obvious that the amount has 
increased faster than A, since comparison of the 1.65A 
and 2.85A curves indicates a factor much greater than 
2. It is difficult to separate the scattered beam from 
the unscattered because of the poor resolution necessary 
to insure reasonable intensities. Because of this, it was 
impossible to check quantitatively the differential cross 
section as a function of X. 
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Comparison of p Large and Small 


To make more vivid the importance of particle size, 
and hence of p, the beam was allowed to traverse 33 mm 
of carbon in the form of 800 mesh diamond. It yielded 
a gaussian curve of half-width 5.76 mm. This is to be 
compared with Fig. 14(c) which is for 33 mm of carbon 
in the form of Micronex. The curve is non-gaussian and 
shows only a small fraction of the diamond broadening 
even though neutrons have traversed approximately 80 
times as many particles! The estimated p for the 
carbon black is 10-? and for the diamond, 10. 


Intermediate Range 


To study the region p~1 finely divided bismuth 
which passed through a 400 mesh screen (the finest 
mesh obtainable) was further separated by sedimenta- 
tion in a liquid. The top half was poured off after 
allowing a short time for the larger particles to settle. 
These two fractions then yielded the curves in Fig. 6(b). 
These are to be compared with Fig. 6(a). The lower 
fraction which consisted of larger particles gave a 
curve which appears to be gaussian. A microphotograph 
of this fraction indicated an average particle size 
~3X10- cm. This corresponds to p&3. The curve 
for the very fine bismuth is narrower than that of the 
larger sized fraction and is not gaussian. The average 
particle size estimated from a microphotograph is about 
6X 10~ cm. This corresponds.to p=0.6. The curve for 
this fraction shows the presence of an unscattered 
component. It is expected that the curve should become 
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narrower since the cross section for p=1 is less than 
2rR?. 


Comparison of Results 


Experiments on small angle scattering of thermal 
neutrons by powders have been performed at Argonne." 
Their work was unable to distinguish between the 
refraction and the diffraction theory. This was partly 
due to the fact that in two of the three substances tried 
(Al and CaCO;) the value of p was of the order of 1. 
In the case of lampblack, whose size was small enough 
to place it in the diffraction range, the method em- 
ployed to measure the angular distribution was very 
insensitive to the tail of the distribution. As we have 
shown in the case of the carbon blacks, it is only 
the tail of the distribution which comprises the scat- 
tered beam, and it requires a detailed shape analysis 
to reveal this. The collimation used in the Argonne 
experiments (~30 minutes) appears too coarse to pick 
out such detail. 

We should like to express our sincere gratitude to 
Drs. Simon Pasternack and A. W. McReynolds for aid 
received in carrying out the theoretical and experi- 
mental portions of this work. We also express our 
appreciation to Dr. H. Snyder for his many valuable 
suggestions, to Drs. M. Goldhaber and D. Kleinman 
for many interesting discussions, and to Drs. J. C. 
Boyce and Thomas H. Johnson for their help and 
interest. We wish further to thank Drs. E. O. Wollan 
and C. G. Shull for making the facilities of Oak Ridge 
available and for their many valuable suggestions, and 
Dr. R. Ladd for supplying the carbon blacks. 
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Alpha-Decay Energies of Polonium Isotopes* 


D. G. Karraker, A. Guiorso, AND D. H. TEMPLETON 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received March 2, 1951) 


The isotopes Po® and Po*! have been shown to have half-lives of 11 and 18 minutes, respectively, and to 
emit alpha-particles of 5.84 and 5.70 Mev. Both isotopes decay mainly by electron capture. The energies 
of the alpha-particles of the polonium isotopes 206 to 209 have been redetermined as 5.21, 5.10, 5.10, and 
4.86 Mev, respectively. The abundance of the low energy alpha-group of Ra™, which was used as a standard 
in this work, was observed as 4.8 percent of the total alpha-activity. 





INTRODUCTION 


INCE 1946, eight isotopes of polonium from mass 

202 to 209 have been reported.!~* In the course of 
further work, we have made improved measurements of 
the energies of the alpha-particles emitted by several 
of these isotopes and by two others which have now 
been assigned to Po?” and Po, 


Po*" AND Po? 


The new isotopes were first observed in pulse analysis‘ 
of polonium samples produced by bombardment of 
bismuth (as BieOs) with protons of energy 100 Mev or 
more. Separation of the polonium was accomplished in 
about 30 minutes by dissolving the target in HCl, ad- 
justing the acid concentration to approximately 6 
molar, and extracting the polonium into 20 percent 
tributyl phosphate in dibutyl ether. The organic phase, 
containing the polonium, was purified by washing it 
several times with 6M HCl. Samples for alpha-pulse 
analysis were prepared by evaporating a portion of the 
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Fic. 1. Pulse analysis curve showing Po™ and Po™! mixed with 
heavier isotopes. 

* This work was performed under the auspices of the AEC. 

1 Templeton, Howland, and Perlman, Phys. Rev. 72, 758 (1947). 

2 E. L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 

*D. G. Karraker and D. H. Templeton, Phys. Rev. 81, 510 
1951). 
*Ghiorso, Jaffey, Robinson, and Weissbourd, The Trans- 
uranium Elements: Research Papers (McGraw-Hill Book Company, 
Inc., New York, 1949), Paper No. 16.8, National Nuclear Energy 
Series, Plutonium Project Record, Vol. 14B. 


organic solvent on a platinum counting disk, then dis- 
tilling a portion of the activity to a second disk. The 
chemical procedure serves to restrict the chemical 
identity of the product to either polonium or astatine. 
Since, after correction for decay, it was found that the 
ratio of the new activities to known polonium activities 
was not changed by partial volatilization, the new 
activities were positively identified as polonium. 

The new alpha-activities were shown by pulse 
analysis (Fig. 1) to have a 5.70-Mev alpha-particle 
group decaying with an 18-minute half-life and a 5.84- 
Mev group with a half-life of 11 minutes. 

Mass assignments of these activities were made by 
successive separation of the electron capture daughter 
activities, where the yields of the end product of a decay 
chain serve to fix the half-life of the parent of the chain. 
A large quantity of polonium activity was prepared by 
bombardment of bismuth with 150-Mev protons, and 
the polonium was separated and purified as previously 
mentioned. After a 10-minute interval for a growth of 
the bismuth electron capture daughters, the bismuth 
and lead were separated by washing the polonium (in 
tributyl phosphate solution) with 6M HCl. Five separa- 
tions were done in this manner. The bismuth activities 
were allowed to decay for 24 hours, which should take 
Bi?! and Bi*® through their lead daughters to the TI?” 
and Tl? members of the following electron capture 
chains: 


Po? eit Bi20° 


Pb T1200 Hg?” 
14min 35 min 418 hr 27 hr stable, 


Po”! a Bi ae Pb”! a Tr oi Hg?! 
2imin tJhr;i8hr Shr 72hr _ stable. 


The thallium was separated by extraction with diethyl 
ether after oxidation with potassium permanganate. 
The decay of the thallium separated from each of the 
five bismuth fractions was followed. The yields of Tl? 
and Tl” indicate that the polonium parent of the mass- 
200 chain has a half-life of 14 minutes, while the parent 
of the mass-201 chain is 21 minutes in half-life. Thus, 
the 11-minute alpha-emitter of 5.84-Mev energy is 
identified as mass 200, and the 18-minute alpha-emitter 
of 5.70-Mev is placed at mass 201. 

The timing of the experiments is such that it does not 
matter whether Po”! decays to one or both of the 
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ALPHA-DECAY ENERGIES OF POLONIUM 


isomers of Bi**!. We have not attempted to determine 
this part of the decay scheme. 

The discrepancy between the half-lives determined 
by chemical separation and the half-lives determined by 
alpha-counting is to be expected, since the alpha-decay 
of the Po*®* and Po™ known to be present in the polo- 
nium fraction contributes to the yield of Tl? and TP” 
and increases the half-lives determined by chemical 
separations. The half-lives determined by alpha- 
counting are considered to be the correct values. 


MEASUREMENT OF ALPHA-PARTICLE ENERGIES 


Previously published values!” for the alpha-particle 
energies of Po®, Po’, Po’, and Po*®® were measured 
on the 48-channel differential pulse analyzer‘ before 
improvement of techniques and the apparatus made 
possible the precision of the measurements reported 
here. Some of the increased resolution is due to care 
taken to produce thin, uniform samples; but improved 
design of the ionization chamber and the preamplifier 
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Fic. 2, Pulse analysis of Ra** standard. 


are mainly responsible for the improvement. At the 
present time, the precision of a measurement is about 
10 kev, with the accuracy estimated as about 20 kev. 

Energies are obtained from the pulse analyzer by a 
standardization of the relation of the output pulse 
height to the energy of the alpha-particle causing the 
pulse. This relation is very linear over an energy range 
of 2 Mev or so, and the energy calibration was deter- 
mined using as primary standards alpha-emitters whose 
alpha-energies have been previously determined by 
alpha-ray spectroscopy. The primary standards used 
for these polonium isotopes were Po”’ (alpha-energy 
5.298 Mev),> Ra”® [alpha-energies 4.795 Mev (93.5 
percent) and 4.611 Mev (6.9 percent) ],° Ra™ (alpha- 
energy 5.681 Mev),’? and Th*® (alpha-energy 5.418).® 

Be G. Holloway and M. S. Livingston, Phys. Rev. 54, 18 
. 6 Rosati Guillot, and Bastin-Scoffier, Compt. rend. 229, 191 
OCH. Briggs, Proc. Roy. Soc. (London) A157, 183 (1936). 

8’ W. B. Lewis and B. V. Bowden, Proc. Roy. Soc. (London) 
A145, 235 (1934); recalculated according to reference 5. 
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Fic. 3. Pulse analysis of Th** and Ra™ standards. 


The pulse analysis curves for Ra®* do not agree with 
the presently accepted intensities of the two groups. The 
values determined in this work are 95.2 percent for the 
4.795-Mev group and 4.8 percent for the 4.611-Mev 
group (Fig. 2). 

The polonium samples used for measurement were 
produced by deuteron and proton Lombardment of 
bismuth. Polonium was separated as described above. 
Plates for pulse analysis measurements were prepared 
by distilling the polonium from one platinum plate to 
another platinum plate about one-half inch distant in 
air. A collimator restricted the activity on the second 
plate to an area 15 mm in diameter. 

The energy calibration was accomplished by meas- 
uring the ratio of energy to channel width for the region 
of 5.418 to 5.681 Mev, using Th”* and Ra™ as standards 
(Fig. 3). The same ratio was then measured in the region 
4.795 to 4.611 Mev, with Ra”® as the standard (Fig. 2). 
The values determined were 22.8 kev/channel at the 
high energy range, and 24.2 kev/channel in the low 
energy range. The mean value of 23.5 kev/channel was 
used in the determination of the alpha-energies of Po?®* 
and Po, A sample containing Po*!®, Po**, and Po*”® 
was then run on the pulse analyzer. The Po” was used 
as an absolute energy standard, and the number of 
channels separating Po”* and Po from Po? was 
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Fic. 4. Pulse analysis of Po™, Po®*, and Po™®. 
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Fic. 5. Pulse analysis of Po, Po®®, and Po”®. 


measured. Using the value of 23.5 kev/channel, the 
energy of Po was determined as 5.103 Mev and the 
energy of Po*®® as 4.865 Mev (Fig. 4). The uncertainty 
in energy from the calibration amounts to 6 kev for 
Po’ and 13 kev for Po. With the energy of Po?®* now 
standardized, it was used, with Po*!’, as a standard for 
the determination of the 9-day Po** as 5.21+0.02 Mev 
(Fig. 5). Po®*’, which has a 5.7-hour half-life and ex- 
tremely low alpha-branching ratio (~ 10~*), was a more 
difficult problem, but samples were prepared by proton 
bombardment of thin bismuth foils which were about 
one-half Po*”’ by alpha-activity. Pulse analysis (Fig. 6) 
of these samples showed that the Po*” alpha-particles 
were identical in energy with those of Po’, within 
experimental error. The results of these measurements, 
together with some values from other sources as indi- 
cated, are listed in Table I. Also tabulated are the decay 
energies, which include the recoil energy of the daughter. 

The alpha-decay energies of the polonium isotopes 
listed in Table I are plotted against mass number in 
Fig. 7. The points for even-even nuclei fall very well on 
a smooth curve with little curvature and small slope in 
the region below the abrupt change associated with the 
effect of 126 neutrons. Of the four even-odd isotopes, 
two and probably a third are below this curve. This 
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AND TEMPLETON 

Taste I. Alpha-particle energies and alpha-decay energies of 
polonium isotopes. The decay energies include the recoil energy of 
the daughter. 








Alpha-decay 
energy (Mev) 


5.96 
5.82 
5.70 


Alpha-particle 
energy (Mev) 


5.84+0.03 
5.70+0.03 
52 min 5.59+0.03 
47 min (not yet observed) 
3.8 hr 5.37+0.02 
1.5 hr 5.21+0.10* 
5.21+0.02 
5.10+0.02 
5.10+0.02 
4.86+0.02 
5.298» 


Half-life 





11 min 
18 min 


Lie ncn cn cain 
SaS8EzE 


Po? 138 days 








* Value of reference 3 changed slightly because of new value for Po. 
> Reference 5. 


greater regularity of the even-even nuclei and the 
negative deviations of even-odd isotopes with regard 
to alpha-decay energy can be noted in most of the 
curves for even elements.*® Of these polonium isotopes 
only Po*®® deviates more than 0.1 Mev from the curve, 
and the slope of the curve is relatively small; con- 
sequently, it is expected that estimates of the alpha- 
decay energies of Po®*, Po!®, Po'*, etc., obtained by 
interpolation and extrapolation of this curve are rather 
reliable. 

The polonium isotopes have abnormally small alpha- 
decay rates compared to heavier elements, if their 
nuclear radii are assumed to be normal. Perlman and 
Ypsilantis'® have calculated the deviations of radius 
necessary to account for the decay rates of some of the 
even-even polonium isotopes, and have shown that the 
deviations have some regularity, with especially large 
deviations at Po° and Po’, Our data indicate that the 
lighter isotopes continue to have these reduced radii, 
but the alpha-decay rates are difficult to determine 
because the decay of these isotopes is primarily by 
electron capture. Our present values are based on 
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Fic. 7. Alpha-decay vs mass number curve for light 
polonium isotopes. 


® See Fig. 1, Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 
(1950). 
 T. Perlman and T. J. Ypsilantis, Phys. Rev. 79, 30 (1950). 








PHOTOCONDUCTIVITY AND LUMINESCENCE 


uncertain estimates of electron capture counting effi- 
ciencies or on guesses of cross sections and are not of 
sufficient accuracy to warrant presentation at this time. 
In several of these cases the alpha-branching fraction 
and thereby the alpha-decay rate can be obtained more 
rigorously by calibrating the electron capture counting 
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efficiency against another alpha-decay process, such as 
of an astatine parent of a related bismuth radioactivity. 
Such experiments are in progress in this laboratory. 

We are indebted to Mr. J. T. Vale, Mr. G. B. Rossi, 
and the cyclotron crews who carried out the irradiations 
on the 184-inch and 60-inch cyclotrons. 
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A Comparative Study of Photoconductivity and Luminescence 


Ricwarp H. Buse 
Radio Corporation of America, RCA Laboratories Division, Princeton, New Jersey 
(Received February 26, 1951) 


Measurements of luminescence emission and photoconductivity as a function of (1) operating temperature 
during excitation, (2) time during decay, and (3) temperature during thermostimulation were made for a 
zinc sulfide crystal. The results indicate that the processes of luminescence and photoconductivity are dis- 
similar. Evidence is presented for the presence of surface conductivity, especially important in measurements 


made with acicular crystals. 


INTRODUCTION 


VER since it was realized that some semiconductors 
exhibit both luminescence and photoconductivity, 
there has been an attempt to find whether or not a cor- 
relation exists between the two processes. The task of 
establishing a unified picture of photoconductivity and 
luminescence has not met with success. Investigations 
of possible correlations between the two processes, such 
as have been conducted by Parker,’ Hardy,? Bergmann 
and Ronge,’ Randall and Wilkins,‘ Herman and Hof- 
stadter,® Frerichs,* Garlick and Gibson’ and Broser and 
Warminsky,® present a composite picture indicating 
that luminescence and photoconductivity may be re- 
lated, but probably are not manifestations of the same 
process. This indication is supported by measurements 
with zinc sulfide in the present paper. 


EXPERIMENTAL 


The crystal used for the comparative measurements 
of luminescence and photoconductivity was a ZnS 
crystal deposited from an atmosphere containing H.S 
gas and Zn vapor in a temperature gradient ranging up 
to 1150°C which was maintained for 2 hours.’ The 
crystal had a low intensity green luminescence emission 


1W. L. Parker, as cited in H. W. Leverenz, Am Introduction to 
Luminescence of Solids (John Wiley and Sons, Inc., 1950), pp. 
302-304. 


2 A. E. Hardy, Trans. Electrochem. Soc. 87, 355 (1945). 

3 L. Bergmann and F. Ronge, Physik. Z. 41, 349 (1940). 

‘J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. (London) 
184, 347 (1945). 

5 R. C. Herman and R. Hofstadter, Phys. Rev. 57, 936 (1940). 

®R. Frerichs, Phys. Rev. 76, 1869 (1949). 

7G. F. J. Garlick and A. F. Gibson, Proc. Roy. Soc. (London) 
188, 485 (1947). 

* I. Broser and R. Warminsky, Ann. d. Physik 7, 288 (1950). 

* Crystal prepared by S. M. Thomsen. 


under 3650A ultraviolet excitation and a phosphores- 
cence emission at room temperature which suggested 
the possibility of copper impurity in a very small pro- 
portion. The crystal was 4 mm long and 0.5 mm in 
diameter ; x-rays showed that the crystal structure was 
cubic and that, therefore, the crystal had actually been 
formed at a temperature below 1020°C.'° It was not a 
perfect single crystal, but should be described rather 
as an acicular polycrystal. 

Photoconductivity measurements were made under 
direct current conditions. This method makes necessary 
a consideration of the potential barriers which exist at 
the contacts between the crystal and the electrodes. The 
metal electrodes used on the ZnS crystal described in 
this paper were formed by applying silver paste (E. I. 
duPont de Nemours and Company) and drying. In 
general, it is necessary to resort to probe measurements 
of potential in order to determine the true potential 
applied across the main body of the crystal. For this 
ZnS crystal, however, barriers at the ends of the crystal 
were almost completely removed by heating with silver 
paste contacts at the ends, at 650°C, for five minutes. 
There was a reasonably uniform potential distribution 
along the crystal, and the same fraction of the applied 
potential was across the main body of the crystal during 
excitation and in the dark. 

Measurements as a function of temperature were 
made by placing the crystal in the specially insulated 
apparatus, which had been used in a previous inves- 
tigation." The crystal was excited by 3650A ultraviolet 
from a 100-watt C-H4 mercury projector spot lamp 
with appropriate filters. Luminescence emission was 
observed by a multiplier phototube (RCA 1P21). 


0 X-ray analysis by I. J. H 
“R. H. Bube, Phys. Rev. $0. 635 (1950). 
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Fic. 1. The photocurrent of the ZnS crystal during excitation by 
3650A ultraviolet as a function of operating temperature. 


The following comparisons between photocurrent and 
luminescence emission are made: (1) variation with 
operating temperature during excitation; (2) variation 
with time during decay; and (3) variation with tem- 
perature during thermostimulation. 


RESULTS 


The variation of the photocurrent and the green 
luminescence emission intensity with operating tem- 
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Fic. 2. The green luminescence emission, as excited by 3650A 
ultraviolet, as a function of operating temperature, for the ZnS 
crystal. 


perature during excitation between —150° and 200°C 
is shown in Figs. 1 and 2. The photocurrent is found to 
exhibit a definite maximum, whereas the emission inten- 
sity decreases continuously. 


The variation of the current and the green phos- 
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Fic. 3. The decay of current for the ZnS crystal after excitation at 
room temperature by 3650A ultraviolet. 


BUBE 


phorescence emission intensity with decay time at room 
temperature is shown in Figs. 3 and 4. In the first 
minute of decay, the current decays to 90 percent of 
its initial value, whereas the phosphorescence emission 
decays to less than 10 percent of its initial value. At 
all temperatures between — 150° and 200°C, the decay 
of the phosphorescence emission was found to be more 
rapid than the decay of the current. The application 
of potentials up to 100 volts did not produce any 
measurable changes in the decay of phosphorescence 
emission. 

The rate of decay of the current in the first minute of 
decay varied markedly with the temperature of the 
crystal. The decay is characterized generally by a rapid 
drop followed by a much slower decay. Table I gives 
the percent of the initial current which still remained 
after 1 minute decay at various temperatures. 

Figures 5 and 6 give the curves of thermostimulated 
current and thermostimulated phosphorescence emission 
as a function of temperature for a heating rate of 
0.18°/sec. To obtain the curve of thermostimulated 
current, the crystal was heated in the dark to 200°C to 
empty all traps, cooled in the dark to — 165°C, excited 
by 3650A ultraviolet, allowed to decay for a short time 
in the dark, and then heated in the dark a¢ a linear rate. 
The thermostimulated current is taken as the difference 
between the current at a given temperature as read 
during the cooling from 200° to — 165°C and the current 
at the same temperature during the linear heating. 

The glow curve of Fig. 6 was not obtained with the 
identical crystal of the previous measurements, but was 
obtained with a larger polycrystal taken from the same 
batch and with the same apparent emission spectrum, 
phosphorescence decay, and thermostimulated phos- 
phorescence characteristics. 

When the crystal is excited at — 165°C, electrons are 
trapped in traps of various depths. As the temperature 
is raised during the linear heating, electrons are released 
from traps by thermal enegy. The radiative transition 
of these electrons to the ground states of luminescence 
centers is the cause of the thermostimulated emission. 
If the electrons which participate in the luminescence 
process enter the conduction band in passing from traps 
to luminescence centers, there should be a close cor- 
respondence between the thermostimulated emission 
and the thermostimulated current. 

The thermostimulated phosphorescence emission is 
contributed mainly by the emptying of traps below 0°C, 
whereas the thermostimulated current arises principally 
from the emptying of traps above 0°C. In both curves, 
however, there are peaks or indications of peaks at 
approximately — 100°, —40°, and 80°C. The peaks at 
— 100° and 80°C can be easily detected from Figs. 5 
and 6, and there is a definite indication of a bulge in the 
curve of Fig. 5 near — 40°C such as would be caused by 
a peak in this region corresponding to the peak of Fig. 6. 
It is found, however, that the three peaks in the glow 
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curve are in exactly opposite ratio to one another as are 
the three peaks in the thermostimulated current curve. 
At the same time, it is seen from comparing Figs. 1 and 
5 that the photocurrent follows the same variation with 
temperature as does the thermostimulated current, 
whereas comparison of Figs. 2 and 6 indicates that the 
general rate of decrease of the luminescence emission 
intensity with temperature becomes less in those tem- 
perature regions where peaks in the glow curve are 
found. This lessening of the decrease rate, which 
results in a shallow secondary maximum, is explainable 
in terms of an increase in the number of centers available 
for repetetive excitation as the traps are emptied by 
increasing the operating temperature.”- 

A comparison of Table I and Fig. 5 shows that the 
percent of the initial current remaining after 1 minute 
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Fic. 4. The decay of the phosphorescence emission at room 
temperature after excitation by 3650A ultraviolet for the ZnS 
crystal. 
decay at various temperatures is closely comparable to 
the magnitude of the thermostimulated current at those 
temperatures, i.e., to the number of conduction elec- 
trons available from traps. 

As far as other measurements of photoconductivity 
are concerned, the photocurrent was found to vary 
linearly with the applied potential, and the photocurrent 
was found to vary as a power of the excitation intensity. 
This power was equal to 0.50 at 97°C and higher tem- 
peratures, and varied between 0.50 and 1.00 for lower 
temperatures. 


DISCUSSION 


One explanation for the differences and similarities 
between the observed photoconductivity and lumi- 
2F. A. Kroeger, Some Aspects of the Luminescence of Solids 


— —re ag my Inc., New York, 1948), p. 251. 
“RR. H. be, J. Opt. Soc. Am. 39, 681 (1949). 
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Taste I. Decay of current as a function of temperature. 





Percent of current remaining 
after 1 minute decay 
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nescence effects might be that the surface of the crystal 
is principally responsible for the conductivity effects, 
whereas a major fraction of the luminescence effects are 
contributed by regions of the crystal away from the 
surface. 
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Fic. 5. The thermostimulated current of the ZnS crystal as a 
function of temperature, after excitation at —165°C with 3650A 
ultraviolet, at a heating rate of 0.18°/sec 


The presence of surface effects on conductivity have 
been detected by noting changes in photoconductivity 
for the same crystal under tests in air and in vacuum. 
For all ZnS (and CdS) crystals tested, it has invariably 
been found that the photosensitivity is increased by 
changing from an air to a vacuum surround." Measure- 
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Fic. 6. The thermostimulated phosphorescence emission of a 
larger ZnS crystal, from the same batch as the ZnS crystal used 
in the other measurements, after excitation at — 165°C with 3650A 
ultraviolet, at a heating rate of 0.18°/sec 


“ "4 The op 2 hoor effect has been reported for phosphorescent 
— es uoride powders by E. Voyatzakis, Compt. rend. 209, 
31 (19 











RICHARD 





ub ON IN AIR 


DECAY IN AIR 











PHOTOCURRENT, 44 @ 





START PUMPING 


— 





10 
TIME, MIN 


Fic. 7. (a) The effect of atmosphere variation on the photo- 
current and the decay of current for a ZnS crystal. The atmos- 
pheres used were dry tank N, admitted through tubing containing 
a small amount of moisture, room air, and tank N: bubbled 
through water. (b) The effect of atmosphere on the photocurrent 
of a CdS crystal 


ments of photocurrent as a function of temperature 
show that the first heating through which a crystal 
passes in vacuum, after having been exposed to air, 
causes an irreversible change in the photocurrent. Upon 
returning the crystal to room temperature after the 
heating, the photocurrent is found to have increased 
over its original value, and the variation of photocurrent 
with temperature thereafter is completely reversible. 
The current decreases again upon exposure to air. 

Figure 7 shows the effects of atmosphere variation on 
the photocurrent for a ZnS and a CdS crystal.!® Both 
crystals used for these tests were acicular in shape. It 
may be noted from Fig. 7 that the presence of moisture 
decreases the sensitivity and increases the rate of decay. 
Placing the crystal in vacuum increases the photo- 
current by over 300 percent for the ZnS crystal and by 
over 60 percent for the CdS crystal. 

If the total conductivity can be varied by such a 
large factor by changes which can occur only at the 
surface of the crystal, it follows that a large fraction of 
the conducivity must occur in surface regions. 


‘6 Prepared by K. F. Stripp. 
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At the present time, it does not seem possible to make 
precise quantitative measurements of pure volume con- 
ductivity. Acicular crystals can be used to obtain nearly 
barrierless contacts and are suitable for potential dis- 
tribution studies, but a major portion of their observed 
photoconductivity is caused by surface effects; flat 
crystal plates can be used to obtain nearly complete 
volume conductivity as opposed to surface conduc- 
tivity, but no study can be made of the potential dis- 
tribution inside the crystal. Although these difficulties 
cause one to be cautious about placing too much sig- 
nificance on the numerical results, an insight into the 
physics of the process may still be obtained. A program 
aiming at as full an understanding Of the photocon- 
ductive process as possible under the aforementioned 
difficulties is being carried out at present by A. Rose 
and R. W. Smith of these Laboratories. 

The measurements on the ZnS crystal used for the 
comparison of photoconductivity and luminescence 
were made for highest photosensitivity, i.e., in vacuum 
and after an initial heating to drive off moisture. If it 
is assumed that the surface is less conducting than the 
volume in the absence of moisture, the addition of 
moisture, which makes the surface conductivity more 
nearly equal to the volume conductivity, would act to 
decrease sensitivity and increase rate of decay, in 
agreement with the observed experimental results. 

If the luminescence effects and the photoconductivity 
occur in essentially the same region of the crystal, 
however, the data are evidence that only a fraction, if 
any, of the electrons excited from luminescence centers 
contribute to the photocurrent. The very slow decay 
of current at room temperature, compared with the 
much more rapid decay of the phosphorescence emis- 
sion, indicates that a large portion of conduction elec- 
trons are not returning to luminescence centers. Two 
possible explanations suggest themselves: (1) a large 
portion of the conduction electrons are initially excited 
from the filled band or from nonluminescence centers, 
rather than from luminescence centers (holes in the 
filled band or in nonluminescence centers having a much 
smaller capture cross section for excited electrons than 
holes in luminescence centers), or (2) a large portion of 
excited luminescence centers transfer their holes to the 
filled band or to nonluminescence centers (by some type 
of hole migration), so that most of the conduction elec- 
trons must return to holes in the filled band or in 
nonluminescence centers. 

The author wishes to express his sincere appreciation 
to Dr. A. Rose for many helpful and interesting dis- 
cussions. 
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A Note on Atomic Binding Energies* 


L. L. Foipy 
Case Institute of Technology, Cleveland, Ohio 
(Received April 2, 1951) 


By the use of Dickinson’s recent calculations of the diamagnetic field for atoms based on Hartree calcu- 
lations, and a theorem due to Feynman, an expression is obtained for the total binding energy of the elec- 
trons in an atom as a function of atomic number. The results are compared with predictions of the Fermi- 
Thomas statistical model. It is found that the binding energy for small Z varies as Z’* in accord with the 
statistical model but for high Z the dependence on Z becomes approximately Z/*. The equation for the 
binding energies is estimated to be correct to 5 percent or better. 





HE Fermi-Thomas statistical model of the atom! 
is unique among atomic models in that, apart 
from a scale factor and normalization, it gives the same 
charge distribution to atoms of all atomic numbers. 
The linear dimensions of the charge distribution are 
fixed by an “atomic radius’ az which according to the 
theory varies with atomic number as Z~**. The model 
then predicts that the total binding energy of an atom 
varies with atomic number as Z/az~Z7"’. There appears 
to be no experimental data which can be employed to 
check this Z-dependence for the heavier elements. It 
has been found,’ however, that it is checked excep- 
tionally well for the lighter elements (from helium to 
oxygen) in spite of the fact that the statistical model 
would be expected to be poor for such light elements. 
An alternative method of checking this Z dependence 
of the total binding energy is to compare it with the 
results obtained on the basis of more accurate atomic 
models. The most natural choice of the latter is the 
Hartree model, and the comparison is greatly facilitated 
by recent calculations of Dickinson* of the internal 
diamagnetic field for atoms based on the results of 
Hartree calculations. Dickinson has presented a table 
of values for the electrostatic potential at the nucleus 
of an atom due to the electrons, computed from the 
Hartree electron distributions for all atoms for which 
Hartree calculations have been made. If one plots the 
logarithm of the electrostatic potential at the nucleus 
against the logarithm of the atomic number (Fig. 1), 
one finds that the points from He (Z=2) to Hg (Z=80, 
the highest atomic number for which Hartree calcula- 
tions are available) fall with remarkable precision 
(~1 percent) on a'straight line. The equation of the 
straight line* then gives the relation, 


eV =(12/5)Z"*R, (1) 

* This work was supported by the AEC and by a grant-in-aid 
from the Scientific Research Society of America. 

1 See, for example, P. Gombas, Die Statistische Theorie des 
Atoms und ihre Anwendung (Springer-Verlag, Berlin, 1949); L. 
Brillouin, L’Atome de Thomas-Fermi (Hermann, Paris, 1934); 
E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, London, 1935), p. 336. 

2G. Allard, J. phys. et radium 9, 225 (1948). 

3 W. C. Dickinson, Phys. Rev. 80, 563 (1950). 

‘It will be noted from Fig. 1 that the straight line represented 
by Eq. (1) is not the best straight line through the points but is 
slightly low for small Z. This choice has been made for two 


where e is the elementary unit of charge, V is the 
electrostatic potential, and R is the Rydberg in energy 
units (R= 13.595 ev). 

To relate eV as given by (1) with the total binding 
energy of an atom we make use of the following theorem 
due to Feynman: The partial derivative of an energy 
eigenvalue of a system with respect to a parameter occurring 
in its Hamiltonian is given by the expectation value of the 
partial derivative|of the Hamiltonian operator with respect 
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Fic. 1. Plot of logarithm of electrostatic potential at atomic 
nucleus due to electrons vs logarithm of atomic number from 
Hartree and Fermi-Thomas models. Circles represent values 
from Hartree model obtained by Dickinson. Dotted line represents 
result from Fermi-Thomas model. Full line is a plot of Eq. (1). 


reasons: the convenient values obtained for the numerical coeffi- 

cient and —s and the fact that by this error we largely 

compensate the effects of a later approximation (see footnote 6). 
5R. P. Feynman, Phys. Rev. 56,340 (1939). 
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to the parameter. If we apply the theorem to an atomic 
system corresponding to a nucleus with charge Ze and 
Z' electrons, we find (@Ep/dZ)=eV, where Ez is the 
binding energy of the system, V is, as above, the electro- 
static potential at the nucleus due to the electrons, and 
in the differentiation Z’, the number of electrons, is 
held constant. If after the differentiation Z’ is set 
equal to Z, then eV may be identified with the quantity 
in (1). Therefore, the difference in binding energies 
between an atom of atomic number Z—1 and the 
singly ionized atom of atomic number Z is given by® 


Zz 


f eV(Z)dZ. 
z-1 


Hence the difference in binding energies between neutral 
atoms of atomic numbers Z—1 and Z is given by 


Zz 
Ex(Z)—Ea(2—1)= f eV(Z)dZ+Iz, (2) 
Z-1 


where Jz is the first ionization potential of the atom 
of atomic number Z. From (2) one obtains easily by 
summation and the use of (1): 


Ex(Z)= f 


Zz 


Zz 
eV(Z)dZ+ ¥ I,4+Es(2) 
Zany 


Zz 
=Z5R+ ¥ [,—1.278R, (3) 


z=? 


TaBLe I. Calculated and experimental atomic binding energies 
in electron volts. 








Esp 
Modified 
Fermi-Thomas 
[Ea. (S)] 


79.40 
204.2 
399.5 
672.5 

1029 
1474 
2013 
3388 
1.708 X 10* 
4.398 X 10* 
8.607 x 10* 
1.449X 10° 
2.216X 108 
3.177 X 10 
4.338 X 10° 
5.710X 105 


Ep 
Fermi-Thomas 
{Eq. (4)] 


105.0 


“B 
Hartree 
[Eq. (3)] 


78.63 
202.1 
400.2 
676.8 

1041 
1506 
2068 
3535 
1.833 x 10* 
4.811 104 
9.590 10* 
1.637 X 105 
2.532 105 
3.663 X 105 
5.049 10° 
6.705 X 105 


E,* 
[Exp.] 
78.63 
202.49 
397.15 
667.59 
1024.87 
1473.37 
2032.98 
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2.262 10* 
5.824 104 
1.140X 108 
1.918X 105 
2.934X 105 
4.207 X 10° 
5.744 105 
7.561 X 105 











* From tabulation in reference 2. 


6 It will be noted that this expression is not quite correct, since 
Eq. (1) considered as an interpolation formula between integral 
values of Z corresponds to the charge on the electrons being kept 
equal to the charge on the nucleus as the atomic number varies 
from Z—1 to Z. An estimate of the error committed can be 
obtained by comparing the value of eV for a neutral atom and 
for the atom with one electron removed. Dickinson’s table 
includes values for ions where the Hartree calculations are 
available, and from these it is found that the error in the integrand 
is largely compensated for all Z by the error in Eq. (1) discussed 
in foetnote 4. 
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where the binding energy of He has been used as the 
base from which the summation is extended. Since the 
first ionization potentials for practically all the elements 
are known, Ex(Z) can immediately be caiculated with 
the results tabulated in Table I. Also tabulated are 
the results obtained from the Fermi-Thomas statistical 
model: 


Ex(Z) = 20.8327" ev, (4) 


and from another expression of the same form: 
Ep(Z)= 15.7327" ev, (5) 


but with the coefficient adjusted? to give better agree- 
ment with the known binding energies of the light 
atoms. It will be noted from the table that the binding 
energy apparently increases more rapidly with Z than 
the Z7* relation given by the Fermi-Thomas model, 
and for large Z is more closely represented by a Z/5 
dependence. While (3) is not quite as accurate as (5) 
in representing the experimental binding energies of the 
light atoms (see Table I), it would appear that the 
good agreement with (5) is at least partly fortuitious. 

The fact that the Z-dependence of binding energy as 
given by the Fermi-Thomas model does not approach 
asymptotically the result from the Hartree calculations 
(assuming the latter to be more correct) for asymptoti- 
cally large Z might be considered puzzling, in view of 
the common statement that the Fermi-Thomas model 
should give essentially correct results for large Z where 
the statistical assumptions should be well satisfied. As 
a possible reason for this discrepancy we might point to 
the fact that the electronic charge distribution predicted 
by the Fermi-Thomas model is always incorrect in the 
neighborhood of the nucleus, regardless of how large Z 
may be, because of the singularity in the coulomb field 
at the nucleus. The 1/r singularity in the coulomb 
potential due to the nucleus: results in an electronic 
charge density which varies as r~ in the neighborhood 
of the nucleus, while actually the electronic charge 
density should be constant in this neighborhood. This 
“pulling in” of electronic charge in the neighborhood of 
the nucleus affects the binding energy of the atom in 
two ways. First, it increases the binding energy because 
of the larger potential energy of interaction between 
this charge and the nuclear charge. Secondly, it more 
effectively shields the outer parts of the electronic 
charge distribution from the nuclear charge resulting 
in a “pulling away” of these outer parts of the charge 
distribution from the nucleus. This results in a decrease 
in their potential interaction with the nucleus and a 
decrease in the total binding energy. If the first of 
these effects is dominant, we would have at least a 
qualitative explanation of the high Fermi-Thomas 
binding energy relative to that obtained from the 
Hartree model. 

Our conclusions may be summarized as follows: 

(1) On the basis of Hartree calculations one finds 
that the total binding energy of atoms as a function of 
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atomic number varies approximately as Z“® (in agree- 
ment with the predictions of the Fermi-Thomas sta- 
tistical model of the atom, but with a different propor- 
tionality constant) for the light atoms, but the binding 
energy varies as Z/5 for heavy atoms. Consequently, 
binding energies for atoms near the end of the periodic 
table will be approximately 15 percent too low when 
calculated by the Fermi-Thomas expression with a 
coefficient chosen to give agreement with experimental 
values for the light elements. 
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(2) Inso far as the charge distribution in heavy atoms 
can be specified by a single “atomic radius,” this atomic 
radius varies with Z approximately as Z~"’®. 

(3) On the basis of Dickinson’s estimates of the 
accuracy of the values of eV given by (1), one would 
estimate that the accuracy of Eq. (3) for atomic 
binding energies should be 5 percent or better. 

Unfortunately, the possibility of a direct experiment 
test of the foregoing conclusions appears very remote 
at the present time. 
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The Theory of Internal Conversion* 


N. Tratut anp G. GoEerRTzEL 
New York University, Washington Square, New York, New York 
(Received February 19, 1951) 


The theory of the internal conversion process is presented on a firm quantum-mechanical foundation and 
in a form most convenient for calculations. The question of the correct gauge for the radiation potentials 
and the effect of the finite size of the nucleus on these potentials are considered. 


I. INTRODUCTION 


HE theory of the internal conversion process has 
been developed by Mott! and by Taylor and 
Mott? on the basis of correspondence principle argu- 
ments. In 1936, Hulme*® discussed the interaction of 
two particles in a form applicable to the theory of 
internal conversion. This paper put the theory on a 
firm quantum-mechanical foundation so far as the 
matrix elements used in the calculation of N,, the 
number of electrons ejected per second, were involved. 
Unfortunately, Hulme’s explicit introduction of the 
coulomb direct interaction and his expansion of the 
radiation field in a series of plane rather than spherical 
waves made it impossible to compare the theory directly 
with the prescription followed by the calculators of 
internal conversion coefficients. Up to the present date, 
no rigorous quantum-mechanical derivation of the 
matrix elements used in the calculation of N,, the 
number of gamma-quanta emitted per second, has been 
presented. 
In view of the recent exact calculations of internal 
conversion coefficients,*~* it seems that a rigorous 


* Part of a dissertation submitted by one of us (N.T.) in partial 
fulfillment of the requirements for the Ph.D. degree at New York 
University. 

t Present address: St. John’s University, Brooklyn, New York. 

1N. F. Mott, Ann. inst. Henri Poincaré 4, 207 (1933). 

2H. M. Taylor and N. F. Mott, Proc. Roy. Soc. (London) 
Al42, 215 (1933). 

*H. R. Hulme, Proc. Roy. Soc. (London) A154, 487 (1926). 

‘Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 76, 
1883 (1949) ; and privately circulated tables of results. 

5B. A. Griffith and J. P. Stanley, Phys. Rev. 75, 534 (1949). 

6 J, R. Reitz, Phys. Rev. 77, 10 (1950). 


quantum-mechanical investigation of the internal con- 
version process is desirable. 


Il. THE PROBLEM 


It is desired to calculate the transition probability 
from the initial state in which the nucleus is excited, 
the electron is in its ground state (bound electron), and 
no quanta are present to a final state in which the 
nucleus is in its ground state, the electron is in its 
excited state (continuum electron), and no quanta are 
present. The nucleus and the electron interact with 
each other only through the electromagnetic field 
coupling. Since no quanta are present initially or 
finally, the intermediate states are those for which a 
single quantum is present, and either both nucleus and 
electron are in their ground states (first intermediate 
state) or both are excited (second intermediate state). 
The first intermediate state corresponds to a double 
process in which the nucleus makes a transition to its 
ground state and emits a gamma-quantum, and the 
electron makes a transition to its excited state and 
absorbs this quantum. Since the intermediate state 
need not conserve energy, the energy of the gamma- 
quantum does not have to equal the initial excitation 
energy of the nucleus. The second intermediate state 
corresponds to a double process in which the electron 
makes a transition to its excited state and emits a 
gamma-quantum, and the nucleus makes a transition 
to its ground state and absorbs this quantum. In this 
case it is apparent that the intermediate state cannot 
conserve energy. 

The description of the states is summarized in Table I 
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TABLE I. Description of states. 


AND 





Number of 
quanta 


ground 0 W 


State Nucleus Electron Energy 


Initial 





excited 
First inter- 
mediate 


ground ground 1 k 


Second inter- 
mediate 


Final 


excited 


excited W+k+E b,’ 


ground excited 0 E Ce 





The equations for the probability amplitudes are’ 


id= Wat f dkH 54+ f dkH oy'b,, (2a) 


ib, = kb, +H oat f dEH pxce, (2b) 


ih,’ =(R+WH+E)by' +H o'a+ f dEH xx'cz, (2c) 


i¢g= Bert f dbl nbct fcetter'oy, (2d) 


with the initial conditions 
b,(0) = 5,’ (0) =cz(0) =0. (2e) 


In the above equations, dk denotes integration over 
all gamma-ray energies and summation over all mul- 
tipoles in the radiation field, while dE denotes 
integration over all energies of the continuum electron 
and summation over the spins. The matrix elements are 


a(0)=1, 


Hr,=e(2e 2) f de Ca Av (br) } 
+ipr™ (kr) Wo, 
Hr =e'(2e i) fdr'6*C0’-Anw'(br’) 
+ igi! (kr’) bo, 
Hy=e'(2" A) f dr'o)*La’- Anu (br) 
—ippM *(kr’) |p, 


Hyo' =e(24 A) f adrv"la- Aru) 





— ig ,MO*(kr) Wo 
~ 7 Relativistic units with h=m=c=1 are used throughout. In 
the usual notation the equations are of the form: 

ibm= Zn S bavm™H'Yn° exp{i(En®—Em)t}dr. 
We set dn=b» exp(—iE°t) and substitute, obtaining 
idm — Em 'dm=Za J Onbm*H pndr, 
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in which W and @ are, respectively, the electronic and 
nuclear wave functions with the subscripts 0 and / 
referring to the initial and final states. Here e, 7, dr, 
and a refer, respectively, to the charge, position, volume 
element, and Dirac operator for the electron. The cor- 
responding primed quantities refer to the nucleus. And 
Arm and id,” are, respectively, the vector and 
scalar potentials for the 24th multipole of the ith type 
(electric, magnetic, or longitudinal). 


Ill. SOLUTION BY USE OF THE 
LAPLACE TRANSFORMS 


The system of Eqs. (2a-d) is most easily solved by 
the use of the laplace transformation. In contrast to 
the direct method of solution,’ no assumption as to the 
general form of the solution has to be made. 

We denote the laplace transforms by the use of 
capitals. For example,? 


(3a) 


Lia}=A= f e~*'a(t)dt, 
0 


where s=n—iw, and 720. After applying the initial 
conditions (2e) and making the substitution wo.=W 
+E—w, the transforms of Eqs. (2a-d) are 


(W—w—in)A = ~i- fdttinbs— f abttu’By, (3b) 


(twin) B= —HwA— f dur, (3c) 


(k-+-wo—in) By’ = —Hio'A - faeki'ce, (3d) 


(E—w—in)Cr= — f ett eB.— fdbtes’By (3e) 


Before proceeding to the solution of these equations, 
a discussion of the order of approximation required is 
appropriate. For the radiation processes’? which we are 
considering, |cz|? is proportional to e*. Therefore, as 
will be seen from the mathematics below, A must be 
determined in fourth approximation. The zeroth 
approximation of A gives a(t) as a periodic function of 
the time; the second approximation gives the decay of 
a(t) with the emission of the gamma-quantum; and 
the fourth approximation gives the decay of a(¢) with 
both the emission of the gamma-quantum and the 
ejection of the extra-nuclear electron. Since the first 
approximation does not include the effect of the 
presence of the extra-nuclear electron, B; need be deter- 


8 See, for example, W. Heitler, The Quantum Theory of Radiation 
(Oxford University Press, New York, 1944). 

*See any book on laplace transforms; for example, R. V. 
Churchill, Modern Operational Mathematics in Engineering 
(McGraw-Hill Book Company, Inc., New York, 1944). 

10 See, for instance, Heitler, reference 8, p. 97, 
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mined in third approximation; Cg need be determined 
in second approximation only. 
In zeroth approximation (3b) gives 


(W—w—in)A=—1. (3f) 


Substitution of (3f) into (3c, d) yields B, and B,’ in 
first approximation: 


(k—w—in)B.= — HA, (3g) 
(k+ Wo in) By’ ao Hye’ A . (3h) 


Substitution of (3g, h) into (3e) gives Cz in second ap- 
proximation : 


HmHw Hri'Hw' 
(E~a—in)CamA f dk / , (3i) 
k—w—in k+wo—in 





where the integral over k, which we denote by Uo, is 
evaluated in Appendix B: 


Uso= —ed far f dr ¥jt0,(1—a-a’)(c/X) a 
(BS) 
The result (B5) is in agreement with that of Hulme." 
Substitution of (3g,h) into (3b) gives A in second 
approximation : 
; ’ ; Horo — Hox'Hio’ 
(W—w—in). --i-4 far + ; 
k—w—in kt+wo—in 
(3)) 
where the integral over k, which we denote by iy, 
v1 being real and positive, is evaluated in Appendix B. 
Substitution of (3i, j) into (3c, d) gives B, and B,’ in 
the third approximation: 


(k—w—in)B, 





=~ HwA—UpA f dB {Hee/( E-—w-—in)} 
=—A [Hiot inl ‘oH kw |, (3k) 
and 


(k+-wo—in) By’ = —A[H oe’ +ixU Hie’), (31) 


where H,, is Hyg with E replaced by w and likewise 
for H;..’. The evaluation of the integrals over £ is dis- 
cussed in Appendix B. 

Substituting (3k, 1) into (3b) gives A to the fourth 


approximation : 
(W- Same in)A =e i+iy,A 


Hollie 
+irl ind fa F > 
ary Siete 





Hox’ Hw’ 


where the integral over k, which we denote by 


" Reference 3, p. 497. 
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Uo;(= Uso"), is evaluated in Appendix B. Then, writing 
y2= e| Uyo|?, 
- —i/[W —w—i(nt+yit 2) ]. 


Substitution of (3m) into (3i, k) gives 


(3m) 


—iUy 
~ (E-e—in)[W—-o-ifgtnit1)] 
iL HiotixU oH iw] 


(3i’) 





(3k’) 


ie w—i9)(W—o—ietnty)) 
The inverse transforms of (3m, i’, k’) are easily ob- 
tained.” They are 
a(t)=exp[—iWt—(vi1+72)¢], 
_(Huotial Hw) 


bW+itnt) 


(3n) 


*#—a(t)}, (30) 


-U. 
1 tag ee oie) {em iEt_ q(t) I. 


E—W+i(y1+72) 


cr(t)= (3p) 


Hence, 


cs 
= f az\cx(~)\*=——| Uyo|?*, 
“itv 


T 
i. f dk| by(c0) |= ——| Hao + ixU oH ne|?. 
NtY2 


(3q) 


(3r) 


Thus, it is seen that N, is proportional to 
| HeotiaU oH iw|? 


rather than | Hyo|*. The correction term irUsoH;.. will 
be discussed in the next section. 


IV. COMPARISON WITH CORRESPONDENCE 
PRINCIPAL RESULTS 


Equation (3q) states that the number of electrons 
ejected per second is proportional to | Uso|*. When the 
radiation field contains all multipoles, Us is given by 
(BS). In practice, the radiation field due to an excited 
nucleus does not contain all multipoles. The selection 
rules restrict the field to that of a given multipole, say, 
the 2/th, of a particular type (electric, magnetic, or 
longitudinal). In this case, Uy is given by Eq. (B3’) 
of Appendix B. It then follows that | Us|? is propor- 
tional to 

2 


farvste -Brau(or)+ibi™ (wr) ]Vo} . 


This result is in agreement with the correspondence 
principle prescription for the number of electrons 
ejected per second. 


® Reference 9, p. 295. 
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According to (3r), Ng, the number of gamma-quanta 
emitted per second, is proportional to | Hxo+irUjoHiw|?. 
The second term in this expression represents the effect 
of the presence of the extra-nuclear electrons. In the 
case in which the radiation field is restricted to a given 
multipole, 


Hot inl "0H kus 


=e'(21/w) tf ar'atC *Ara*(wr’)—id™*(wr’) ]®o 
x ( 1—(27*e?/w) 
x | fervrte-Bunlor)+iviM(wr) ol 


x| f dr ota: Auu*(ar)i6.*(wr) 1%} ). (4a) 


This result shows that the number of quanta escaping 
from the atom differs from the number ejected from the 
bare nucleus only by a factor of order e*, in agreement 
with the correspondence principle result of Taylor and 
Mott.” 

The physical significance of the correction term is 
readily seen from (4a). The first bracket in the cor- 





AND G. GOERTZEL 


rection term represents the matrix element for electron 
transitions from bound to continuum states, i.e., the 
matrix element for the absorption of a gamma-quantum, 
while the second bracket represents the matrix element 
for the emission of a gamma-quantum. The correction 
term therefore represents an interference between the 
two radiation fields involved. 

Neglecting the factor of order e*, the internal con- 
version coefficient for the given multipole radiation is 


(27°e?/w) farw *Ca-Bru(wor)+ivi™ (wr) ]Wo| . (4b) 


V. THE GAUGE QUESTION 


For a given multipole, Uy’ is given by (B3’) when 
r is greater than r’. From the method of evaluation of 
Uy in Appendix B, it is clear that for r less than r’ 


Uy’ = (29ee't/w) | farvrte : Ara(ar)+i6.§ or) No} 


x | fav arta Baader iver 


Inside the nucleus, r may be greater or less than 7’. 
Consequently, the complete expression for Uy’, in- 
cluding the effect of the finite size of the nucleus, is 


ra) R 
Uy’ = (29%ee’t/w | f ara Bruur)+iviM(wr) Wo} | f dr'&-*[a’-Ar u*(er’)—i6™(or') 0] 
R 0 


+{ f ar¥ Pa Brular)+ ivi" or)Wol| f dr’ MLe!-Ara*(or’)—i6.*(or')}| 


R R 
+{f dra Aru(wr)+iosMar) Wu} f dr’ AC w-Bru*(ar)—ivas*(or') | | (5a) 


where the range of r and r’ have been indicated on the 
respective integrals, R denoting the nuclear radius. 
This result for the effect of the finite size of the nucleus 
on the radiation potentials is in agreement with that 
obtained by the correspondence principle method." 

If we neglect the contribution from inside the 
nucleus, (5a) reduces to . 


Uj = (2xee't ‘w) 


x | f ar¥ "La Bra ar) +i. (wr) oh 


R 
R 
| f dr" 0/*Lel-Auat(or)—id.*(or) a} (Sb) 
0 
In the calculations of internal conversion coefficients, 


however, the range of r has been taken as 0<r<o@ 
"WN, Tralli and M. E. Rose (unpublished). 


Tr 





rather than as R<r<o. The question arises as to 
whether or not this extension of the range of r may be 
carried out with the radiation potentials expressed in 
terms of any arbitrary gauge. The answer is in the 
negative, as has already been pointed out by Dancoff 
and Morrison.'* The range may not be extended in the 
case of electric multipole radiation when the Heitler 
gauge is employed, because the artificial singularities 
at the origin introduced in the definition of the multi- 
pole potentials make the matrix elements give a finite 
contribution from an arbitrarily small region. For 
this same reason, the Heitler gauge may not be used in 
the investigation of the effect of the finite size of the 
nucleus on the radiation potentials. 

If, by a gauge transformation, we obtain another set 
of potentials for which the integrand of the matrix 
element is small at the origin, this latter set can be 


4S, M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 
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called correct. This condition is satisfied by the con- 
ventional gauge. 


APPENDIX A. 


EXPANSION OF THE RADIATION FIELD IN 
SPHERICAL HARMONICS 


We introduce the function, 
oi™ (kr) = kfi (kr) ¥i™ (8, ¢), (Al) 


in which f,(kr) =(kr)4J14;(ar), where J is the bessel function, 
and Y,™(6, ¢) is the normalized spherical harmonic.% Now ¢:” 
satisfies the equations 


V6." —ot™ =0, (A2) 


J drdiM Bou *(H) = brvbuae8(k—-P). (A3) 


It may then be shown" that the radiation potentials can be 
written 
Aru =(1/k) V oL™, 


Arw™ =(L(L+1) rx v)on™, (AS) 
Ary =[#L(L+1) 49 X (ex WV) on™, (A6) 


in which the superscripts /, m, e on the Azy refer to longitudinal, 
magnetic, and electric radiations, respectively. 
Using the unit vectors 


ui=—2-“i+ij), 
such that all vectors may be written 
V=z, Veu'=Z, Vue, (A8) 


where u’=u,* and V’=V,* for a real vector, we may express 
the components of the Aza as” 


Arme =[(L+1)/(2L+1) (M+, —o| LM) 141,16141.%*" 
+(L/(2L+1)](M+o, —o|LM)z-1.161-1™**, 
Atme™ =i(M+e, —o|LM)1,:64™**, 
Arme™ =(L/(2L+1) }\(M+e, —o| LM) 141, 1614.7" 
—((L+1)/(2L+1)}\(M+e, —o|LM)1-1,1¢1-1"*". (All) 


The relations (A10, 11) are in agreement with those of Heitler.® 
With the notation 


ou™ (kr’) = kJ (hr) Vi™ (0, ¢’), 
vi™ (kr) =kH i (kr) ¥i™ (6, $), 
I=, u,u’=ii+jj+kk, 


where J1(kr’) = (kr’)~*J144(er’), and Hi (kr) = (kr) “tH 144 (hr), 
in which J is the bessel function and H® the hankel function of 
the first kind, the well-known relation 


ef*X /X = in(4rr’)—§ D1 (2L+1)J 1.44 (br) A144 (ar) Px (cos®), 
where r is greater than r’, X=|r—r’|, © is the angle between r 


(A4) 


w=k, u_.=2-Hi-ij) (A7) 


(A9) 
(A10) 


1 We use the choice of phase factors of H. Bethe, et al., Hand- 
buch der Physik (Verlag. Julius Springer, Berlin, 1933), ” second 
edition, 24/1, p. 273; and W. Heitler, Proc. Cambridge Phil. Soc. 
32, 112 (1936). 

is See, for example, the treatment of P. M. Morse and H. Fesh- 
bach, Methods of Theoretical Physics (M.L.T., Cambridge, Mas- 
sachusetts, 1946), Chapter IX. 

1 For the properties ‘a the unitary matrices (mym2| jm) j1, see, 
for example, t port Grup pentheorie (Braunschweig, Vieweg & 
Sohn, 19 1); or E. U. Condon and G. H. ae The Theory of 
Atomic Spectra (University Press, Cambridge, England, 1935). 
In the notation of Condon and Shortley, these would be written 
(Jalmyms| jrljm). 

, for instance, W. Magnus and F. Oberhettinger, Special 
Functions of Mathematical Physics (Springer-Verlag., Berlin, 
1948), p. 21. 


and r’, and 


uM*(0’, o') ¥i™ (6, @), 


L 
Pi(cos@)=[44/(2L+1)] = Y. 
M=-L 


may be written 
(e*X/X) 1 =(20*i/k)Z yiMor™* Ze ue’. (A12) 
LM 


Introducing the vectors Bz which bear the same relationship to 
¥i™ as the - to @:™, it may be shown that 


2 Bum Aru * == yi! or™* Z, uw’, 
Lui LM 


so that!® 


(e**/X)I = (20%i/k) Z Bow Aras *. (Al13) 
LMi 


Similarly, 


(e~#X /X) I = —(2n%i/k) 2 Biuw*Ary™. (Al4) 
LMi 


The radiation potentials in the different gauges are easily 
obtained. The equations of gauge transformation are 


o=¢9'—dv/dt, A=A’'+¥), 
where ) is a solution of the wave equation, 
VA—-#A/dF =0. (A15) 


In the Heitler gauge divA’ =@’=0. Since the sole condition on A 
is that it satisfy Eq. (A15), we may take 


h= ht Mette, 
so that 
dd/dt = —igp Me™, 
A’ =Ary™e-* 
In this gauge, therefore, the expressions for ¢ and A are 
iou™, 
Magnetic: 0, 


WrA=Ary Me, 
or Ary ®e-*, 


Longitudinal: @, 


Aru 
Aruw™ (A16) 


Electric: 0, Auw™. 


The expressions for the scalar and vector potentials in the con- 
ventional gauge are obtained just as easily. Take 
A= —[L/#(L+1) }or¥e-™ 
so that the scalar potential is 
o=—dd/dt= —iL[L/(L+1) Pore (Al7) 
and 
VrA=—[L/(L+1) PA Me™. 


The electric multipole vector potential is then obtained from the 
equation of gauge transformation, 


A =Azy—[(L/(L+1) PAra (A18) 


The magnetic multipole vector potential remains as given by 
(AS). Hence, in the conventional gauge there are no longitudinal 
potentials, and the electric multipoles have both scalar and vector 
potentials. 


APPENDIX B. 
EVALUATION OF INTEGRALS 


In the calculations carried out below, the Heitler gauge (A16), 
is used. 


1. Evaluation of Ujo= f a| 





Heino , He! Hi | 
k—w—in k+-wo— ind 
Time-dependent perturbation theory tells us that the transition 
probability per unit time is appreciable only if energy is conserved 
between initial and final states.” In accordance with the discussion 


19 See, for instance, Morse and Feshbach, reference 16, p. 486. 
B* See, for instance, L. I. Schiff, Quantum ‘Mechanics a (McGraw- 
Hill, Book Company, Inc., New York, 1949), Sec 
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in Schiff and in Hulme,” the second term in the integrand cannot 
be ignored. It is taken into account by integrating the first term 
from — © to + instead of from 0 to +. Then 
%+o Hello 
Un= (— de&——— 
no J. Wie 
inn 


ee +o dk 
= LNCE ad 


i heeliiiaen k(k—w—in) 


xf fdr vy*La- Ara (kr) +i (er) Wo | 


xf far'ey Le’ -Arw*(er) igre) Woo}, (BI) 


in which the superscript (é) refers to the longitudinal, magnetic, 
or electric 2 multipole, and ¢z““=0 for i=m, e, and @1¥@ 
= ,™. The Dia of the bracketed terms may be written 


z= y far f dr'V/*b/*Ca- Ary (kr) a’ Arua *(kr’) 
LMi* 
+idbi™ (er): Ara *(kr’) — ig ™* (kr’)a- Aru (kr) 


ou™ (kr) oi™*(kr’) |¥o®o. (B2) 


Since the hamiltonians have the form, 


H=—a-p—Bm—a@- Apu (kr) —idL™ (kr), 
H'=—a'-p’—f'm'— a’ -Ary™*(kr’)+idt™ ©*(kr’), 
we obtain 
a@- Ary (kr) = (1/k)@- 9 b™ (hr) = (i/k) a por™ (kr) 
= (i/k)[o1™ (kr) H— Hoi™ (kr) ] 


and 


Ary *(kr’) = (i/k) [on™ * (hr) H’ — A’ o1™*(kr’) ). 


Then (B2) reduces to 
fdr [dr'wjra/*5 D> @a-Azy(kr)a’- Aru *(kr’) 
¥ - LMé 


+[1—(W+E) /hjz oi (kr) 13 (br) bt 


Hence, 
Pee +0 dk 
soon fu fara fo 


w—in) 
xf > a: Aru (kre! -Ary©*(kr’) 
LMi 
+2 [1— (W+B)/EJo™ (br) 6.©*(br) } 
LM 


Now, the dependence of ¢:™(kx) and Ary“ (kx) on & is confined 
to the (spherical) bessel function Jz(kx) which each contains. We 
consider the case where r is greater than r’ and make the sub- 
stitution, 
2 (kr) =H (kr) +H (hr). 

As has been remarked above, the integral is to be evaluated for 
conservation of energy, W=E=k=w. Then, from the location of 
the pole, it is clear that only the H,"(kr) part of Ji(kr) will con- 
tribute to the integral. Therefore, 


Uyo= (2x°ee'i/w) [ar farusray > a- Bry (wr) 
« e LMi 


Ke’ Ary ©*(or’)— Z HM (wr). *(or’) ea, (B3) 
LM 


where the Bry differs from the Azw only in the replacement of 
Jn by Hy™. 


2 See reference™3, p. 494. 
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We note here that, in general, the radiation field does not con- 
tain all the multipoles. Selection rules usually restrict the radiation 
field to a given multipole, say the 2/th, of a particular type (/, m, 
or e). In this case, (B1) reduces to 


< dk » ° 
Use =2nee’ f* ib—w—t) | drW,*(a-Ara(kr)+ibt™ (kr) Wo 
xf far'oy*ta’-Aiw'(hr)—i6u*(er) Wo}, (BY) 


where it is to be remembered that ¢,%=0 for electric and mag- 
netic radiation. Carrying out the integration over & as indicated 
above, (B1’) becomes 


Up’ = (2xtedi/a){ f deve Bru (ur)+ivz§(wr) Wo} 

xf far'yAL’ aa *(wr’)—ids§*(or’) Yoo}. (B3’) 
Returning to (B3) we note that, from (A12), 

Zz vi™ (wr) oi™*(wr’) = (w/2n%i) (eX /X), 

M 
and > @- Bra“ (wr)a’-Aru*(wr’) 


LMi 
, 


= 2 a- Bi (or)Ary*(wr’)-@ 
= @-(w/2x%i) (eX /X)I-a’ 
= (w/2x%i)(e*/X)(a-a@’). 


Substitution of these results into (B3) gives 
Ujo=—ee' { dr f dr’ ¥j*)*(1—e- a’) (co /X) Wor. 
The same result is obtained for Uso when r is less than r’. 


Horo , Hox'Hio’ 
k—w—in  k+wo—in 





2. Evaluation of ‘dk 


Proceeding as above, the integral reduces to 


5 elo? are — w) | Hox|? if” ak n| Hox|? 
"tae w)*+7? (k—w)*+-n* 

The first integral on the right represents the principal value part 
of the original integral and is usually neglected. In the second 
integral, | Hox|? is a slowly varying function of &. For small 7, the 
denominator has a sharp minimum for k=w, so that the integrand 
has a sharp maximum. We may therefore take |Hox|? outside 
the integral sign and replace it by its value at k=w, | Ho.|?. Hence, 


{["a vs i| Howl? f~” Ogg 


k—w—in 
where 


= w—in —@ 


=ir| How|?=in, 


=e 


| How|*= (2xe/us)| f'de’y*L a’ Ara *(wr’)—igc™*(wr’) Woo| 
3. Evaluation of f dE[Hs2/(E—w—in)] and 
fae Hae’ (E—w—in)). 
Proceeding as above, we obtain 
/f d2Hee/(E—w—in))=i0 He 


and 
{ GEC ex'(E—w—in) ]=inH ea’. 


Hollis , Feit: | 
k—w—in | k+an—ind 





4. Evaluation of [ ‘axl 


Comparison of this integral with that denoted by Uy, and 
noting (A14), shows that this integral is Voes= Uso*. 
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Radio Wave Generation by Multistream Charge Interaction 
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The excitation of plasma oscillations in traveling beams is reviewed; analytic and graphical methods are 
employed to ascertain the ranges of parameters over which wave growth may exist and to determine 
contours of constant amplification factor. The effect of thermal velocities is taken into account by utilizing 
approximations to a maxwellian distribution. It is found that the possibility of growth exists even for beam 
injection velocities much smaller than the mean thermal motion in the region; narrow band widths are 
encountered under these circumstances. Possible applications to solar phenomena are indicated. 

An investigation of the effect of the initiating disturbance upon the frequency band generated leads to 
the conclusion that where the possibility of growth in time exists, a spatial description of initial conditions 
gives rise to a broader band than does a temporal prescription. This is illustrated in specific cases. 

Previously suggested mechanisms for the conversion of these longitudinal oscillations into transverse 
electromagnetic energy are considered quantitatively and found to be inadequate. A more promising 


mechanism is suggested. 





I, INTRODUCTION 


HE possibility of accounting for much of the 
abnormal radio noise received from the sun on the 
basis of conversion of the kinetic energy of ejected 
prominence material into electromagnetic radiation has 
led several workers' to consider che excitation of plasma 
oscillations by moving charged particles. The results 
obtained thus far have been mainly for the case of one 
or two uniform homogeneous beams, and even here 
some errors appear to have been committed ;!* while 
these results serve to indicate the nature of the pro- 
cesses, their application to the solar atmosphere, in 
which thermal velocities are of the order of most 
injected beam velocities, or greater than them, has been 
questioned.’ It is the purpose of this paper to re-examine 
and extend the two-beam case and to discuss the modi- 
fications introduced by appropriate models of thermal 
motion. The mechanisms available for the conversion 
of these longitudinal type oscillations into radiation 
fields are also investigated. 
For the sake of completeness, we summarize below 
a simple derivation of the three-dimensional dispersion 
equation for a composite discrete and continuous elec- 
tron velocity spectrum. We shall assume the absence of 
any static fields, and neglect the motion of the positive 
ions. 


II. THE DISPERSION EQUATION 


Let there be r interpenetrating streams of electrons 


of densities No, ---, Nog, «++, Nor per unit volume, and 

* Harvard College Observatory, on leave during summer of 
1950 to work at the Central Radio Propagation Laboratory, 
National Bureau of Standards. 

1 J. R. Pierce, J. Appl. Phys. 19, 231 (1948); Proc. Inst. Radio 
Engrs. 37, 980 (1949). A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 
(1949); Phys. Rev. 75, 1546 (1949). V. A. Bailey, J. Roy. Soc. 
N.S.W. 82, 107 (1948); Australian J. Sci. Res. 1, 351 (1948); 
Phys. Rev. 75, 1104 (1949) ; 78, 428 (1950). D. Bohm and E. P. 
Gross, Phys. Rev. 75, 1851 (1949). J. A. Roberts, Phys. Rev. 76, 
340 (1949). 

18 See Sec. IIT. 

2M. Ryle, Proc. Phys. Soc. (London) A62, 483 (1949). 


traveling with uniform velocities Up, ---, Uog, «++, Uo; 
let there also be No electrons with a continuous velocity 
distribution dN» in the range dU, at Uo. The first-order 
perturbation of the steady-state quantities are denoted 
by lower case letters. 
The oscillating current density is, then, for a discrete 
stream 
iy = e("gUog+ Nog) (1) 


and for the continuous stream 
di= e(udNo+Updn) (1a) 


to first order, where e is the electronic charge. We derive 
the fields from scalar and vector potentials through the 
familiar relations: 


=—Vy—dA/at; B=VxA, (2) 


where the potentials satisfy the equations: 


Vip — (1/c?) 0° / dP = — p/e0; 


VA—(1/c?)@A/df = — poi. (3) 


We seek solutions in which the space-time variation of 
the first-order perturbations is of the form exp(—I-r 
+ jwt). Then the equation of motion,* 


(94q/dt)+ (Ung: Vay + vug= (¢/m)[E+vxB], (4) 


5 The third term on the left-hand side of Eq. (4) refers to the 
loss of directed momentum as a result of collisions with heavy 
particles. Electron-electron collisions are already taken into 
account on a hydrodynamic basis by the scalar potential. If U, 
is considered the average velocity, then » may be shown to be 
exactly the number of collisions made by an electron per second, 
provided the momentum after a collision bears no relation to that 
prior to the collision. [E. V. Appleton and F. W. Chapman, Proc. 
Phys. Soc. (London) 44, 246 (1932). ] Since the density fluctuations 
arise from corresponding velocity variations, it suffices to take ac- 
count of collisions at this point alone, at least when the collision time 
is much longer than the oscillation period. This formulation may be 
employed in general only for intrabeam collisions where the zero 
component of velocity is the same for both particles involved, since 
only the oscillatory component of momentum is presumed de- 
stroyed at each collision; for interbeam collisions, an electron will 
generally be thrown completely out of the region of velocity space 
occupied by its former beam, so that the zeroth-order quantities 
would be affected. The perturbation methods of the small signal 
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assumes the form, 


(v-+ jwo—V-Uog)ty 
= (e/m)[Ty—jwA+Uo,.x(FXA)]. (5) 


Finally, we must satisfy the continuity condition 


(dp/dt)+V-i=0, (6) 





2 
@,"U, 
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which becomes with the aid of Eq. (1) 
(jo— P+ Ug) tg= Nog¥' + Ug 

for a discrete beam, and 
(jw—V-Up)dn=dNT-u (6b) 


for the continuous stream. If one makes use of Eqs. (1), 
(3), and (6), Eq. (5) takes the form, 


(6a) 





(F-Us—jo—»)u +———| rr-[> f 
; *" [P]2+02/c? s=1ja—W- Us, 


x[¥ w,” 


s=1 


(q=1---r, as well as all points in the continuous dis- 
tribution), where w,?= (No,.e?/eom), wo? = (Noe?/eom) and 
the scalar products are to be taken with the first vector 
following the dot. 

In general, the dispersion relation for the system of r 
discrete beams may be obtained only by employing the 
determinantal condition for a nontrivial solution of the 
expanded 3r simultaneous homogeneous equations 
equivalent to Eq. (7). Introduction of the continuous 
distribution would lead to an infinite determinant. 

On physical grounds it is evident that stream-wave 
interaction leading to the possibility of wave growth 
requires a near match between beam and wave velocities. 
Since the particle speeds contemplated are much less 
than the speed of light, it is assumed that [~w/Uo, 
>w/c. With this assumption, the magnetic force terms 
may be neglected; taking the dot product of the 








Fic. 1. Graphical determination of real propagation constants, 
and of regions in which wave amplification can occur, for the two- 
beam case. 


theory are then no longer applicable. An exception exists for a 
thermal distribution of initial beam velocities, where detailed 
balancing may be relied upon to preserve the static momentum 
distribution. 


sacs Naat laa Stein —aientnss aa aah C7 
—— +f ( +d @) 


d(wo")u 1 
+f |-=GetUa-r-10,,) 


€ 


jwo- r- Uo 
Ur: 





remainder of Eq. (7) with I, summing over g and 
integrating over the continuous distribution, one obtains 
for the dispersion equation, 


° 
We” 


1 (wtjr- Uo,)(w+j0-Uog—jv) 





d(w") 
+) — ath @) 
(w+j0-Uo)(w+jr-Ur—jv) 


which differs slightly in form from the Eq. (11) derived 
by Bohm and Gross' probably because of the different 
methods of averaging employed in the two cases. The 
physical result, however, can be shown to be the same, 
viz., that electronic collisions damp the wave by a factor 
1/e in the time 1/v. These collisions, together with 
second-order saturation effects, set a limit to the am- 
plitude of any growing wave which may arise. In addi- 
tion, the maintenance of the oscillations in the presence 
of collisional damping is dependent upon a supply of 
directed, or mechanical-type, energy. This requires a 
departure from thermal equilibrium in the velocity 
distribution of the plasmas. 


Ill. THE TWO-STREAM CASE 


We consider first the interaction of two discrete elec- 
tron beams, moving with velocities Uo, and U2 along 
the Z axis. We will assume the initial disturbance to 
occur in this same direction; if collisions are neglected, 
Eq. (8) reduces to 


[wr?/(wt+jlU 1) ]+-02*/(wt+jTUo2)*=1, (9) 


where I’ is now the component of the propagation 
vector in the z-direction. This process has been con- 
sidered by Haeff; but his results are vitiated by the 
omission of certain terms in his Eq. (19), which are of 
the same order as the terms retained.‘ 

Before discussing the general solution of Eq. (9), we 
will note several special cases of interest. For an electron 
stream of velocity v1, and plasma frequency w:; moving 


4 —~+é, and +4, respectively, from the right-hand side of the 
first and second equations. 
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into a static electron atmosphere of plasma frequency 
we, we obtain 


T'=7(w/001)[1 w1/(w*— ws")*]. (10) 


Equation (10) has been considered by Pierce! for elec- 
trons moving through an ion atmosphere. Wave am- 
plification is possible only when w <2. The singularity 
at w=w: may be removed by introducing collisional 
damping. 

For w:/Uo1= w2/U 2, the quartic, Eq. (9), is reducible 
to a biquadratic. The resulting algebraic solution affords 
an insight into the physical aspects of the process. With 
the substitutions, 

Ta TU 
w/=B, j—=j—=7, 
w1 we 


w/w = a, 


(11) 


Eq. (9) reduces to 
[1/(y+a)*}+-1/(y+8)*=1, 

whose solution is 

y= —}(atB)+ {[4(a—8) P+1+[(a—)?+1]}4}*. (13) 


For wave growth one must consequently have 


(12) 


(14) 


The maximum value of the imaginary part of y in Eq. 
(13) is 4, at (a—8)=v3. 


To obtain the band width over which wave ampli- 


@ <2V2wiw2/ | w1— we] . 


fication is possible in the general case, we utilize a 
graphical solution of Eq. (9). With the substitutions 


x=a+jTUoi/w1, y=B+jTU 02/w2 (15) 


there results 


(1/22)-+1/y*=1. (16) 


Eliminating [ in Eq. (15) yields the linear relation 
y= (Cr/a)x+B(1—r), (17) 


where r= Uo2/U 01. 

The real roots, corresponding to purely imaginary I, 
are given by the points of intersections of Eq. (16) with 
Eq. (17). A graph of the quartic is shown in Fig. 1. Any 
straight line intersecting the rectangle ABCD formed 
by the asymptotes will cut the quartic is only two real 
points. The limit of zero amplification is reached at the 
points of tangency. Figure 2 indicates the ranges of 
5/v over which the propagation constant contains a real 
part, as a function of 8, for representative values of 
a/B. The band width reaches a minimum for either of 
the beams static (6/y= +1) and increases monotonically 
as matching of the two-beam velocities improves. For 
r=—1, (6/x=+), the band width becomes zero. 
These results are what we should expect on physical 
grounds, as dispersion in the velocity militates against 
organized motion. For the case a/8=1, it is interesting 
to note that as r increases from 0 to 1, the band width, 
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Fic. 2, Ranges of amplification for the two-beam case; temporal 
specification of initiating disturbance. Wave growth exists in the 
region to the left of a given curve. 


in units of 8(1—r), increases from 1 to 2V2 (OF and OE 
respectively, on Fig. 1).° 

Figure 3 gives contours of constant amplification 
factor for the case 8/a=1. The region to the left of the 
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Fic. 3. Contours of constant amplification for the two-beam 
case, with 8/a=1. In the region to the left of the dotted lines the 
phase velocity is positive. Wave growth=exp[(w:/v)V2 < contour 
value J/unit length. 


5 Haeff’s statement (reference 1) that there is amplification in 
this case when the inhomogeneity factor (5/v) (w/w) lies between 
0 and v2 is not correct. The maximum allowable value for this 
factor is itself a function of the beam velocities, increasing from 1 
to v2 as r increases from 0 to 1. 
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Fic. 4. Ranges of amplification for the two-beam case; spatial 
specification of initiating disturbance. 


dotted line corresponds to positive phase velocities of 
the waves; to the right, these velocities are negative. 
In general, low amplication is associated with large 
band width, i.e., with closely matched beam velocities. 
Putting 1—r=e, and solving Eqs. (16) and (17), we 
obtain the real part of I to be of order e. For the limiting 
case of r= 1 (homogeneous beam), the straight line (17) 
passes through the origin, a singular point of the quartic 
which corresponds to a double real root. The points of 
intersection, R and R’, Fig. 1, give the well-known 
solutions of wave propagation along a uniform beam. 

We have thus far considered the wave frequency w to 
be real and ascertained the behavior of the wave number, 
l=T/j. This procedure may be reversed to find the w 
corresponding to real /. A discussion of the physical 
significance of these two viewpoints will be given in 
Sec. V. For the case w:=we, Eq. (9) becomes: 


[1/(a—lU 91/1)? J+1/(a—lU 92/w1)?=1. (18) 








Fic. 5. Graphical determination of zones of amplification in the 
presence of a uniform, sharp cut-off velocity distribution. 
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This is of the form (12); it has the solution, 
a= (1/w,)o { (16/w)?+1+[4(16/o1)*+1]4}4, (19) 


where all permutations of the algebraic signs are to be 
taken. The condition for wave growth (in time) is then 


16/ai<v2; (20) 


and, since the real part of the frequency is, from Eq. 
(19), w’=Z/», condition (20) may be written 


(6/0) (w’/w1) <v2. (21) 


This result illustrates a characteristic difference 
between the solutions based upon the two assumptions. 
As the limit on the right of Eq. (21) is no longer a 
function of 6/v, this latter case gives rise to the greater 
band width. Figure 4 indicates the ranges of ampli- 
fication in the general case, and should be compared 
with its analog, Fig. 2. 

IV. AMPLIFICATION IN THE PRESENCE OF 
THERMAL VELOCITIES 

We take as model a homogeneous beam of electron 
density po, injected with uniform velocity », into a 
plasma of density 


po(U,)=constant, |Uo| <2, 
= 0, U)| > vo. 


Equation 8 then yields 


1=[w,?/(@+jTU,)? ]+ wo?/(w?-+T 2°), 


é ” 
Wo’? = = f po( Uo) dV o. 
m vo 


It should be noted that the integration performed to 
obtain Eq. (22) is not valid if the singularity at 
Up=—w/jl lies on the path of integration. This 
represents a breakdown of the linear approximation, as 
pointed out by Bohm and Gross.' Since the equation is 
valid for complex values of I’, however, it may be 
employed to investigate the characteristics of all ranges 
of amplification. 

To reduce Eq. (22) to a form amenable to graphical 
solution we make the following substitutions: 


(22) 


where 


(23) 


a=w/w, B=w/w,, r=?,/V%, 


y= (utl,)/w, 


j= jf, 
(24) 


x= luo Wo. 


Then the purely imaginary solutions of I correspond 
to the real points of intersection of the curve, 


y= (2?— a*)/(a?— a?+-1), 


(25) 
with the straight line 
y= (Br/a)x+ 8. (26) 


These solutions possess validity, of course, only if the 
singularity discussed above is not contained within the 
integration limits of U». For the determination of 
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complex roots, these functions may nevertheless be 
considered as the analytic continuation of the expression 
which describes the physical situation only for complex 
r. 

Figure 5 illustrates the salient features of the con- 
struction. In Fig. 6, the shaded regions indicate the 
ranges over which at least one pair of complex roots 
exists, i.e., over which amplification of an initial dis- 
turbance would take place. At large values of a, cor- 
responding to considerable mismatch between the 
frequency of the disturbance and the equivalent static 
plasma density, the amplification region is bifurcated 
into two quite narrow bands of the parameters r and 8. 
As a approaches unity, these bands broaden out, uniting 
into a single region at a=1 and finally extending over 
the entire r—8 plane at a=0. It is seen that ampli- 
fication is possible when the thermal velocities are 
greater than the velocity of the homogeneous beam, i.e., 
for r<. 

Contours of constant growth factor for the a=2 case 
are plotted in Fig. 7. The solid line contours belong to 
solutions in which the phase velocity of the wave is in 
the direction of the beam velocity v,, while the dotted 
contours indicate phase velocities opposite to the beam 
motion. The magnitude of the wave growth is suf- 
ficiently large to produce a saturated equilibrium within 
a fraction of a wavelength. The amount of energy 
converted into the oscillatory state can be estimated, 
in the quasistatic approximation, by following the 
(hyperbolic) path corresponding to proportionate de- 
creases in 7, and w,, in the r—8 plane, until the zero 
amplification contour is crossed. The validity of such 
quasi-static methods is questionable in view of the rapid 
rates of growth involved. It is interesting to note, 
nevertheless, that only a small amount of energy con- 
version would be obtained under highly mismatched 
conditions (as a~10). 

In Fig. 8, the arrangement of parameters is more 
directly applicable to the solar problem. A situa- 
tion is visualized wherein prominence material (w,, 05) 
erupts into the corona (wo, %). The range of @ over 
which the propagation constant contains a real com- 
ponent yields the approximate band width of the burst. 
In view of the high temperatures prevailing in the 
corona, “r’’ values of less than unity are to be ex- 
pected. In the vicinity of a=10, for r=0.1 the 
band width is about 5 percent (between zero amplifica- 
tion points; if reckoned between half-power points it 
would of course be considerably less, the exact amount 
being dependent upon the form of the initiating dis- 
turbance). Narrow band widths of this order have been 
obtained experimentally for many of the smaller bursts. 

As the homogeneous beam velocity, »,, increases, the 
zone of amplification broadens and shifts to somewhat 
lower frequencies. For r>1, a truncation appears, the 
branches broadening and shifting to lower frequencies 
as r increases. At r=5, the region of splitting has shifted 
off the plot. These curves indicate the possibility of 
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Fic. 6. The shaded regions indicate the ranges over which wave 
growth exists, for the distribution of Fig. 5. 


bursts at separated frequencies with no activity at inter- 
mediate frequencies. 
To ascertain the dependence of the foregoing results 
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Fic. 7. Contours of constant amplification factor for a=2; 
wave growth=exp[(w®/v*) X contour value ]/unit length. Wave 
phase velocity is opposite in direction to injected beam motion 
along the dotted contours. Group velocity is in the same direction 
as phase velocity for r>1, but is oppositely directed for r<1. 
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Fic. 8. Zones of amplification for several values of the ratio 
of injection to thermal velocities. 


on the particular model assumed, it is desirable to em- 
ploy an alternative functional representation of a ther- 
mal velocity distribution. To this end we expand the 
denominator of the integrand in Eq. (8) and take 


fo(U0)=No(m/2kT)' exp[—(m/2kT)U.?]; (27) 


then we have 





© expl —(m/2kT)U 2 
f exp[ — (m/2kT) Uo la, 
-«»  (1+jTUo/w)? 


-{ [1—(2jTUo/w)+3(jT/w)*Uo?— + - +] 


m 71 Uo 
xexp| -(—) hav —|<1, 
2kT w 


If the mean square speed for a one-dimensional dis- 
tribution, kT /m, is denoted by Vo’, the equation for the 
propagation constant becomes 


1=[w,?/(w+j0'r)* J+ (wo/w)*[1+3(G0/w)*r0*], (29) 


to second order in I’. The nature of its roots may be 
investigated by graphical means similar to those 
employed previously.yThe quartic obtained possesses 
only two branches, which lie along the y axis. As a 
result, only an upper limit exists for “r” at any a and £. 
These upper limit curves lie fairly close to those of Fig. 
6, for corresponding values of the remaining parameters. 
The addition of further terms to the expansion in Eq. 
(28) does not materially affect the’situation, since the 
algebraic sign of all such contributions is the same as 


(28) 
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that of the T*-term and so merely shift the asymptotes 
of the two branches without creating any additions. 

An explanation for the lack of a lower “r’’ limit is to 
be found in the divergence of the series expansion at 
large Uo, which renders this type of approximation 
invalid in this region. It is the branches along the x axis 
in Fig. 5 which give rise to the lower “‘r’’ limit, and the 
roots obtained by intersections with these branches 
correspond to I'n/w>1. Consequently, agreement 
would not be expected in this region. The y-branch 
roots, on the other hand, yield 'm/w <1, which validates 
the upper “r” limit results obtained from our expansion. 

A rather crude but nonetheless a useful criterion for 
the validity of the results obtained with a given ap- 
proximation to a thermal distribution arises from the 
fact that the true distribution, in the absence of any 
directed beams, cannot alone produce growing oscil- 
lations, since the resultant conversion of thermal energy 
into directed wave energy would violate the second law 
of thermodynamics. Consequently, if for any set of 
parameter values a given distribution standing alone 
in the dispersion equation gives rise to growing waves, 
then one cannot expect the results in this range of the 
parameters to be a reliable index of the behavior of a 
true thermal distribution. 

The uniform distribution, sharp cut-off model pre- 
viously considered, for example, violates this criterion 
for a<1, so that the results in this region are suspect. 
A distribution of the form, 


fo(U0) = (No/x)-Vo/(Ve+U~), 


which appears to give a good description of a thermal 
distribution, yields spurious results for a> 1. Physically, 
the slow rate of decrease of the number of high energy 
particles in this distribution is responsible for producing 
internal amplification in this region. For a<1 the 
results obtained are qualitatively similar to those for 
the uniform distribution ; and, in fact, as a approaches 
zero, the two dispersion relations become identical. 


V. DESCRIPTION OF INITIATING DISTURBANCE 


Boundary conditions, sufficient to determine the 
initial amplitudes of the modes of oscillation, may be 
prescribed either temporally or spatially; the type of 
description which is appropriate depends, of course, 
upon the physical situation envisaged. In an electron 
tube device, for example, a known time signal is 
generally impressed at a fixed space position; con- 
sequently, a temporal description is appropriate. For a 
medium such as the solar atmosphere, where the ini- 
tiating disturbances take the form of random inhomo- 
geneities of density and current, only a spatial de- 
scription at a fixed instant would be physically per- 
missible. 

Mathematically, for the exponential space-time 
dependence employed here, these two modes of descrip- 
tion appear to rest on an equal footing: spatially im- 
posed boundary conditions result in the possibility of 
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temporal amplification, while temporally imposed 
boundary conditions result in the possibility of spatial 
amplification. That this equivalence does not hold 
physically is evidenced by the fact that a spatial de- 
scription gives rise to wave growth over a wider band 
of frequencies than does a temporal specification. Fun- 
damentally, this appears to result from the prescription 
for all time of the form of the motion at the initiating 
point, employed in the temporal description. The 
analogous prescription of the motion over all space at 
a fixed instant of time utilized in the spatial method of 
specifying the initiating disturbance is less restrictive, 
since wave growth can occur at all points once the 
initial instant has passed. A quantitative comparison of 
the frequency bands in question was given in Sec. III 
for the two-beam case. 

The determination of the initial mode amplitudes 
requires for the spatial case,® p,(z,0) and dp,(z, 0)d#, 
for each of the r interacting beams (or equivalent in- 
formation). Then the coefficients of the oscillating com- 
ponents of charge for each beam, and in each mode 
follow from the 2r equations: 


i Aqn(k)= f po(2, O)e~*dz, 


n=l 


se) (30) 
or a 
E icon(t)Aqa(*)= f eee cae 

ay 


n=1 


together with the r relations between the components 
of oscillating charge density in each beam which are 
characteristic of each mode. 

The reality of the wave growth associated with the 
complex propagation constants obtained here follows 








Ww” wr 
> (1+ , ) 
@ (jT'0,+w)? (jTU +o Pon? 


WH We” 


w (jT'%g+w)*—wn* 


where 
(32) 


Bo=static magnetic field flux density and the summa- 
tions are carried out over all the beams present. The 
familiar splitting of each of the roots in the presence of 
the field appears here. The modes leading to growth 
arise from the upper diagonal term; since 


[T| ~w/o>w/c, (33) 


the off-diagonal cross product affects these mode 
propagation constants only to order (v,/c)®. Conse- 
quently, the magnitude of the splitting depends pri- 
marily on the ratio [wx/(jI'v,+w) P. The energy division 


6 The temporal case has been treated by V. A. Bailey, Phys. Rev. 
78, 428 (1950). 


oH= eBo/m, 
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from their conjugate nature. It may be contrasted, for 
example, with the solution to the wave equation for a 
passive, lossy medium where one obtains [= + jkK}, 
with complex dielectric constant K. Either choise of 
sign, in this case, corresponds to a diminution in wave 
amplitude along the propagation direction, since the 
relative sign of the real and imaginary parts of I is 
fixed. For complex conjugate values, on the other hand, 
one can always select a wave whose amplitude increases 
in any given direction as a result of the independence of 
the algebraic signs governing the real and imaginary 
portions of I, 
VI. MECHANISMS OF CONVERSION INTO 
RADIATION FIELD ENERGY 

The foregoing modes of oscillation are all of the 
longitudinal type, that is the electric field generated is 
irrotational. To flow through space devoid of matter, 
it is necessary that the waves in question possess a 
Poynting flux. This requires that the electric field 
contain a component transverse to the propagation 
direction. It is the purpose of this section to examine 
several mechanisms which have been proposed to effect 
this conversion. 

The presence of a transverse static magnetic field 
suffices to couple the motion of the oscillating charge 
into a direction mutually perpendicular to the field and 
to the propagation vector, giving rise to a transverse 
component of electric field. The interaction of the static 
magnetic field, and of the newly created oscillating 
magnetic field with the forced vibrations in the trans- 
verse direction reacts back upon the original motion, 
altering its propagation constant. Taking account of 
these effects, we may write Eq. (8) in the determinantal 
form: 


w,” 


q igen oats 


1 
Fa — 
w @ ry 1—wy*/(jl'2,+w)? 


jou 











may be deduced from the ratio of the field intensities 
represented by the second row of Eq. (31), utilizing 
Eq. (33): 


oe 
~ ep? [jl ag+w P— wy? 
(=) (=) 
¢ w 

The presence of a component of mass velocity trans- 
verse to the direction of wave propagation gives rise to 
a corresponding motion on the part of the bunched 
charge which serves to generate a transverse electric 


field. A reaction back upon the original longitudinal 
motion occurs. in this case, only through the coupling 
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produced by the newly created oscillating magnetic field. The determinantal equation assumed the form: 


w,” 


yy se SIRES 
q (jl 092+ w)? 


r WqVay er 


+#-E 
w @ (jl 2+)? 


where v,, is the transverse component of mass motion 
of the gth beam. 

The original number of longitudinal modes is pre- 
served. The first-order change in the propagation 
constants of these modes may be shown to be 
~3(0q,/C)*we/0g2; the ratio of field intensities, 


Rial Ries tetaal C. 


In the absence of a transverse velocity, the lower diag- 
onal term gives rise to the modes characteristic of 
propagation of transverse waves as found in ionospheric 
theory. For w,>w, a pair of positive and negative real 
values appear for I’; the usual interpretation associates 
the propagation directions present when w,<w (I 
imaginary) with these real values in such a fashion as 
to correspond to attenuated fields for both roots. 
Roberts' has shown that the presence of a finite v4, 
gives rise to a small imaginary part in the previously 
purely real pair of I’’s. He has interpreted this as making 
possible growing transverse waves.’ 

The irrotational nature of the longitudinal plasma 
oscillations herein considered arises from the perfect 
balancing of the rate of change of electric flux density, 
0d/dt, against the oscillating current 7. Martyn® has 
suggested that the introduction of collisional damping 
destroys this balance, giving rise to a radiation field. 
This argument is fallacious because it does not take 
account of the change in the characteristic plasma 
frequency brought about by the introduction of the 
damping term. If this is considered, the balance is 
restored. In general it follows from Poisson’s equation 
(2) and the continuity equation (4) that 

V-(i+d)=0. (36) 
Consequently if it is possible to write: 


v-(i+d)=a(i+d)--., 


where “a” is an algebraic quantity, then no electro- 
magnetic field exists. This will always be the case if i 


(37) 


7 From a physical viewpoint an inconsistency appears to exist 
if one allows tg, to approach zero, since one continues to obtain a 
growing field on this last interpretation, rather than the decaying 
field characteristic of normal ionospheric propagation. The resolu- 
tion of this dilemma probably requires a better type of approxima- 
tion than is provided by the currently employed geometric 
optical methods, since the wavelength becomes infinite at the 
limit in question. 

*D. F. Martyn, Nature 159, 26 (1947). 
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and d have components only along the direction in 
which space variations are present, provided this space 
dependence is the same for both. 

To complete the discussion, it is instructive to con- 
sider the means utilized for the conversion of the energy 
of longitudinal space charge waves into transverse elec- 
tromagnetic oscillations in many types of electron 
tubes. The cavity entered by the bunched beam is 
designed to produce a large electric field in the region 
traversed by the beam for a relatively low energy 
storage, at the frequency of the space charge wave. The 
wavelengths of the two oscillations will generally be 
quite different under these conditions, but this does not 
affect the energy transfer because the interaction is 
confined to a region which is small compared to either 
wavelength. It is this independence of the wavelengths 
of the two modes which makes it possible for each to 
satisfy its own dispersion relation. When the region of 
interaction extends over many wavelengths, on the 
other hand, a match is required both in frequency and 
in wavelength in order for a net interchange of energy 
to occur. For such a double matching to be in agreement 
with the dispersion relations for the two modes is a very 
special circumstance, and so there will normally be no 
excitation of the transverse mode. An exception arises 
if a region exists in which the wave characteristics vary 
considerably within a wavelength, or a period. Physi- 
cally, the electron tube interaction model, or its tem- 
poral equivalent, then becomes applicable, since the 
rapidly varying conditions permit a net energy delivery 
with only one of the parameters of the two modes 
matched. Such a situation can arise if steep gradients 
are present in the medium characteristics, as might 
occur near the edges of prominence eruptions, or if the 
rate of growth of the longitudinal oscillations is such as 
to cause a considerable departure from uniformity in 
the amplitude of these oscillations within a wavelength 
spatially, or a period temporally. Since the usual cal- 
culated growths are very rapid, this last state of affairs 
may well provide the answer. A quantitative investiga- 
tion of energy transfer under these conditions requires 
a nonlinear theory and so will be left to a future paper. 

In conclusion, one of us (H.K.S.) wishes to express 
his gratitude for the opportunity to work at the National 
Bureau of Standards during the summer of 1950. We 
are indebted to Mr. Robert Lawrence for much of the 
graphical computation work. 
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Observations on large cosmic-ray bursts have been performed 
at the altitude of 3500 meters with a model C meter surrounded 
by thick lead shields. G-M counters, connected to appropriate 
electronic circuits, were placed over these lead shields in order to 
record extensive air showers simultaneously with bursts. It is 
found that about 2 percent of the 100 particle bursts and about 
14 percent of the 1000 particle bursts under 10.7 cm Pb are 
produced by extensive air showers. This fraction continues to 
increase with increasing burst size and becomes almost 100 percent 
for bursts of more than 4000 particles. The experimental observa- 
tions are consistent with the assumption that the part of the 
burst-producing radiation which does not consist of air showers 
or of w-mesons is attenuated in lead with the absorption mean- 
free-path of 346+36 g/cm*. The correction for the number of 
bursts produced by u-mesons is based on a revision of the calcu- 
lations of Christy and Kusaka; the revised calculation indicates 


that u-mesons (spin 1/2) produce 684-5 percent of the bursts in 
a model C meter under 10.7 cm Pb at sea level. 

It is pointed out that the high energy N-component of the 
cosmic radiation (i.e., those particles having strong nuclear inter- 
actions with matter) can produce enough electronic radiation to 
account for the observed burst frequency, if /'s*p(s)ds=0.12, 
where p(e/E)d(e/E) is the probability per nuclear collision that 
an N-ray of high energy E produces electronic radiation of energy 
(e, de). The neutral meson mechanism satisfies this condition, 
provided one assumes that practically all of the energy of a high 
energy N-ray is carried away by mesons when a nuclear collision 
in lead takes place, and that one-third of this energy goes into 
neutral mesons. The calculations are made on the assumption 
that the absorption mean-free-path of high energy N-rays is 124 
g/cm? in air, and that the directional intensity of the primary 
cosmic radiation with energies greater than E Bev is 0.12(4.5/E)* 
sterad™ cm™ sec! at the top of the atmosphere. 





I. INTRODUCTION 


HIS paper is concerned mainly with ionization 

bursts which have been recorded with the model 
C meters,! and the burst size will be given in terms of a 
quantity called “number of particles.” This quantity is 
defined as the number of ion pairs in the burst divided 
by the average number of ion pairs produced when a 
singly-charged particle at minimum ionization passes 
through the gas on the ion chamber in question. The 
number of particles in a burst equals on the average the 
number of particles in the shower which produced that 
burst, provided the shower is narrow compared with 
the dimensions of the ion chamber and contains only 
singly-charged particles at minimum ionization. In all 
other cases, the relation between the number of par- 
ticles in a burst and the number of particles in the 
shower or “star” which might produce that burst is not 
unique. 

In calculation of the number of particles in a burst, 
a knowledge of the average number of ion pairs produced 
by a traversal of one singly-charged particle, at mini- 
mum ionization, through the gas of the meter is needed. 
Schein and Gill? estimated the value of this quantity to 
be 96,000 ion pairs for the model C meter filled to a 
pressure of 50 atmos of pure argon. 

This value can be verified indirectly as follows: 
Bennett ef al.’ found that the total amount of ionization 
produced by cosmic rays in a model C meter shielded 
with 10.7 cm Pb at sea level is 1.55 10° ion pairs/sec. 
When the figure of 96,000 ion pairs per particle is 


* Assisted by a joint program of the ONR and AEC. 

¢t Now at Marquette University, Milwaukee, Wisconsin. 

1 Compton, Wollan, and Bennett, Rev. Sci. Instr. 5, 415 (1934). 

2M. Schein and P. S. Gill, Revs. Modern Phys. 11, 267 (1939), 
quoted as SG. 

3 Bennett, Brown, and Rahmel, Phys. Rev. 47, 437 (1935). 


adopted, this means that 16.2 particles/sec pass through 
the meter under the above conditions. Now, almost all 
of the ionization produced by cosmic rays under 10.7 
cm Pb at sea level is produced by the hard component 
of this radiation. Moreover, the cross section of the 
meter is 995 cm?. Hence, the integrated intensity of the 
hard component at sea level is 1.63 10-* cm= sec. 
This value agrees with the value 1.68 10-* cm sec~", 
which was obtained by Greisen‘* using G-M counters. 

We consider that it is still justifiable to assume that 
a single “particle” produces, on the average, 96,000 ion 
pairs in a model C meter filled to the pressure of 50 
atmos of pure argon. 

The fact that the collection time of the ions formed 
in a model C meter is of the order of 20 sec imposes a 
lower limit on the burst size which can be recorded 
reliably with this instrument. For example, the data of 
Bennett ef al.* show that the average number of inde- 
pendent single particles which pass through the meter 
shielded with 10.7 cm Pb at 3240 meters elevation in 20 
sec is approximately 900. Hence, in any given 20 seconds 
a fluctuation whose size is greater than 100 particles 
(3.3 times the standard deviation) takes place with the 
probability 9.610. One-half of these fluctuations 
will cause deflections of the electrometer needle which 
are in the same direction as the deflections caused by 
bursts and consequently cannot be distinguished from 
the latter. Under these conditions a statistical fluctua- 
tion will be recorded as a burst, with size greater than 
100 particles, at the average rate of once in every 11.6 
hours. It will be seen later in the present paper [Sec. 
V(A)] that the observed frequency of bursts having 
more than 100 particles under 10.7 cm Pb at 3500 
meters altitude is more than 6 per hour per model C 


4K. I. Greisen, Phys. Rev. 63, 323 (1943). 
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Fic. 1. Schematic perspective drawing of the camera arrange- 
ment which was used to record large bursts and air showers simul- 
taneously. 


meter. By repeating the calculation for bursts of 
more than 200 particles we can show that the number 
of statistical fluctuations, which can be mistaken for 
bursts of this size, is entirely negligible. 

Since only bursts of 100 particles or more can be 
reliably recorded with a model C meter, such bursts 
have been arbitrarily called “large” cosmic-ray bursts.® 
Since the average amount of energy required to produce 
an ion pair in argon is 25.4 ev,® the energy of a large 
cosmic-ray burst exceeds 243 Mev. 

In the year 1946, when this research was begun, at 
least one large burst problem presented itself clearly.?:5:7 
This was the problem of the production of large bursts 
at high altitudes. Because of the large atmospheric 
attenuation in the frequency of these bursts, it was 
evident that ordinary mesons (u-mesons) could not 
produce all of them; ordinary mesons with energies 
of 1.510" ev or more (that is, with the amount of 
energy required to produce a large burst according to 
the mechanism described by CK) suffer very little 
absorption in going from mountain altitudes to sea level. 
Therefore, the frequency of bursts produced by such 
mesons must also undergo a negligible change between 
these altitudes. This indicates that the majority of large 
bursts observed at high altitudes must arise from 
another origin besides the one described by CK for 
sea-level bursts. 


II. APPARATUS 
(A) Type of Apparatus 


It was realized that the increase in burst frequency 
observed on going from sea level to mountain tops 
might be due to the more frequent presence of very 
energetic air showers at the higher altitudes. Conse- 


5 R. E. Lapp, Phys. Rev. 69, 321 (1946). 

® Rutherford, Chadwick, and Ellis, Radiations from Radioactive 
Substances (Cambridge University Press, London, 1930). 

7R. F. Christy and S. Kusaka, Phys. Rev. 59, 414 (1941), 
quoted as CK. 
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quently, it was decided to use an experimental arrange- 
ment similar in principle to that which was used by 
Lapp,® and to perform experiments at Climax, Colorado 
(altitude 3500 meters, mean atmospheric pressure 675 
g/cm?). This type of experimental set-up has two im- 
portant fundamental difficulties associated with it: 

(1) The fact that the air showers and the bursts in 
question are recorded separately on a slowly moving 
strip of photographic paper makes it impossible to 
resolve the records of these events when they occur 
within approximately ten seconds of one another. This 
causes an apparent or accidental coincidence rate. 

(2) It is possible for an air shower to occur in true 
coincidence with a burst and at the same time not be 
the cause of that burst. An event of this kind could 
happen, for example, if a single penetrating particle 
first produced an air shower, and later produced a burst 
with the remainder of its energy; the air shower could 
conceivably actuate the shower detecting arrangement 
and at the same time be altogether incapable of pene- 
trating the shield which surrounds the ionization 
chamber. 

Measurements and arguments which estimate the 
magnitudes of these effects will be given later [Secs. 
IV(B) and VI(B) ]. 


(B) The Recording Camera 


A schematic perspective drawing of the camera ar- 
rangement is shown in Fig. 1. The position of the elec- 
trometer needle is recorded by means of a cylindrical 
lens in exactly the same way as it was done in the 
formerly used camera of the model C meter.! In addi- 
tion, the camera is equipped with “coincidence” lights, 
each of which can be flashed by means of an outside 
circuit. Each coincidence light is enclosed in a separate 
cylindrical compartment, and all of the compartments 
are in line and placed flush against a single long slit. 
This ensures that only a short unique portion of this slit 
is illuminated by any given coincidence light. An image 
of the slit is focused in the smaller slot of the “recording 
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Fic. 2. Schematic drawing of the ionization chamber, 10.7 cm 
Pb shield, and G-M counters which were connected to four dif- 
ferent coincidence circuits as shown. 
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surface” by means of the 45° prism and the lens shown. 
The position of the slit is so chosen that its image on the 
recording surface is exactly in line with the image of the 
electrometer lamp [Sec. II(D)]. A 5-inch-wide photo- 
graphic paper (Eastman Kodak 797 Emulsion), pressed 
against the recording surface, is transferred at a con- 
tinuous rate of about six inches per hour from com- 
partment A to compartment B by means of a driving 
mechanism which is not shown in Fig. 1. 


(C) Over-All Arrangement of Apparatus 


A schematic drawing of the ionization chamber sur- 
rounded by 10.7 cm Pb, together with the four coin- 
cidence sets of G-M counters which were used to record 
extensive air showers, is shown in Fig. 2. The counters 
were approximately one foot in length, and their diam- 
eters were one inch and two inches. The electronic cir- 
cuits were of the conventional types. The argon used to 
fill the ionization chamber was 99.8 percent pure. 


(D) The Photographic Record 


A replica of part of a record, obtained from the 
camera when 10.7 cm Pb surrounded the meter, is 
shown in Fig. 3. The sensitivity of the electrometer was 
adjusted so that the distance between two consecutive 
rulings corresponds to a burst of 100 particles. The 
rows 1, 2, 3, and 4 of marks were produced when the 
respective G-M counter sets 1, 2, 3, and 4 (Fig. 2) were 
actuated by air showers. 

Figure 3 also reveals the effects of the following 
cycle of operations: 

(1) Once every hour the electrometer lamp is 
brightened, a potential of } volt is put on the elec- 
trometer needle, and the coincidence lamps are lit of 
approximately 20 seconds. 

(2) The electrometer lamp is dimmed and the elec- 
trometer needle is grounded during the 5 seconds im- 
mediately following operation 1. 

(3) Once every 15 minutes, every fourth interval 
being omitted in favor of operations 1 and 2, the elec- 
trometer lamp is dimmed and the electrometer needle 
grounded for approximately 25 seconds. 


Ill. EXPERIMENTS 


The first experiments were performed with 10.7 cm 
Pb around the meter; in later experiments the experi- 
mental arrangement was altered to accommodate 
thicker shields. In order to use these shields, it was 
necessary to move the box which contained the elec- 
trometer further away from the rest of the meter. This 
alteration provided room for an increase in the shield 
thickness around the top hemisphere of the meter. 

The experiments were then continued with a total 
shield of 26.7 cm Pb around the top hemisphere and 
10.7 cm Pb around the bottom. 

Finally, the shield was increased further by placing 
a rectangular slab of solid lead symmetrically on top 
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Fic. 3. Replica of part of a record obtained from the camera 
used in conjunction with the model C meter surrounded by 10.7 
cm Pb at the elevation of 3500 meters. 


of the 26.7-cm absorber.’ The dimensions of this slab 
were 50’’X48’"X12”, and the perpendicular distance 
from the center of the ion chamber to the bottom face 
of the slab was approximately 24’. 


IV. ELIMINATION OF ERRORS 


(A) Errors in the Determination of Burst 
Frequencies 


In this work a comparison is made between the burst 
rates under different thicknesses of shielding. Approxi- 
mately three months is required to obtain statistically 
reliable data for any one shield thickness. Therefore, 
corrections must be made for the changes in the sensi- 
tivity of the meter which took place during these long 
periods of time. 

The following changes took place: 

(1) A change in the construction of the meter was 
performed (Sec. III). This alteration caused roughly a 
45 percent increase in the electrical capacity of the ion- 
collecting system. To eliminate any error which might 
arise from this change, the new capacity was accurately 
measured and the observations with the 10.7-cm Pb 
shield were partly repeated, thereby providing a few 
points through which the size-frequency curve (plotted 
on double log paper) should pass. The older data were 
used to determine the slope of this curve. This procedure 
is feasible because the curves in question are straight 
lines. Furthermore, an accurate knowledge of the old 
capacity is not required. In Fig. 4 the points obtained 
from the older data are shown in relation to the curve 
which “passes through them.” 

(2) During the observations a gas leak developed in 
the meter. A daily record of the pressure was kept 
during the complete period of the observations. Ac- 
cording to Compton ef al.,' for small pressure variations 
in the neighborhood of 50 atmos, the ionization coef- 
ficient of argon is approximately proportional to 
(p+13.2), where p is the absolute pressure at 0°C 

51 am indebted to Professor B. Rossi of M.I.T. and to the 


Arkansas Valley Smelting Company, Leadville, Colorado, for 
lending the lead bricks used in this slab. 
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Fic. 4. Integral size-frequency curves for large cosmic-ray 
bursts under several thick lead shields [Sec. V(A) ] at the altitude 
of 3500 meters. The curve, on which no points are marked, repre- 
sents the Cheltenham (sea level) data which was published by Lapp 
(reference 5). 


measured in atmospheres. The average pressure during 
the period in which the observations for a given shield 
thickness were recorded was taken as the pressure cor- 
responding to that shield thickness. The magnitude of 
the correction can be seen in Fig. 4. All of the experi- 
mental points plotted in this figure would lie exactly on 
the ordinates, corresponding to 100, 200, 300, etc., 
particles, if the correction were not applied. The appli- 
cation of the correction moved the points slightly 
towards the right. 


(B) Errors in the Relation of Bursts to 
Air Showers 


The observed coincidence rate between air showers 
and bursts must be corrected for accidental coincidences 
[Sec. II(A)]. The accidental coincidence rate was 
estimated as follows: A large number of artificial marks 


TaBLe I. Number of hours data and probable errors associated 
with the burst frequencies observed under the various thick lead 
shields at 3500-meter elevation. 
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were arbitrarily put by hand on the electrometer trace 
of one of the records, and these artificial marks were 
analyzed in exactly the same way as the burst marks 
were analyzed. The probability that an artificial mark 
will coincide with the record of an air shower must be 
equal to the probability that a burst mark will coincide 
accidentally with the record of an air shower. If P:, Pm, 
and P, are the respective percentages of bursts which 
actually coincide, apparently coincide, and accidently 
coincide with air showers, then 


P.=(Pm—P,)/(1— P./100). 
V. EXPERIMENTAL RESULTS 


(A) Burst Frequencies 


The integral size-frequency curves are shown in Fig. 4. 
The centers of the open circles mark the points obtained 
with 10.7 cm Pb around the meter; the more prominent 
open circles represent the points which were obtained 
after the meter had been altered (Sec. III), and the less 
prominent ones represent the points which are obtained 
prior to this alteration and which were located as 
described above [Sec. IV(A)]. Similarly, the closed 
circles represent the frequencies observed with 26.7 cm 
Pb around the top hemisphere and 10.7 cm Pb around 
the bottom hemisphere, while the circles with diameters 
have their centers located at the points obtained when 
the flat slab of lead (Sec. ITI) was added to the 26.7-cm 
hemispherical lead absorber. Hereafter, these three 
lead shields, together with the respective experiments 
performed with them, will be referred to by the symbols 
(a), (b), and (c), respectively. The part of experiment 
(a) performed before the meter was altered and the part 
performed after the alteration will be called (a’) and 
(a’’), respectively, in cases where a distinction should 
be made between them. The sea level data which was 
published by Lapp® are also shown in Fig. 4. 

The probable errors associated with the various 
points on Fig. 4, in addition to the number of hours 
data obtained with each shield, are given in Table I. 


(B) Relation of Bursts to Air Showers 


The rates at which bursts, greater than the given 
sizes under shield (a), coincided with the various types 
(Fig. 2) of air showers are recorded in Table II, where 
they are expressed as a percentage of the corresponding 
total burst rates. These rates are corrected for acci- 
dentals [Sec. IV(B)]. The accidental rates are also 
given in Table II. 

In a few instances, the negative numbers in Table II 
arose when the accidental rate happened to exceed the 
observed rate. These negative numbers of course have 
no physical significance, but their magnitudes give us 
an idea of the magnitudes of the errors involved. 

It was evident from the results given in Table II 
that the number of bursts produced by air showers is 
relatively small, and furthermore that the greater 
majority of the air showers which coincided with bursts 
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TABLE II. Number of bursts, having the given minimum sizes under shield (a), which coincide with air showers. The number is 
expressed as a percentage of the corresponding total number of bursts. The obvious meaning should be attached to the notation used 
to describe the type of shower coincidence—for example, (124) means that only the G-M counter sets 1, 2, and 4 were tripped, and so on. 
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had a high probability of tripping al/ of the shower- 
counting circuits [Sec. VI(B)]. Consequently, in the 
subsequent analysis of the data only the air showers 
which actuated all of the circuits were counted. The 
results are shown in Table III, where the percentages 
of bursts which are coincident with air showers and the 
actual frequencies of extensive air showers which occur 
simultaneously with bursts of the given minimum sizes 
are given. 

A few very large bursts were observed. These were 
capable of deflecting the electrometer needle off-scale, 
and, consequently, each one contained more than 4000 
particles. Such events exhibit a strong tendency to 
coincide with air showers; 7 out of the 9 “off-scale” 
bursts observed during experiments (a’) and (a’’) 
coincided with air showers, and the same is true of 3 
out of the 4 observed during experiment (b). No “off- 
scale” bursts was recorded during experiment (c). 


VI. DISCUSSION OF EXPERIMENTAL RESULTS 
(A) Absorption Rates 


From Fig. 4, the burst frequencies under shield (a) 
are attenuated by the factor 8.5 between Climax and 
sea level. Furthermore, the fact that the sea-level curve 
is parallel to the corresponding high altitude curve 
indicates that this attenuation is independent of the 
burst size within the range of burst sizes given. This 
absorption factor is roughly twice the corresponding 
factors which have been reported by SG and by Lapp 
for the absorption between Huankayo, at 3350 meters 
altitude, and sea level.® It might appear that this dis- 
crepancy points to an error either in the author’s data 
or in the Huankayo and Cheltenham data reported by 
SG and Lapp. However, from Forbush’s result it is not 
impossible that this might be a genuine effect. Further- 
more, the fact that the burst rate recorded in the 


*I am indebted to Dr. Scott E. Forbush of the Carnegie Inst 
tution, Washington, D. C., for telling me about a similar effect, 
namely, that the burst frequency at megs has approximately 
doubled itself during the past ten years, while the frequency at 
Cheltenham (sea level) has remained constant. 


Cheltenham meter has not changed during the past ten 
years indicates that if there is any appreciable error at 
all such an error is probably in the Huankayo data 
which has been changing with time. No use is made of 
the Huankayo data in this paper. 

From Fig. 4 the burst frequency under shield (a) is 
1.60.06 times the corresponding frequency under 
shield (b), and this factor is again independent of burst 
size. The error in this figure is due to the errors in 
locating the size-frequency curves. 

If one assumes that 68+5 percent [Sec. VII(B)] of 
the bursts under shield (a) at sea level are produced by 
u-mesons which are not absorbed appreciably in any 
of the thicknesses of lead or air in question, then the 
above figures indicate that the part of the burst- 
producing radiation which is not composed of u-mesons 
must be absorbed by the factor 2544 on going from 
Climax, at the atmospheric depth 675 g/cm’, to sea 
level. In like manner, this radiation is absorbed by the 
factor 1.70.09 on traversing the 181 g/cm? difference 
in lead thickness between shield (a) and shield (b). 
These latter figures correspond respectively to absorp- 
tion mean free paths of 124+8 g/cm? in air, and 
346+36 g/cm? in lead. In calculating these absorption 
lengths, we assume that a simple exponential absorption 


Taste III. Rate of coincidences between large air showers and 
bursts of the given minimum sizes under various lead shields at 
3500 meters elevation. Percentage column gives this rate as a 
percentage of the total burst rate, and column F gives the actual 
rate per 1000 hours, at which such events are observed in the 
miodel C meter. 





Shield (b) 


% 


Shield (c) 


% 


Number of 


Shield (a) 
particles % F 


= 





300 
400 
500 
600 
700 
800 
900 
1000 


$0 & r= © 90 00 mI Cn Go 
NN POP WR OW 
PON RN OOS 
NINN AKH NOS 
PP PalbnNnor > 
ASCenooceeo/| 
et et et tt 
MAXAXARAN AWS 
RON wWIWOQDAN 
SNM WON 
CRW Re Ww 


—S Se 
— 














418 


takes place in lead, and that the law discussed in the 
Appendix of this paper describes the absorption in the 
atmosphere. 

The curve (Fig. 4) obtained with shield (c) is not 
parallel to the other curves. This means that the ab- 
sorption is no longer independent of the burst size. We 
choose in this case to discuss only the bursts which 
have the minimum size of 300 particles; as the bursts 
become smaller, the analysis of them becomes more dif- 
ficult and less reliable; statistical errors are more sig- 
nificant for the larger bursts. The radiation which 
produces these bursts is absorbed by the factor 1.75 
when the shielding is altered from the arrangement (b) 
to the arrangement (c). On the other hand, if one 
assumes that the burst-producing radiation is com- 
posed, in the manner already described, of y-mesons 
and of an “absorbable” radiation having a mean free 
path of 346 g/cm? in lead and that all of this latter 
radiation strikes the lead slab of shield (c), one can 
show that an absorption of 2.23, should be introduced 
by the change from shield (b) to shield (c). The fact 
that these two absorption factors do not agree indicates 
either that the absorbable portion of the burst-pro- 
ducing radiation becomes “harder” as it passes through 
matter, or that some part of this absorbable radiation 
fails to encounter the flat slab of shield (c), or both. 


(B) Relation of Bursts to Air Showers 


From Table II it can be seen that the air showers 
which coincide with bursts have a high probability of 
tripping all of the shower recording circuits. This fact 
can be used to decide between the two possibilities 
[Sec. II(A)]; (1) that the air showers themselves actu- 
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Fic. 5. Integral size-frequency curves for large bursts under 35 
cm Fe at sea level. Curve “E” represents the experimental results 
of Lapp. The other two curves give the theoretical estimates of 
the rates at which w-mesons should produce these bursts, curve 
“4” corresponding to spin 4, and curve “0” corresponding to spin 
0 for the u-meson. The theoretical estimates are based on a 
revision (see text) of the calculations of Christy and Kusaka. 
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ally penetrate the lead shields and produce the bursts, 
and (2) that each of these air showers is produced by a 
single penetrating particle which proceeds to the inside 
of the lead shield with the remainder of its energy to 
produce there another shower which causes the coin- 
cident burst. If (1) were true, then the extensive air 
showers in question should have a high particle density 
and should, as a result, exhibit a high probability of 
tripping all of the shower recording circuits. This pre- 
diction agrees with the results in Table II. The possi- 
bility (2), however, by its very nature, does not require 
that the air showers should have a high particle density. 
Therefore, such air showers would more frequently 
appear with low particle densities; and, consequently, 
the majority of them would have low probabilities of 
tripping one of the shower recording circuits. This latter 
fact would make the probability of tripping ai of the 
circuits much less than the probability of tripping just 
a few, a prediction which is contrary to the experimental 
results in Table II. We are therefore led to the con- 
clusion that (1) is the correct possibility. 

Table III gives the rates at which bursts under the 
various lead shields are produced by extensive air 
showers. Only those air showers which actuated all of 
the shower recording circuits are counted in this table. 
The statistical accuracy of the numbers shown leaves 
very much to be desired—approximately 1000 hours of 
data were obtained with each shield; therefore, the 
numbers shown in columns F represent the orders of 
magnitude of the actual total number of events ob- 
served in each case. The poor statistical accuracy of 
these figures is also evident from the fact that the 
numbers in columns F for shield (b) and (c) are not 
monotonic—the numbers of an integral spectrum should 
always be monotonic. 

Despite these shortcomings, the over-all magnitudes 
of the numbers in the various columns F show that a 
strong attenuation in the number of bursts produced 
by air showers is introduced when shield (a) is replaced 
by shield (b). The corresponding attenuation which 
accompanies the further change from shield (b) to 
shield (c) is evidently much smaller. These facts, when 
taken at their face values, indicate that many of the 
air showers which produce large bursts under shield (a) 
are electron showers, whereas the air showers which 
produce these bursts under thicker shields tend to 
assume a penetrating nature. 

The percentage of bursts which are produced by air 
showers evidently increases with increasing burst size. 
This rate of increase continues as we go into the still 
larger bursts, as is evident from the fact that the 
greater majority of the “off-scale” bursts [Sec. V(B)] 
are produced by air showers. For absorbers (b) and (c), 
most of the coincident showers coincide with the very 
largest bursts and very few with the smaller bursts. 
This fact tends to be obscured by the use of an integral 
spectrum. 
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VII. REVISIONS IN THE CALCULATIONS OF 
CHRISTY AND KUSAKA 


(A) Model C Meter under Iron 


The calculations of CK are influenced strongly by the 
values which are adopted for the mass of the meson, 
the intensity of mesons at sea level, and the equivalent 
critical shower energy of the material surrounding the 
meter. Since the time CK’s paper was published, better 
estimates of the mass of the u-meson and of the intensity 
of sea level mesons have become available. In addition, 
Lapp has performed burst observations at sea level 
using a thick shield of pure iron around the meter. 

We shall therefore revise the calculations of CK 
assuming that the mass of the u-meson!®-” is 216 m,, 
and that the vertical intensity of sea-level mesons" is 
8.8X10-* cm~ sec sterad—. The main uncertainty in 
the critical energy is removed when the calculations are 
made for a shield of the same element throughout. The 
critical energy for iron is 25.9 Mev.“ 

The results of this calculation are shown in Fig. 5; 
curves “0” and “4%” are the calculated curves for 
u-mesons of spin 0 and }, respectively. The curve “EZ” 
is the straight line which was drawn by Lapp’ through 
the points which were obtained from his experimental 
observations under 35 cm Fe at sea level. 

The results of recent experiments”-® on the radio- 
active decay of the u-meson are consistent with this 
meson having spin 4. Furthermore, there is no evidence 
indicating that the interaction of high energy u-mesons 
with matter is any higher than the minimum amount 
which was calculated by CK. It seems, therefore, jus- 
tifiable to regard curve “‘}” as representing not only the 
minimum number, but also the actual number of 
bursts which are produced under 35 cm Fe at low 
altitudes by u-mesons. Thus, from Fig. 5, roughly 54.5 
percent of the 300 particle bursts under 35 cm Fe at 
sea level are produced by u-mesons. 


(B) Model C Meter under Lead 


An estimate of the number of bursts produced by 
u-mesons in a model C meter surrounded by a large 
thickness of lead can be furnished if the following 
assumptions are made: 

(1) The portion of the burst-producing radiation, 
which does not consist of u-mesons, is made up from a 
radiation whose cross sections for production of bursts 
and for absorption are proportional to A!, where A is 
the atomic weight of the material through which this 
radiation might pass. 

(2) The absorption mean free path of this radiation'® 
in lead is 346 g/cm?. 

%” A. S. Bishop, Phys. Rev. 75, 1468A (1949). 

4 J. G. Retallak and R. B. Brode, Phys. Rev. 75, 1716 (1949). 

# Leighton, Anderson, and Seriff, Phys. Rev. 75, 1432 (1949). 

13 B. Rossi, Revs. Modern Phys. 20, 537 (1948). 

“LL. Janossy, Cosmic Rays (Clarendon Press, Oxford, 1948). 

18 J. Steinberger, Phys. Rev. 74, 500 (1948). 


16 At first sight, it might appear as if we are begging the whole 
question here: first, the number of bursts produced by y-mesons 
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It then follows that the ratio of the number of bursts 
not produced by u-mesons to the number produced by 
u-mesons must vary with shield element approximately 
like A!/Z?, provided the thickness of the shield divided 
by the absorption mean free path of the absorbable 
burst-producing radiation is kept constant. Further- 
more, the value of this ratio is not appreciably affected 
by the presence of the 1.25-cm Fe shell of the meter, 
because of the following: 

The thickness of this shell is less than one radiation 
unit ; consequently very little shower multiplication can 
take place in such a thickness. Therefore, very few 
burst-producing showers will be initiated in the iron 
shell, and its essential effect is merely to reduce the 
number of particles in the showers which have already 
been well developed in the lead. The extent of this 
attenuation in the iron shell must, for a given size of 
shower, be approximately independent of how the 
shower was initiated in the lead. Thus, even though the 
presence of the iron shell does effect the actual burst 
frequencies, it does not appreciably effect the ratios 
between the rates at which bursts are produced by the 
different processes.” 

Since y-mesons produce roughly 54.5 percent of the 
large bursts under 35 cm Fe at sea level [Sec. VII(A) ], 
the ratio of the number of bursts not produced by 
u-mesons to the number produced by u-mesons equals 
45.5/54.5. Hence, this ratio becomes 


(45.5/54.5)(207.2/55.8)4(26/82)?=0.203 


when the meter is surrounded by 410 g/cm? of lead at 
sea level.'® 

A reduction in the thickness of the lead shield from 
410 g/cm? to 121 g/cm’, that is, to the thickness of the 
lead part of shield (a), will increase this ratio by the 
factor exp(389/346) to the value 0.47. This latter 
figure signifies that roughly 68 percent of the large 
bursts in a model C meter, surrounded by 10.7 cm of 
lead at sea level are produced by u-mesons (spin 4). 
CK would have obtained this result if, in addition to 
using the above values for the mass of the u-meson 
and for the intensity of u-mesons at sea level, they had 
also taken the value of 15.8 Mev for the equivalent 
critical shower energy of 1.25 cm Fe surrounded by a 
large thickness of lead. 

The principal sources of error in the above calculation 
are in the mass of the u-meson in the treatment of 
cascades, and in the use of Lapp’s data. The error in the 
mass of the yu-meson is 2 percent, and its effect is 4 
percent. From the statements of CK we limit the error 
was used to arrive at the figure 346 g/cm? [Sec. VI(A) ] and now 
the figure 346 g/cm? is being used to find the number of bursts 
produced by u-mesons. A closer examination will show, however, 
that a method of successive approximations is in fact being 
employed. 

We are referring to the cases in which electrons cause the 
greater part of the ionization in the burst. 

8 According to the assumptions stated above, 410 g/cm? of 


lead plus 1.25 cm of iron contain the same number of absorption 
mean free paths as does 35 cm Fe. 
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in the treatment of cascades to 5 percent. Significant 
errors (if any) in Lapp’s data are systematic errors ; and 
since we have no reason for thinking that there are such 
errors [Sec. VI(A) ], we shall assume that they are not 
significant. 

In view of these possible errors, we conclude that 
68+5 percent of the large bursts in a model C meter 
surrounded by 10.7 cm of lead at sea level are produced 
by u-mesons. 


VIII. RELATION OF BURSTS TO THE ELECTRONIC 
RADIATION PRODUCED IN NUCLEAR 
COLLISIONS 


(A) General Calculation 


At this point, we shall perform a general calculation 
by letting p(¢/E)d(«/E) be the probability per nuclear 
collision’® that a high energy N-ray, with energy £, will 
transfer the energy (e, de) to a small number of elec- 
tronic rays, electrons or photons. Then a condition 
which must be satisfied by p(€/E) can be found by com- 
paring the results of this calculation with the experi- 
mental results. Later [Sec. VIII(B)], an expression for 
p(€/E) will be developed from a mechanism proposed 
for the production of electronic radiation by N-rays, 
and the condition developed in this section will be 
applied to this expression. 

The following facts and assumptions will be used in 
the calculation: 

(1) The absorption mean free path of high energy 
N-rays is 124 g/cm? in air, and 346 g/cm? in lead. The 
collision mean free path in lead is 140 g/cm’, this latter 
figure corresponds to the geometrical cross section 
w(1.5X10-)?4 1, 

(2) The primary cosmic-ray protons have (i) a direc- 
tional intensity" of 0.12 sterad— cm sec~, (ii) a cut-off 
energy" of 4.5 Bev, and (iii) an inverse square integral 
spectrum” for energies greater than 4.5 Bev. 

(3) The manner in which a shower develops from a 
small number of electronic rays is correctly described, 
for our purposes, by the corresponding algebraic for- 
mulas of CK. The equivalent critical shower energy for 
the model C meter surrounded by a large thickness of 
lead is 15.8 Mev [Sec. VII(B)]. 

It follows that the integrated intensity of the primary 
cosmic-ray protons having the minimum energy of E 
Bev is 2(0.12)(4.5/E)? cm~ sec, when E is greater 
than 4.5 Bev. Hence, the corresponding integrated 
intensity of high energy N-rays at Climax (depth 
parameter 675/124=5.44) becomes 27J(—5.44)X0.12 


#9 Arguments which justify the adoption of this kind of prob- 
ability function are given by W. Heitler and L. Janossy, Proc. 
Phys. Soc. (London) A62, 374 (1949). 

® We assume an inverse square spectrum because it gives 
approximately the correct size-frequency relation for large bursts 
and because experimental evidence to the contrary does not 
exist for the energies considered here. The burst-producing rays 
considered have energies of more than 30 Bev; and since these are 
secondary rays, they must have come from primaries whose 
energies are very much larger than this. 
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x (4.5/E)*, which equals 9.2 10-*/E? cm~* sec™ (see 
Appendix). 

On the basis of the above, one finds that the V-com- 
ponent at Climax should produce bursts of more than 
S particles in the model C meter, surrounded by 10.7 cm 
Pb, at the rate 


1 
(530/5% f 2*p(z)dz cm=* hr-!. 
0 


An examination of Fig. 4 shows that the integral fre- 
quency of bursts which are not produced by u-mesons 
is 64.2/S? cm hr~'. Hence, if these bursts are produced 
by the V-component, we have 


1 
f 2°p(z)ds=0.12. 
0 


(B) The Neutral Meson Hypothesis 


The possibility that neutral mesons, which decay in 
less than 10-" sec into two gamma-rays, might be 
responsible for much of the electronic part of the cosmic 
radiation has been suggested.”'-™ Strong experimental 
evidence in favor of the existence of such a meson has 
emerged from further cosmic-ray investigations as well 
as from the study of gamma-rays which are produced 
by artificially accelerated high energy protons.*>—*’, 
Pairs of gamma-rays from targets bombarded with high 
energy x-rays have also been observed.?* The results of 
all of these experiments conform to the “neutral meson 
hypothesis.” The results of Steinberger ef al.** indicate 
further that neutral mesons and positive 7-mesons are 
produced at roughly equal rates. 

Since a neutral meson, account of its short life, is 
transformed almost immediately into electronic radia- 
tion, we may say that the probability for the production 
of a shower equals the probability for the production of 
neutral mesons having the same total energy. In addi- 
tion, we shall assume that a high energy N-ray loses 
all of its energy when it makes a nuclear collision in 
lead, and that one-third of this energy goes into neutral 
mesons. 

Hence for this mechanism 


p(€/E)d(¢/E) = 5(e/E—1/3)d(€/E). 


This probability function gives 
1 


f 2°p(z yae= f 2°6(2—4)dz=0.11, 
0 0 


21 J. R. Oppenheimer, Phys. Rev. 71, 462A (1947). 
2 Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 127 
948) 


%K. I. Greisen, Phys. Rev. 73, 521 (1948). 

% B. Rossi, Revs. Modern Phys. 21, 104 (1949). 

25 Kaplon, Peters, and Bradt, Phys. Rev. 76, 1735 (1949). 

26 Bjorklund, Crandall, Moyer, and York, Phys. Rev. 77, 213 
(1950). 

27 Gregory, Rossi, and Tinlot, Phys. Rev. 77, 299 (1950). 

28 Steinberger, Panofsky, and Steller, Phys. Rev. 78, 802 (1950). 
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which satisfies the experimental requirement expressed 
in Sec. VIII(A). This result seems to indicate that the 
neutral meson hypothesis is fruitful in accounting for 
the observed frequency of large cosmic-ray bursts at 
high altitudes. 
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APPENDIX 


The Carnegie model C meter, in so far as it possesses spherical 
symmetry, has a sensitivity to ionizing particles which is inde- 
pendent of the zenith direction from which these particles ap- 
proach. Therefore, this instrument will always record the inte- 
grated intensity of the events which it detects. 

In the work reported here, it is therefore the integrated intensity 
of the burst-producing radiation which is represented. We wish 
to express our results under the assumptions that the directional 
intensity of this radiation is absorbed exponentially in matter 
and that it is hemispherically isotropic at the top of the atmos- 
phere. The atmosphere itself is pictured as a flat slab having a 
finite thickness and infinite horizontal dimensions. 

Let us use the absorption mean free path of the directional 
radiation as our unit of distance, and for convenience call the 
depth of the point of observation measured in this unit the depth 
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Fic. 6. Variation with depth parameter of (A) the vertical 
intensity, and (B) the integrated intensity of a radiation whose 
directional intensity is absorbed exponentially in matter and 
which is isotropic at zero depth. The depth parameter is the depth 
measured in absorption mean free paths. 


parameter of the point. It is also convenient to use the directional 
intensity and the integrated intensity of the radiation at the top 
of the atmosphere as units of directional intensity and integrated 
intensity, respectively. 

When this convention is adopted, the integrated intensity, 
which we shall call J(—¥y), at the point whose depth parameter is 
y, becomes 


«/2 
i-y=f exp(—y sec@) sinéd@= exp(— y)+yEi(—y), 


where 
Ei(—y)= -f[ t exp(—sdt. 
A graph of J(—y) versus y is shown in Fig. 6, curve B. 
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Using a Carnegie Model “C” ionization chamber together with Geiger-Mueller tube coincidence circuits, 
the nature of the radiation which produces large bursts (greater than 200 particles) of cosmic rays under 
thick absorbers at 11,500-feet elevation has been investigated at Climax, Colorado. The percentage of this 
radiation which was accompanied by air showers was determined and found to be dependent upon the burst 
size. The absorption mean free paths for the burst-producing radiation (excluding bursts produced by 
u-mesons and by air showers) were measured in lead and iron and found to be 350-40 g/cm? in lead and 
240+20 g/cm* in iron. The barometric effect on this radiation yielded an absorption mean free path of 
65+14 g/cm? in the atmosphere, and the zenith angle distribution was found to be that due to an absorption 
mean free path of 7514 g/cm*. These results are shown to indicate that the radiation responsible for these 
large bursts consists largely of protons and w-mesons of energy greater than 60 Bev. 





I. INTRODUCTION 


HE problem of the origin of large bursts of cosmic 
radiation under thick absorbers at mountain 
elevation has been discussed by several authors.!~* 
They have noted that the rates of occurrence of these 
bursts are several times higher at mountain elevation 
than at sea level. It has been generally accepted that at 
sea leve) most of these bursts are produced by energetic 
u-mesons through bremsstrahlung and knock-on proc- 
esses. To explain the observed altitude dependence, 
energetic air showers, nuclear interactions, and brems- 
strahlung due to m-mesons and nucleons have been 
proposed as agencies for production of these bursts at 
mountain altitude. 

Fahy and Schein* have found that no appreciable 
fraction of these bursts at 11,500-feet elevation are 
actually accompanied by air showers and also that the 
absorption cross section of this burst-producing radia- 
tion in lead is about two times smaller than the geo- 
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Fic. 1. Diagram showing relative positions of ionization chamber, 
absorbers, and G-M tubes. 

. ‘Assisted by the or program of the AEC and ONR. 

1M. Schein and P. S. Gill, Revs. ‘ie Phys. 11, 267 (1939). 

?R. E. Lapp, Phys. Rev. 69, 321 (1946 

3E. F. Fahy and M. Schein, Phys. — ‘15, 207 (1949). 

‘H. S. Bridge and B. Rossi, Phys. Rev. 75, 810 (1949). 

5 Y. Fujimoto and S. Hayakawa, Prog. Theor. Phys. 4, 502 
(1949), 

* B. F. Christy and S. Kusaka, Phys. Rev. 59, 414 (1941). 


metric cross section of the lead nucleus. These facts 
indicate that the major portion of the radiation pro- 
ducing large bursts at 11,500-feet elevation is certainly 
neither u-mesons nor air showers. Instead, these facts 
show that this radiation most likely loses its energy in 
nuclear collisions.*: 

It is shown below that the composition of these large 
bursts is mostly electronic. Consequently, the hypoth- 
esis that the bursts are cascade showers produced in 
nuclear interactions is adopted. This hypothesis is 
strengthened by the fact’-* that, recently, in cloud 
chambers at this altitude very high energy penetrating 
showers have been observed which nearly always (90 
percent) produce a large shower of electronic radiation 
also. These electronic showers are often double-cored, 
and sometimes occur with many cores. 

Neutral mesons are known to decay into two y-rays 
with a mean lifetime® of less than 10-" second. No 
satisfactory explanation has yet been found for the 
occurrence of these large cascade showers other than 
the hypothesis that they are multiple-cored showers 
produced by the decay of one or more neutral mesons 
coming from a nuclear collision. Further experimental 
information regarding the nuclear interaction of the 
burst-producing radiation has seemed desirable, and it 
is the purpose of this paper to describe experiments 
(carried out at Climax, Colorado, elevation 11,500 feet) 
which were designed to yield such information. 


II. EXPERIMENTAL ARRANGEMENT AND 
TECHNIQUES 


The ionization chamber used for these experiments is 
a Carnegie Model ‘‘C” meter.!° The chamber is a steel 
sphere of 17.5 cm inside radius, with walls 1.2 cm thick, 
and it is filled with very pure argon to a pressure of 50 
atmospheres. It was mounted concentrically within a 


7M. B. Gottlieb, Phys. Rev. 82, 349 (1951). 

8 A. J. Hartzler, Phys. Rev. 82, 359 (1951). 

® Bjorkland, Crandall, Moyer, and York, Phys. Rev. 77, 213 
(1950). Steinberger, Panofsky, and Stellar, Phys. Rev. 78, 802 
(1950). Panofsky, Aamodt, and York, Phys. ye aa. oo (1950). 
Carlson, Hooper, and King, Phil. Mag. 41. 701 ( 

10 Compton, Wollan, and Bennett, Rev. Sci. ha * 415 (1934). 
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steel spherical shell of 3-mm thickness and inside radius 
36 cm. The space between the chamber and the shell 
was filled with lead shot so that there was an equivalent 
of 10.7 cm of solid lead around the chamber in addition 
to the chamber walls. This shield is used as a standard 
shield on all Carnegie Model “C” meters. 

In order to obtain data on the absorption of the 
burst-producing radiation in dense materials, an addi- 
tional hemispherical sheet-iron shell of 62-cm radius 
was mounted concentrically over the apparatus. The 
space between this shell and the inner shell could be 
filled with lead shot or iron shot to the equivalent 
thickness of 16-cm solid Pb or 17.3-cm solid Fe. The 
arrangement is shown in Fig. 1. The spherical sym- 
metry of the geometry of the arrangement is to be noted. 
Radiation causing bursts in the chamber must penetrate 
nearly the same amount of absorber no matter at what 
zenith or azimuthal angle it enters. In order to deter- 
mine the zenith angle distribution of the burst-pro- 
ducing radiation, a conical iron shield (described in Sec. 
VI, Fig. 7) was used. 

In order to detect events in which bursts were accom- 
panied by air showers, a simple method for recording 
the air showers was used. Three groups of several 
Geiger-Mueller counters each were connected in three 
Rossi type coincidence circuits. Group A consisted of 
three 2.5-cm by 39-cm counters. Group B consisted of 
four 2.5-cm by 39-cm counters. Group C consisted of 
three 5.1-cm by 50-cm counters. The counters were 
mounted in racks of light material above all the 
shielding around the chamber. The positions of the 
counters are shown in Fig. 1. 

The Lindemann electrometer, which measures the 
ionization in the chamber, was grounded every, 15 
minutes, and every hour a voltage of 0.50 v was applied 
to it to check its sensitivity. The record of this ionization 
and of the Geiger-Mueller counter coincidences was 
obtained by using a camera arrangement. A sample of 
the record is shown in Fig. 2, illustrating four bursts: 
(1) greater than 4 mm, (2) greater than 8 mm, (3) 
greater than 2 mm, and (4) greater than 16 mm. Also 
shown are: the grounding and checking of the sensi- 
tivity of the electrometer, the marks indicating air 
showers, and similar marks produced artificially one 
per minute. The apparent coincidences between these 
latter marks and bursts were, of course, entirely acci- 
dental and were used to evaluate the resolving time 
between any of the marks and a burst. This resolving 
time was 8 seconds. Using this known resolving time, 
the recorded coincidences between air showers and 
bursts were corrected for accidentals in the usual way. 

A continuous record of the barometric pressure was 
obtained by using an aneroid barograph calibrated 
against a standard mercurial barometer. 

The heights of the bursts, d, were noted with the aid 
of an ordinary magnifying glass and were classified 
according to whether they were greater than 2 mm, 
3 mm, 4 mm, etc., on the paper. Bursts smaller than 
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Fic. 2. Sample record showing (a) electrometer trace, (b) 
grounding of electrometer, (c) sensitivity check, (d) air shower 
marks, and (e) artificial marks. 


2 mm were ignored so that statistical fluctuations in the 
normal intensity and in the compensation would be 
eliminated." 

A consideration involving the height of the burst was 
that concerning the effect of the length of time required 
to record the burst. This “time of rise” could be meas- 
ured directly from the record and was determined to be 
10 seconds and independent of the burst size. If during 
these 10 seconds the chamber records no net ionization 
other than that due to the burst, the size of the burst 
is not affected. On the other hand, if the compensation 
is not adjusted to an exact null, there will be some net 
ionization in addition to the burst recorded in the 
10-second interval. This will add to or subtract from 
the real size of the burst according to whether the 
chamber is under or over compensated. Because of the 
high sensitivity employed and the relatively large vari- 
ations in the normal cosmic-ray intensity (due to the 
large barometric changes at Climax), this effect was 
found to be not negligible. The slope of the electrometer 
trace was averaged over each observation period, and 
the resulting correction was applied to the burst size. 
This correction varied from zero to 0.1 mm and was 
important only for the small bursts. 

To determine the number of particles which pass 
through the chamber and produce the observed burst 
of ionization, a procedure similar to that used by Schein 
and Gill' is followed. The number of ion pairs i in a 
burst of d mm is 


i= dc/(300ve) =0.96d X 10’ ion pairs, 


where c is the capacitance of the collecting system of the 
ionization chamber, the capacitance of which is equal 
to 952 cm; 2 is the sensitivity of the electrometer 
which is equal to 68 mm/v; and ¢ is the charge on the 
electron in esu. For d=2 mm, the bursts must have 
contained 1.93X10’ ion pairs. The average amount of 
energy required to make an ion pair in argon is about 
25 ev so that a burst of 2 mm contains about 0.5 Bev 


_™ From simple statistical theory, it can be shown that statis- 
tical fluctuations producing a deflection of 2 mm are extremely 
rare (less than one every two months) compared to bursts of 2 mm. 
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Fic. 3. The decrease in burst frequency under 10.7 cm Pb from 
winter, 1948-49 (curve A, 782.9 hours data, 49.098 cm Hg 
average barometer) to summer, 1949, (curve B, 590.8 hours data, 
49.769 cm Hg average barometer). 


of ionization energy. If these were produced mainly by 
stars, their frequency under 10.7 cm Pb would be very 
small" compared to the frequency observed (about 1.3 
per hour). This fact leads one to conclude that the 


particles producing the ion pairs are not the heavily 
ionizing star particles but, instead, are minimum 
ionization particles. 

To find the number of ion pairs produced by a 
minimum ionization particle, one needs to know the 
average length of path ZL traversed by the particle 
going through the chamber and the number g of ion 
pairs per particle per atmosphere per cm path length. 
Here L is obtained from the volume V of the chamber 
by the relation L=V/mr’. Since V=19.3 liters, one 
obtains L=20 cm. The value of g is not known to an 
accuracy better than 15 percent. The value g=96 ion 
pairs per particle per atmosphere per cm is chosen, 
which represents an average of the values used by 
various investigators. Thus the number S of particles 
in a burst of d mm is 


S=i/(5OgL) = 100d. 


Of these, most of the particles must be electrons. Other- 
wise the total energy of the event would be too large 
for the observed frequency. 

Christy and Kusaka‘ have given a probability function 
that y-rays (or electrons) of energy £ will develop a 
cascade shower which will have more than S particles 
as it passes through the Model ‘“‘C”’ ionization chamber. 
This function indicates that the most probable energy 
E which will produce a burst of size greater than S is 
68S, where 6 is 16 Mev for an ionization chamber of 


2 Bridge, Hazen, Rossi, and Williams, Phys. Rev. 74, 1083 
1948), 
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}-inch steel walls surrounded by large thicknesses of 
lead.? Thus, to produce bursts of size greater than 200 
particles, y-rays (or electrons) of energy greater than 
2X 10'° ev will be needed. This would also represent the 
energy of the burst-producing radiation provided all of 
its energy goes into the burst. But if the neutral meson 
hypothesis is adopted, only about 3 of the energy going 
into meson production can be transferred to the elec- 
tronic cascade. Then the radiation making the col- 
lision in which a burst of 200 particles is produced must 
have an anergy of 60 Bev or greater. 


III. BAROMETRIC EFFECT FOR RADIATION 
PRODUCING LARGE BURSTS 


Preliminary investigations indicated that the fre- 
quency of bursts greater than 200 particles under 10.7 
cm Pb was about 10 percent greater in winter, 1948-49, 
than in summer, 1949 (see Fig. 3). Since this was an 
appreciable change, it was of interest to investigate 
further the source of the change in order to see if it was 
caused by the barometric effect, and, if so, to see what 
the magnitude of the barometric effect is. 

For this purpose, an observation period from De- 
cember, 1949, to April, 1950, was divided into 33 
intervals in such a way that the barometric pressure 
during alternate intervals was above and below the 
mean pressure fo for the whole period, pp=49.150 cm 
Hg. The intervals above po were grouped together and 
gave a frequency /;=1.22+0.04" bursts per hour 
greater than 200 particles for a total time 4;=884.0 
hours at an average pressure ~;=49.526 cm Hg. The 
intervals below pp were grouped together and gave a 
frequency f2=1.46+0.04 bursts per hour greater than 
200 particles for a total time 4.=735.8 hours at an 
average pressure p2=48.686 cm Hg. The burst size 
versus frequency distributions for these two groups are 
shown in Fig. 4. 

Since a slow drift or any other effect producing 
changes in burst frequency (other than barometric 
changes) should affect each group in the same way, it 
should cancel out when comparing the frequencies for 
the two groups. Thus, the change in frequency between 
the two groups is assumed to be due to the barometric 
effect only. For example, a secular increase in burst 
frequency would increase f; by a given factor, but it 
would increase f2 by the same factor so that the 
quantity (/:1— f2)/(f/1+fe), which is the important quan- 
tity in the determination of the magnitude of the 
barometric effect, would be unchanged. 

To determine the magnitude of the barometric effect, 
one assumes that the barometric variation in the 
amount of matter above the recording apparatus is 
small enough so that the relation between the amount 
of this matter and the intensity of the burst-producing 
radiation can be assumed to be linear to the first ap- 


13 Errors are standard statistical errors due to the random 
occurrence of these events. Errors from all other sources were 
small compared to statistical] errors, 
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proximation; i.e., that f= (df/dp)p+k where f, p, and 
k represent the frequency of events, barometric pressure, 
and a constant, respectively. The assumption is jus- 
tified because (as will be seen below) the absorption of 
this radiation is exponential in matter with an absorp- 
tion mean free path very large compared to the baro- 
metric variations. 

One can define a barometric coefficient a= (1/f)df/dp 
which is the fractional change in frequency per unit 
change in barometric pressure. One then finds that a 
is given by the formula 


ie (Z4m.qi) (Ziti) 
2.qi7t:) (Zi fits) 
and that the fractional error in a is given by the formula 


Zils 


2g; 


ba ; 
te: in| + —| ’ 
a (Zimqi)? (2ifiti)? 


where 


m=ft—tZ,fjtj;/Zh; and gq=pi—ZUjpAj/ZpAj, 
where 5m=6m,/t,, and where f;, /;, and p, refer to the 
frequency of events, the total time, and the barometric 
pressure, respectively, during the ith group. 

These formulas are derived by a method similar to 
that employed by Janossy and Rochester.“ Applying 
these formulas to the data from December, 1949, to 
April, 1950, one obtains 


a,= —0.21+0.05 per cm Hg pressure. 


The burst frequencies during two other observation 
periods, December, 1948 to January, 1949, and May to 
June, 1949, can now be examined to ascertain whether 
or not these changes in burst frequency are due to the 
barometric effect only (Fig. 3 and Table I). 

One can use the barometric coefficient a;=—0.21 
+0.05 per cm Hg together with the burst frequency 
during the observation period December, 1949 to April, 
1950 to determine the burst frequencies expected during 
the observation periods from December, 1948 to 
January, 1949, and from May to June, 1949, assum- 
ing that all of the changes in burst frequencies were 
due to the barometric effect. One thus calculates 
1.34+0.03 bursts per hour (greater than 200 particles) 
for December, 1948 to January, 1949, and 1.16+0.04 
for May to June, 1949, That these figures agree within 
experimental error with the observed burst frequencies 
(Table I) demonstrates that the variations in the burst 
frequency under 10.7 cm Pb are most likely due only 
to variations in barometric pressure. 

Hence, one can include all data taken under 10.7 cm 
Pb from December, 1948 through April, 1950, to obtain 
a better value of the barometric coefficient. When this 


4 Janossy and Rochester, Proc. Roy. Soc. (London) A183, 186 
(1944). 
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Fic. 4. The barometric effect on burst frequency in winter, 
1949-1950. Curve Ais from 735.8 hours data at average barometer 
48.686 cm Hg, and curve B is from 884.0 hours data at average 
barometer 49.526 cm Hg. 


is done, one gets 
a= —0.18+0.04 per cm Hg pressure. 


IV. THE EFFECT OF AIR SHOWERS ON BURSTS 
UNDER THICK ABSORBERS 

Before attempting to interpret the data concerning 
bursts in coincidence with air showers, the accidental 
coincidences must be considered. The evaluation of the 
accidental coincidences between bursts and showers 
was described in Sec. II. All (within statistical error) 
of the coincidences between bursts and showers which 
tripped only one of the G-M coincidence circuits, either 
A, B, or C coincidences, were found to be accidental. 
Of the coincidences between bursts and showers which 
tripped two of the three coincidence circuits, the AC 
and BC coincidences were found to be accidental, while 
the AB coincidences were found to be nearly all real. 
Nearly all of the coincidences between bursts and 
showers which tripped all three of the coincidence 
circuits were found to be real. Therefore, the events in 
which bursts occurred along with shower coincidences 
AB or ABC have been selected and then corrected for 


TABLE I, Changes in burst frequency under 10.7 cm Pb. (Here 
J is the number per hour of bursts greater than 200 particles; p is 
the average barometric pressure in cm Hg; and pp=49.150 cm 
Hg.) 








Observation period f 


1.35+0.04 
1.22+0.05 


1.22+0.04 
1,46+0.04 





December, 1948, to January, 1949 

May to June, 1949 

December, 1949, to April, 1950 
pressure greater than po 

December, 1949, to April, 1950 
pressure less than fo 
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TABLE II. Bursts accompanied by air showers. (Here N is the 
total number of bursts go greater than S; BABAS is the 
number of bursts of size greater than S which are accompanied 
» Bay showers; and S is the size of the burst in number of par- 
ticles.) 








10.7 cm Pb plus 129 to 
136 g/cm Fe 
BABAS percent 


2.80.4 
3.50.6 
4.1+0.8 
5.141.1 
5.8+1.4 


10.7 cm Pb only 
BABAS percent N 


3.50.3 2178 = 61 
4.4+0.5 1072 38 
5.2+0.8 634 826 
6.4+1.0 412 21 
7.241.3 Bi 
7841.6 225 14 
12 

9 

8 

5 

4 

3 

3 

3 


Ss N 





200 
300 
400 
500 
600 


800 


3206 
1583 
934 
607 
429 
332 
251 9+ 2 170 
169 10+ 2 115 
120 12+ 3 81 
79 lit 4 54 
2000 51 14+ 6 34 

31 19+ 9 21 

22 2312 15 
4000 9 56+31 6 


1200 





accidental coincidences using the known resolving time 
which is 8 seconds (Sec. II, paragraph 4). These events 
are bursts accompanied by air showers and will be 
denoted hereafter by BABAS. 

Table II shows the comparisons between the number 
of bursts of various sizes and the numbers of these 
bursts accompanied by air showers. Columns 2, 3, and 4, 
contain data taken during 2331 hours when both the 
ionization chamber and the shower detection circuits 
were operating together and when the ionization 
chamber was surrounded by the standard spherical 
10.7 cm Pb shield only. Columns 5, 6, and 7 contain 
data taken during 3068 hours when both chamber and 
shower circuits were operating together and when the 
chamber was shielded by the standard spherical Pb 
shield and by 129 to 136 g/cm? of Fe in addition. 

It can be seen that the percentage of BABAS does 
not change appreciably as extra absorber is added. 
This means that the penetrating component of the air 
showers is the agent which produced these BABAS. 
If it were the soft component, the percentage of BABAS 
should be reduced considerably (by a factor of at least 
100) when extra absorber of 9 radiation units is present. 
Thus, these BABAS present evidence that penetrating 
particles of energies greater than 60 Bev exist in the 
air showers. 

Furthermore it is evident from Table II that the 
correlation of bursts with air showers increases with 
increasing burst size. This means that of the total 
burst-producing radiation the proportion which occurs 
as part of an air shower increases with increasing burst 
size. This portion of the radiation must therefore be 
derived from radiation with energies of a higher order 
of magnitude. 


V. ABSORPTION OF THE BURST-PRODUCING 
RADIATION IN LEAD AND IRON 


The purpose of the following experiments was to 
measure the absorption of the burst-producing radiation 
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in large thicknesses of lead and iron. The experiments 
performed were the following: (A) The measurement of 
burst frequencies under the standard spherical 10.7 cm 
Pb shield of the Model “C”’ meter (see Sec. IT) ; (B) The 
measurement of burst frequencies under the standard 
Pb shield plus the additional hemispherical shell filled 
with lead shot (equivalent to 16.0 cm of solid Pb); 
(C) The measurement of burst frequencies under the 
standard Pb shield plus the additional hemispherical 
shell filled with iron shot (equivalent to 17.3 cm of solid 
Fe). The results of these experiments (bursts accom- 
panied by air showers were not included) are shown in 
Table III and in Figs. 5 and 6. 

Experiment (A) contains data from a total of 2994.3 
hours at an average pressure 49.255 cm Hg during three 
periods: December, 1948 to January, 1949; May to 
June, 1949; and December, 1949 to April, 1950. The 


Taste III. Burst frequency under (A) 10.7 cm Pb; (B) 26.7 
cm Pb; and (C) 10.7 cm Pb plus 17.3 cm Fe. (Here S is the burst 
size in number of particles, and f(S) is the number per hour of 
bursts greater than S.) 








(A) (B) (C) 
SCS) S KS) S(S) 


1,285+0.022 257 0.518+0.019 0.721+0.024 
0.627+0.015 346 0.298+0.015 0.338+0.017 
0.367 0.012 434 0.194+0.012 0.191+0.013 
0.235+0.010 523 0.134+0.010 0.121+0.010 
0.165++0.008 0.091-+0.008 0.083+0.008 
0.127+0.007 0.062+0.007 0.060+-0.007 
0.095+0.006 0.045+.0.006 0.040+.0.006 
0.074+0.006 0.035+0.005 0.033+0.005 
0.064+0.005 0.030+0.005 0.030+0.005 
0.05320.005 0.025+0.005 0.022+0.004 
0.019+0.004 0.019-+0.004 
0.014+0.004 0.010+.0.003 
0.011+0.003 0.006+0.002 
0.009+-0.003 0.004+0.002 
0.006+-0.002 0.002+0.001 
0.004+0.002 0.001+0.001 





0.018-4.0.003 
0.011+0.002 


0.007+0.002. 3190 








* The burst sizes used here are not exact multiples of 100 because of the 
effect of the finite collection time on the number of particles in the burst 
(discussed in Sec. II). 

> In experiment (B) the sensitivity of the electrometer was 77 mm per v 
instead of 68 mm v so that S =89d instead of 100d. 


burst frequencies from these three periods agree with 
each other within experimental error when corrected 
for the barometric effect (see Sec. III). Experiment (B) 
contains data from 1448.7 hours at an average pressure 
49.692 cm Hg during September to November, 1948. 
Experiment (C) contains data from 1267.2 hours at an 
average pressure 50.278 cm Hg during June to August, 
1949, 

In order to carry out the measurements of the absorp- 
tion of burst-producing radiation, it was necessary to 
make sure that transition effects did not occur in the 
extra absorber used. To make sure of this, the standard 
shield of 10.7 cm Pb (121 g/cm?) was always used. This 
thickness is well beyond both the peak (at about 4 cm 
Pb) of the transition curve for large bursts?:> and the 


%H. Nie, Z. Physik 99, 453 (1936). 
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100 200 400 600 2000 


S-—Burst 
in number of 


1000 
Size 
particles 
Fic. 5. Absorption of burst-producing radiation in 181 g/cm? 
Pb. Curve A is from 2994.3 hours data under 10.7 cm Pb at 


average barometer 49.225 cm Hg, and curve B is from 1448.7 
hours data under 26.7 cm Pb at average barometer 49.692 cm Hg. 


peak (at about 15 g/cm? Pb) of the transition curve for 

the nucleonic component which produces stars.!*-!7 
The electronic cascades of which these bursts consist 

obtain their maximum development at 5 to 10 radia- 


tion units. Thus, bursts originating at a point in the 
Pb at a distance above the ionization chamber of 5 to 10 
radiation units contribute more to the total number 
of bursts observed than do bursts originating at other 
points. Since there are 22 radiation units in the standard 
spherical shield, the bursts originating in the top of it 
would by the time they reach the chamber have at 
least 100 times fewer particles than they had at the 
maximum. For this reason one considers all the bursts 
to be produced in the standard spherical shield and 
none in the additional shielding or in the air above. 
Consequently, one is measuring the absorption of the 
burst-producing radiation and not the absorption of the 
particles in the bursts. 

Although the thickness of additional absorber used 
was 181 g/cm? Pb in experiment (B) and 135 g/cm? Fe 
in experiment (C), the burst-producing radiation had 
to traverse a greater thickness unless its path was 
directed toward the center of the ionization chamber. 
The determination of the average absorber thickness 
traversed by this radiation can be carried out, and one 
finds these average absorber thicknesses to be 188 g/cm? 
Pb in experiment (B) and 140 g/cm? Fe in experiment 
(C) (a correction of 4 percent). 

Table IV gives the absorption in lead and iron for the 
various ranges of burst sizes. The barometric coefficient 
a= —0.18 per cm Hg pressure (see Sec. IIT) was used 


16 J. J. Lord and M. Schein, Phys. Rev. 75, 1956 (1949). 
17 G. Cortini and A. Manfredini, Nature 163, 991 (1949). 


400 750 1000 2000 3000 
S-Burst Size 
in number of particles 


100 200 


Fic. 6. Absorption of burst-producing radfation in 135 g/cm* 
Fe. Curve A is from 2994.3 hours data under 10.7 cm Pb at average 
barometer 49.225 cm Hg, and curve B is from 1267.2 hours data 
under 10.7 cm Pb plus 17.3 cm Fe at average barometer 50.278 cm 


Hg. 


in correcting the burst frequencies for the barometric 
effect. Table IV shows clearly that the absorption of the 
burst-producing™ radiation is much too large to be 
accounted for in terms of the expected absorption of 
u-mesons of an energy greater than 2X10" ev. The 
frequency of such bursts produced by u-mesons should 
not have been reduced by more than about 3 percent 
(due to ionization loss in the absorber). This fact shows 
conclusively that the major portion of the burst- 
producing radiation consists of particles different from 
u-mesons. 

However, it is certain that at least some fraction of 
the bursts at Climax are produced by u-mesons, by 
means of the same mechanism as at sea level. It is 
worthwhile then to estimate the number of these that 
occur per hour at Climax. If one lets « be equal to this 
number, one finds that (1.27—4) exp{a2(pPa—p»)} is 
the number » of bursts per hour other than u-meson- 
produced bursts which should occur in the same ioniza- 
tion chamber at sea level assuming the absorption to be 
exponential and assuming that there is no appreciable 
change in the barometric coefficient a: (see Sec. III) 
between Climax and sea level. (Here p, and /» are the 
barometric pressures at sea level and Climax, respec- 


TaBLe IV. Absorption of burst-producing radiation in lead and 
iron. (Here S is the burst size in number of particles; and fa, fa, 
fo are the burst frequencies for experiments (A), (B), and (C), 
respectively.) 








1000 <S <2000 


1.68+.0.37 
1.71+0.34 


200<S<400 400 <S <1000 


1.41+0.07 1.5640.13 
1.46+0.06 1.58+0.12 


s S>200 


Laie 1.46+0.06 
Sa/fo 1.50+0.05 
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TABLE V. Absorption of burst-producing radiation other than 
#-mesons in lead and iron. (Here x» is the absorption mean free 
path in g/cm*; xo in Pb=(188)/(In fa—Infg), xo in Fe=(140)/ 
vera , other symbols are the same as for Table IV.) 





Ss S>200 


Sa/fo 1.71+0.10 
Xo in Pb 350+40 
Sa/fo 1.82+0.11 
Xo in Fe 240+20 





400 <S <1000 1000 <S <2000 


1.84+0.23 2.02+0.66 
310470 2704120 
1.96+0.25 2.15+0.69 
210+40 180+80 


200 <S <400 
1.63+0.11 











tively, and 1.27+0.02 is the total number—excluding 
bursts accompanied by air showers—of bursts per hour 
greater than 200 particles, at Climax.) The number y 
is equal to 0.011-0.009« burst per hour. In a similar 
ionization chamber identically shielded at sea level 
(Cheltenham, Maryland), the burst frequency for 
bursts greater than 200 particles was found to be 
0.16+0.005 burst per hour.2 From accurate com- 


A> 17.5 em 
B- 36.0 cm 
C= 4.0 cm 
O= 28.3cm 


View 


Front 


Fic. 7. The special shield for measuring the zenith angle de- 
pendence of burst-producing radiation. The shield (D) is the 
volume between two concentric spheres cut by a conical surface 
with apex at the center of the spheres; the shield is shown in its 
position relative to the ionization chamber (A) and the 10.7 cm Pb 
shield (B) 
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parisons® between the chambers, one knows that the 
chamber used for these experiments would have 
registered 0.29+0.02 burst per hour greater than 200 
particles. 

The difference between these 0.29 burst per hour and 
the number v must be due to u-mesons. The probability 
for the decay of u-mesons of energy greater than 
4X10" ev in 3500 meters is less than 1 chance in 150. 
(The figure 4X10'° ev is chosen, because u-mesons 
transfer on the average about } their energy to the 
electronic cascade.*) On the other hand, these u-mesons 
lose about 3 percent of their energy by ionization loss 
in the 3500 meters between Climax and sea level. Be- 
cause the frequency versus size distribution for large 
bursts is very close to an inverse square law,’ the number 
of bursts greater than 200 particles produced by 
u-mesons would be 6 percent greater at Climax than at 
sea level. As a result w=1.06(0.29+0.02—yv) or 
u=0.30+0.02 bursts per hour greater than 200 par- 
ticles produced by u-mesons at Climax.'® 

Subtracting the frequencies of bursts due to u-mesons 
from all the observed frequencies, one finds the absorp- 
tion of the remainder of the burst-producing radiation. 
Table V shows these results together with the absorption 
mean free paths x derived from these results. 

The absorption mean free path x bears an inverse 
relation to the absorption cross section o4; namely, 
xo=A/(e4Na), where N4 is Avogadro’s number, and A 
is the atomic weight of the absorber. In order to see 
how the absorption cross sections for iron and lead 
compare, one notes that the ratio of the experimental 
absorption mean free path in iron (u-meson bursts 
excluded) to that in lead is 0.68+0.09. The ratio of the 
atomic weight of iron to that of lead is 0.27, and 0.68 
+0.09= (0.27)°9+°-19. Thus, one can say that the ab- 
sorption mean free paths are proportional to the 0.29 
+0.10 power of the atomic weight. Consequently, the 
absorption cross sections are proportional to the 0.71 
+0.10 power of the atomic weight. That the ratio of the 
absorption cross sections is A! within experimental 
error lends strong support to the hypothesis that the 


18 These comparisons were carried out through the cooperation 
of Dr. S. E. Forbush of the Carnegie Institution of Washington, 
D. C. The chamber used for these experiments was compared to 
a similar chamber maintained by the Carnegie Institution in the 
Climax laboratory. From direct comparisons between the burst 
frequencies in the two chambers, the former was found to be 
0.92+-0.05 times as sensitive as the latter. The latter chamber was 
then found to be 1.47 times more sensitive than the Cheltenham 
meter by comparisons made at Cheltenham using a radium 
source. Thus, the chamber used in these experiments is 1.35--0.06 
times more sensitive than the Cheltenham chamber. This means 
that a burst which would appear to be a 200-particle burst in the 
Cheltenham chamber would appear to be a 270-particle burst in 
the chamber used in these experiments. Because the frequency 
versus size distribution for large bursts at sea level is very close 
to an inverse square law (reference 2), the number of bursts 
observed is in a ratio (200/270)?= (0. 16/0. 29). 

19 If the value of az has been assumed to be —0.13 per cm Hg 
which corresponds to an absorption mean free path in the at- 
mosphere of 125 g/cm? (see Sec. VI), « would have been equal 
to 0.274-meson bursts per hour at Climax. 
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burst-producing radiation is absorbed by collisions with 
nuclei. 

The geometrical cross section of a nucleus is given 
approximately by the formula og=2(1.4X10-")*A!. 
If one assumes that the collision cross section is equal 
to the geometrical cross section, one calculates that the 
collision mean free paths are 160 g/cm? and 100 g/cm? 
for lead and iron, respectively. It is seen that the ab- 
sorption mean free paths are roughly twice these values, 
so that it takes an average of about two successive 
nuclear collisions to absorb the energy of the burst- 
producing radiation in lead and iron. This fact indicates 
that in iron and lead successive collisions occur each 
producing large electron showers. This process is directly 
observed in cloud chambers.*® 

One should note that experiment (A) gives for the 
integral burst frequency versus size distribution the 
following relation (at Climax under 10.7 cm Pb and at 
49.255 cm Hg pressure) : f= (1.28-0.02)(S/200)-!-9*?"! 
bursts per hour greater than S particles (excluding air 
showers but including u-meson bursts). 


VI. THE ABSORPTION OF THE BURST-PRODUCING 
RADIATION IN THE ATMOSPHERE 
ABOVE 11,500 FEET 


It is of interest to see if the absorption mean free 
path in the lower part of the atmosphere above Climax 
is as different from the collision mean free path, 67 
g/cm? (corresponding to the geometrical cross section) 
as it is in iron and lead. Although the absorptions of the 
radiations which produce stars and penetrating showers 
show an absorption mean free path of roughly twice the 
collision mean free path (penetrating showers,” 140 
g/cm?; proton produced stars," 145 g/cm?), it is 
worthwhile to find out whether the high energy radia- 
tion which produces these large bursts shows the same 
absorption. 

One can deduce the value of the absorption mean free 
path in the atmosphere above Climax from the value of 
the barometric coefficient. However, the frequencies of 
bursts due to u-mesons must be subtracted from the 
burst frequencies, just as in Sec. V. This can be done 
by reducing the burst frequencies in column 3 of Table 
I by 0.3 per hour. Applying the formulas for the 
barometric coefficient to these reduced frequencies, one 
obtains the value 


a3= —0.23+0.05 per cm Hg pressure. 


Here a is related to the burst frequency f by the 
equation 


a= (13.6/f)df/dx, 
where x is the depth below the top of the atmosphere in 


g/cm’, and 13.6 is the conversion factor between g/cm? 
and cm Hg (see Sec. III). The burst frequency as a 


2% T. G. Walsh and O. Piccioni, Phys. Rev. 80, 619 (1950). 
J. J. Lord, Phys. Rev. 81, 901 (1951). 


bursts per hour 


of 


Number 


S$-Burst Size 
in number of particles 
Fic. 8. Burst frequencies under 10.7 cm Pb plus a shield of 136 


g/cm? Fe covering zenith angles up to 15.3° (B), 21.6° (C), and 
28.3° (D), compared to those under 10.7 cm Pb alone (A). 


function of x is given by 


f(x)=k f : exp[ — (x/29) sec0] sin6d8, 


where & is a constant. Carrying out the differentiation, 
one can show that” 


1/xo= —[(a/13.6)+(1/x) J 


if one assumes that x is large compared to 2%. At 
Climax, x= 675 g/cm?, so one obtains for the absorption 
mean free path in the atmosphere above Climax from 
the barometric effect 


%o= 65+ 14 g/cm’. 


The zenith angle dependence of the burst-producing 
radiation was next investigated in order to determine 
whether this radiation is as sharply collimated in the 
vertical direction as is indicated by this large value of 
the absorption mean free path in the atmosphere. 

A special shield was used to determine the zenith 
angle dependence of the burst-producing radiation and 
is shown in Fig. 7. When filled with iron shot, the shield 
is 136 g/cm? thick. This thickness when averaged over 
all possible paths through the shield and ionization 
chamber is found to be increased by a factor 1.005 which 
is quite negligible. The zenith angles (at the center of 
the ionization chamber) covered by the three sections 
of the shield were measured and found to be 14.7°, 
21.2°, 28.0°. When these angles are averaged over all 
possible paths through the ionization chamber, they are 
found to be 15.3°, 21.6°, and 28.3°. 

#2 The term 1/x contains the correction due to the Gross trans- 


formation. It can be seen that this correction amounts to about 
10 percent. 
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TaBLE VI. The zenith angle dependence of burst-producing 
radiation. (Here @ is the zenith angle covered by the shield; F(@) 
is the fraction of radiation at zenith angles larger than 0; fs and 
fa are the number of bursts per hour greater than 200 particles 
with the shield and without the shield, respectively, u-meson 
bursts excluded; f, has been corrected for the difference in baro- 
metric pressure.) 








F(6) 


0.67+0.08 
0.49+0.08 
0.21+0.08 


Ia 


0.97+0.02 
0.86+0.02 
0.81+0.02 


6 fs 


0.83+0.03 
0.67+0.03 
0.5340.03 





15.3° 
21.6° 
28.3° 








The experimental results are shown in Fig. 8. Curve 
A is Fig. 5 (curve A) repeated to show the burst fre- 
quency with only the standard Pb shield used. Curves 
B, C, and D give the frequencies under this standard 
shield plus the special Fe shield filled to the zenith angles 
15.3°, 21.6°, and 28.3°, respectively. Curve B was 
obtained from 1137 bursts observed in 1123.1 hours 
during April and May, 1950, at an average barometric 
pressure of 49.556 cm Hg; curve C from 801 bursts 
observed in 887.9 hours during June and July, 1950, at 
an average barometric pressure of 50.078 cm Hg; and 
curve D from 792 bursts observed in 1081.7 hours during 
July and August, 1950, at an average barometric 
pressure of 50.268 cm Hg. 

From this figure one obtains for the number per hour 
of bursts of 200 particles and greater, frequencies per 
hour of 1.13, 0.99, and 0.78 for curves B, C, and D, 
respectively. Subtracting the 0.3 burst per hour due to 
u-mesons (which are not appreciably absorbed by this 
special shield), one finds frequencies per hour of 0.83, 
0.69, and 0.48 for the shield angles 15.3°, 21.6°, and 
28.3°, respectively. These frequencies are to be com- 
pared with that from curve A which first has to be cor- 
rected for barometric variations and then for u-meson 
bursts. Of interest then is the fraction F(6) of the radia- 
tion entering the apparatus at zenith angles larger than 
6. This fraction is a convenient measure of the zenith 
angle distribution. The fraction entering the shield is 


1.0 
0.9 
° 
07 


o6 


F(8) sec? © 
°o °o 


° 


0.2 


04 O6 068 12 14 


sec @-1 


o 02 40 


Fic. 9. Plot of F(@)sec?@ versus secO—1, showing that 
F(@) sect#= exp(1 —sec6)(9.0+1.6). The upper, middle, and lower 
curves are exp/.4(1—sec@), exp9.0(1—sec@), and exp10.6(1—secé), 
respectively. 
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1—F(6), and of this {1—F(6)} exp(— 137/240) passes 
through the shield. Thus, the burst frequency with the 
shield is less than without the shield by a factor 


F(6)+{1—F(@)} exp(— 137/240) =0.565+0.435F (8). 


Table VI shows the computation of F(4). 

In order to determine the absorption mean free path 
from the zenith angle distribution, one notes that the 
fraction F(@) of radiation at zenith angles larger than 0 
can be written as 

«/2 
exp[ — (x/x0) secO] sin6d@ 
@ 


7) Bs r/2 
f exp[ — (x/2) secO] sin6dé 
0 





if one assumes exponential absorption. One can then 
show that 
F(@) sec?@= exp{ (x/x)(1—secé)} 


if sec@ is not very different from unity and if x/x is 
large compared to unity. These approximations are jus- 
tified, since x for Climax is 675 g/cm? and since sec 28.3° 
= 1.138. If now one plots F(@) sec?@ versus sec 9Q—1 on 
semilogarithmic graph paper (Fig. 9), one finds the 
relation 

F (8) sec?@= exp{ (9.0+1.6)(1—sec@)}. 


Thus, xo=75+14 g/cm*.* 

This value of the absorption mean free path of the 
burst-producing radiation in the atmosphere above 
Climax is in good agreement with the value 65:14 
g/cm? determined from the barometric effect. The col- 
lision mean free path (determined from the geometric 
cross section of the air nucleus) is 67 g/cm*. Thus, the 
absorption mean free path in the atmosphere is almost 
equal to this collision mean free path. This is also in 
agreement with the absorption mean free path in the 
atmosphere of the radiation producing very high energy 
(E greater than 15 Bev) penetrating showers.* 

Since no radiation can be absorbed faster than the 
primary radiation, the primary radiation which pro- 
duces these large bursts (either directly or indirectly 
through the agency of secondary radiation) must have 
an absorption mean free path in the atmosphere not 
greater than about 70 g/cm?. On the other hand, since 
this absorption mean free path cannot be less than the 
collision mean free path and since the nuclear collision 
cross section cannot be appreciably larger than the 
geometrical cross section of the nucleus, the absorption 
mean free path for the primary radiation responsible for 
these large bursts cannot be much less than 67 g/cm. 


% The coefficient of (1—sec@) would have to be 4.8 instead of 
9.0 in order to give a value of x9= 140 g/cm*. The value 9.0 agrees 
with that given by Gottlieb (reference 7); who obtained an 
angular distribution for the radiation which produces very high 
energy penetrating showers corresponding to about cos%@. 

% Gottlieb, Hartzler, and Schein, Phys. Rev. 79, 741 (1950). 
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One therefore concludes that this primary radiation has 
an absorption mean free path of about 70 g/cm?. 

Types of secondary radiation which might exhibit 
this large absorption at these high energies are r-mesons, 
protons, and neutrons. Neutrons can be eliminated from 
consideration because of the evidence that nuclear 
interactions causing electron showers (observed in a 
cloud chamber) large enough to be bursts are largely 
(81 percent) caused by ionizing particles.“ Thus, it 
seems that the burst-producing radiation (other than 
u-mesons and air showers) must consist of very high 
energy protons (primary or secondary) and/or of 
m-mesons produced by them. 

The probability that secondary radiation generated 
in the atmosphere produces a large portion of these 
bursts is small, since this would lead to an absorption 
mean free path longer than the collision mean free path. 
On the other hand, the probability that secondary radi- 
ation generated in the lead and iron absorber produces 
a large portion of the bursts is large, since the absorption 
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mean free paths for lead and iron are about twice the 
collision mean free paths. This increased probability 
may be due to the possibility that several x-mesons can 
interact simultaneously in the burst-producing region 
of the absorber and produce a burst in the ionization 
chamber which is several times larger than a burst 
produced by one w-meson alone. This means that the 
average energy of the successive collisions may not be 
attenuated as fast in the absorber as it is in the atmos- 
phere. The increased probability may also be due to the 
absence of the decay of x-mesons in lead and iron. 

The author is much indebted to his sponsor Professor 
Marcel Schein who suggested this project and supported 
it with many valuable discussions and suggestions. The 
kindness of Dr. M. A. Tuve of the Carnegie Institution 
of Washington, D. C., for allowing the University of 
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The absorption spectrum of nitrosyl chloride has been studied in the region between 21,000 and 23,000 
mc/sec. Eight groups of closely spaced absorption lines have been observed; thirty-one individual lines have 
been resolved. The main features of the observed spectrum can be satisfactorily explained in terms of the 
rotational transition J = 1—+2 for molecules in the ground and lowest excited vibrational state; the observed 
hyperfine-structure is satisfactorily explained in terms of nuclear quadrupole interactions involving the 
chlorine nuclei. The rotational constants for molecules in the ground vibrational state are: for NOCI*, 
A=2,845, B=0.19141, and C=0.17934 cm™; for NOCI”, A =2.854, B=0.18682, and C=0.17534 cm“. 
Values for the quadrupole interaction terms are given. The ratio Q®/Q" obtained in this study was 1.34 


+0.08. 


LECTRON diffraction studies! of nitrosyl chloride 
have yielded the following values for interatomic 
distance and bond angle: d(N—Cl) =1.95+0.01X10-% 
cm; d(N—O)=1.14+0.02X10-* cm; d(O—Cl)=2.65 
+0.01X10-* cm; angle ONCI=116°+2°. From these 
values and from the known masses of the nitrogen, 
oxygen, and chlorine atoms, it is possible to calculate 
approximate values for the principal moments of inertia 
of the NOCI molecule. These calculated values are: 
I4=8.82X10- g-cm*, Ip=149X10- g-cm’, I¢ 
=15810- g-cm?; and the corresponding rotational 
constants are: A=3.17 cm—!, B=0.188 cm=, C=0.177 


* This research has been made possible through support and 


Fg extended by the Geophysical Research Directorate of 
the Air Force Cambridge Research Laboratories under contract 
with the Ohio State University Research Foundation. It is 
published for technical information only and does not represent 
recommendation or conclusions of the sponsoring agency. 

1 J. A. A. Ketelaar and K. J. Palmer, J. Am. Chem. Soc. 59, 2629 
(1939). 


cm~!, These values indicate that NOCI is, to a close 
approximation, a prolate symmetric molecule. 

Treating NOCI as a symmetric molecule for which 
the centrifugal stretching can be neglected and as- 
suming the dipole moment to lie principally along the 
unique axis, one would expect the frequencies in the 
rotational spectrum to be given by the expression 


v=(B+C)(J+1), 


which predicts absorption lines in the vicinity of 0.366 
cm-', 0.732 cm, and 1.09 cm~ for lower J values of 0, 
1, and 2, respectively. The predicted 0.732-cm~ line 
falls in a spectral region for which microwave oscillator 
tubes are readily available. Therefore, the microwave 
absorption spectrum of NOC] was studied in this region 
in the hope of observing absorption lines associated 
with the transition J=1 to J=2. 

In the study of the absorption spectrum, the re- 
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Fic. 1. Observed spectrum of nitrosyl chloride. J = 1-2. 


cording Stark-effect-modulation spectrograph developed 
in this laboratory* was used. The frequencies of absorp- 
tion lines were measured by means of a frequency meter 
of the type described in an earlier report.’ 

The observed absorption spectrum in the region 
studied consists of 8 groups of closely spaced lines, 31 
of which have been resolved. The large number of lines 
involved in the J=1 to J=2 transition may be attrib- 
uted in part to the fact that NOCI is not an exactly 
symmetric molecule, in part to the fact that some of the 
molecules are in an excited vibrational state, and in 
part to a hyperfine structure produced by isotopic 
effects and by interactions between nuclear electric 
quadrupole moments and the electric field due to the 
other changes in the molecule. 

The effects due to the slight asymmetry will be con- 
sidered first. Wang‘ has obtained the following expres- 
sion for the rotational energy levels of an asymmetric 
molecule: 


F(J,)=}(B+C)J(J+1)+[A—-}(B+C)]W,, (1) 


where 7 is an index assigned to run from +J for the 
highest level to —J for the lowest level and may there- 
fore have 2/+-1 values. The values of the corresponding 
W, for various low J values can be determined from 
expressions obtained by Nielsen® and by Randall, 
Dennison, ef al.,° which give W, in terms of an asym- 
metry parameter b=3(C—B)/[A—3(B+C)]. For J=1 
and 2, the expressions for W, are 


J=1 W,=0, W?-2W,+(1-)=0. 
J=2 W,-1+3b=0, W,-1-3b=0, (2) 
W,-4=0, W2—4W,—1288=0. 


2W. J. Pietenpol and J. D. Rogers, “A recording Stark-effect- 
modulation spectrograph for the microwave region,” Symposium 
on Molecular Structure (Ohio State University, June, 1949). 

® Rogers, Cox, and Braunschweiger, Rev. Sci. Instr. 21, 1014 
(1950). 

4C. S. Wang, Phys. Rev. 34, 243 (1929). 

5H. H. Nielsen, Phys. Rev. 38, 1432 (1931). 

® Randall, Dennison, Ginsburg, and Weber, Phys. Rev, 52, 160 
(1937), 
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Use of electron diffraction data to obtain 6 and the 
application of certain selection rules indicate in order 
of increasing frequency the following possible transitions 
in the region studied: 1p—>2_1, 112-2, and 14:25 
These three spectral “‘lines’’ should have frequency 
separations of several hundred mc/sec and should 
actually consist of three groups of closely spaced 
hyperfine-structure components. 

As there are two abundant isotopes of chlorine, three 
groups of lines are to be expected for NOCI* and three 
groups for NOCI*’. The absorption lines due to NOCI” 
should appear at lower frequencies and, in view of the 
smaller isotopic abundance of Cl*’, should be less 
intense than the corresponding lines due to NOCI*. The 
groups of lines actually observed are shown schemati- 
cally in Fig. 1. 

In addition to the six groups of lines predicted, two 
other groups of weak lines were observed. It is believed 
that these additional lines are due to NOCI*® molecules 
in an excited vibrational state. One bit of evidence for 
this tentative assignment is the observed variation in 
line intensity with temperature. Whereas the six groups 
of lines attributed to molecules in the ground vibra- 
tional state became more intense as the temperature 
was lowered from room temperature to dry ice tem- 
perature, the intensity of the remaining two sets of lines 
showed no increase as the temperature was lowered to 
this temperature range; this behavior is to be expected 
for transitions between low rotational levels in an 
excited vibrational energy state of low frequency since 
the relative populations of the lowest rotational levels 
are increasing and the total population of the vibra- 
tional state is decreasing.’ If this interpretation is 
correct, a third group of weak lines due to NOCI* and 
three groups of even weaker lines due to NOCI* in 
excited vibrational states should exist in the region. 
These lines have not yet been observed. 

Each of the rotational transitions mentioned thus 
far is further complicated by nuclear quadrupole effects. 
The observed hyperfine structures of several of the 
rotational lines are shown in the spectrograms repro- 
duced in Fig. 2. The observed hyperfine structure 
patterns showed marked similarity to the patterns to 
be expected for the J=1— 2 transition for a symmetric 
molecule containing a nucleus of spin J= $ on the axis 
of symmetry;* this similarity was found useful in 
making the initial identifications and tentative assign- 
ments under the assumption that the chlorine nuclei 
are responsible for the observed splitting.® 

However, in making an analysis of the observed 


7 Assuming that the vibrational state involved is »,=290 cm=, 
the low frequency state proposed by C. M. Beeson and D. M. 
Yost [J. Chem. Phys. 7, 44 (1939)], one would expect a net de- 
crease of approximately 25 percent in the population of the J=1 
level as the temperature was decreased from room temperature 
to dry ice temperature. The population of the J=1 level in the 
ground level increases by approximately 60 percent for this same 
temperature change. 

8 D. K. Coles and W. E. Good, Phys. Rev. 74, 533 (1948), 

9 J. Bardeen and C. H. Townes, Phys. Rev, 73, 97 (1948), 





MICROWAVE ABSORPTION SPECTRUM OF NOCI 


patterns, the theory of Knight and Feld’ was employed. 
This theory was developed to account for nuclear 
quadrupole coupling effects in a slightly asymmetric 
molecule ; the application of this theory to the spectrum 
of nitrosyl chloride is similar to its application to vinyl 
chloride, C2:H;Cl**, by Knight and Feld." 

A list of the observed absorption lines and their 
assignments is given in Table I. The validity of the 
assignments was tested by calculations of quadrupole 
coupling coefficients by applying the theory to various 
sets of lines. For example, three independently deter- 
mined values for the coupling term eQd°V/0Z" for 
NOCI** were —50.1+0.7 mc/sec, —48.3+1.0 mc/sec, 
and —50.0+0.8 mc/sec; for NOCI* the corresponding 
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Fic. 2. Observed hyperfine structure patterns 
of nitrosyl chloride. 


” G. Knight and B. T. Feld, Phys. Rev. 74, 354 (1948). 
" G, Knight and B. T. Feld, M.I.T. Technical Report, No. 123, 
(1949) (unpublished). 


TABLE I. Microwave absorption of NOCI*. 
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terms were —36.1+0.9 mc/sec, —37.944.3 mc/sec, 
and —35.7+1.5 mc/sec. It is believed that the con- 
sistency is sufficiently good to validate the assignments 
listed in Table I and to support the assumption that the 
chlorine nuclei are responsible for the observed hyper- 
fine-structure. 

In Table II are given the average values obtained for 
the interaction terms eQd°V/dx", eQd°V/dy", and 
eQ0°V /dz”, where the primes indicate a molecule-fixed 
coordinate system with x’, y’, and z’ corresponding to 
the principal axes of inertia. Although there are some 
rather large uncertainties in the values of the quadrupole 
coupling terms for NOCI’”, it is interesting to note that 
the ratio of the interaction terms for NOCI** to those 
for NOCI* is close to 1.3, the ratio for 0**/Q*" obtained 
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TABLE III. Rotational constants. 








Term 


e0aV/ay’? 


mce/sec 


eQa*V /ax"? 
mc/sec 


eQaV/as"? 
mc/sec 


Molecule 





NOC} 
NOCK’ 


29.9+1.0 
2345 


19.62:2.0 
14+9 


—49.5+1.0 
—37+6 








in studies of symmetric and linear molecules."* The 
value of this ratio obtained from the “best” data on 
corresponding lines of NOCI is Q*/Q*7=1.34+0.08; it 
should be noted that this value is based on the assump- 
tion that similar fields exist at the chlorine nuclei in the 
two isotopic molecules. 

After the effects due to nuclear quadrupole interac- 
tions had been determined, it was possible to obtain 
values for the rotational constants A, B, and C by 
using the frequencies due to rotational energy changes 
in connection with Eqs. (1) and (2). From (1) and (2) 
it is possible to obtain simple expressions for some of 
the low term values in terms of the rotational constants; 
the term values of interest here are F(1,), F(2o), F(1o) 
and F(2_,), where it may be shown that 


F(i,;)=A+B, F(29)=A+4B+C (3) 
and 


F(1p)=A+C, F(2-1)=A+B+4C. (4) 


The values of B and C given in Table III are obtained 
from a series of careful measurements of the intense 
hyperfine-structure components F=5/2->7/2 of the 
transitions J,=1,;—2) and J,=1 9—2_, used in con- 
nection with (3) and (4). 

The value of the rotational constant A is not directly 
obtainable from these measurements. Darling and 
Dennison™ have shown that a relation between the 
moments of inertia exists such that A=Jce—I4—Tp, 
where A is a quantity independent of the anharmonic 
portion of the potential energy which may be calculated 
if the normal frequencies are known. These are, how- 
ever, known very incompletely, and it seems imprac- 
ticable to estimate a value for A. It may quite safely 
be assumed, however, that in the normal state, A will 


” For a list of these ratios, see Geschwind, Gunther-Mohr, and 
Townes, Phys. Rev. 81, 288 (1951). 
‘8B. T. Darling and D. M. Dennison, Phys. Rev. 57, 128 (1940). 


Molecule A B c 


NOCE*® 2.845 cm 0.17934 
+0.00001 cm™ 


0.17534 
+0.00001 cm= 





0.19141 
0.00001 cm 


0.18682 
+0,.00001 cm= 


NOCK” = 2.854 cm! 








be small compared with J,4, Jz, or Ic, and that no great 
error is introduced by assuming the molecule to be a 
rigid rotator, in which case A=0. 

The values of the rotational constant A given in 
Table III are obtained from the equation 


C=A7+B-, (5) 
which follows from the relation 
I¢ = I4+Ts (5’) 


which exists between the moments of inertia of a planar 
rigid rotator. The value obtained for A is of the same 
order of magnitude as the value obtained from electron 
diffraction data but, since A is unknown, may be subject 
to significant uncertainties. For these reasons, no limits 
can be set on the uncertainty in the values for the 
rotational constant A. 

The values obtained for the rotational constants B 
and C are considerably more precise than the values 
obtained from electron diffraction data. The values for 
the asymmetry parameters are b=—0,.002271 for 
NOC! and 6=—0.002147 for NOCI*’. These values 
indicate that NOCI is slightly more asymmetric than 
would be estimated from electron diffraction results, 
which give a value b= —0.0018. 

Well-resolved Stark patterns were obtained for 
several of the absorption lines. From these Stark 
patterns and from the theory of Golden and Wilson," 
it was possible to obtain an estimate of the component 
ua of the molecular dipole moment parallel to the axis 
of least moment of inertia. This component ps=1.28 
+0.04 Debye units. 

The writers wish to express their appreciation to 
Professor H. H. Nielsen for his advice and encourage- 
ment and for his criticism of the manuscript. 


4S. Golden and E. B. Wilson, J. Chem. Phys. 16, 669 (1948). 
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The absorption cross section per electron is calculated for ultraviolet radiation in NaCl at the first exciton 
band, at the exciton series limit, at the F-band, and at its series limit. The assumed models lead to qualitative 
agreement with experimental results. The conclusions are briefly extended to other crystals. 





I. INTRODUCTION 


HE near ultraviolet absorption spectra of pure 
alkali halide crystals have been the subject of 
many theoretical and experimental investigations.' The 
low energy peak is believed to represent the transition 
from the ground state of a negative halide ion to the 
first optically allowed “exciton” level,? during which 
process an outer halide () electron from the closed 
shell is photo-excited to a higher bound level. The 
second, higher energy peak probably indicates the 
transitions into all the other allowed exciton levels, and, 
at its high energy side, into the continuum of states; 
there is some evidence that the series limit is at the 
second maximum.’ The actual magnitude of the ab- 
sorption coefficient is too large to measure accurately, 
but is of the order‘ of 10° or 10° cm at both peaks. 
The F-band in alkali halide crystals has likewise been 
extensively studied.® It consists of a single absorption 
peak decreasing rapidly on both sides of the maximum. 
No structure is apparent on the high energy side of 
most of the experimental absorption spectra; however, 
Kleinschrod® has performed an accurate measurement 
on KCl and found a secondary plateau at about 0.7 ev 
above the main peak. The absorption at this plateau 
is about one-seventh that of the maximum. The main 


* Research supported in part by the ONR. 

¢ Present address: Department of Physics, University of 
Illinois, Urbana, Illinois. 

1 The absorption spectra of a number of alkali halide crystals 
are presented and discussed in (a) N. F. Mott and R. W. Gurney, 
Electronic Processes in Ionic Crystals (Oxford University Press, 
London, 1948), Chapter III; and in (b) F. Seitz, Modern Theory 
of Solids (McGraw-Hill Book Company, Inc., New York, 1940), 
Chapter XII. 

|. Frenkel, Phys. Rev. 37, 17, 1276 (1931); R. Peierls, Ann. 
Physik 13, 905 (1932); J. C. Slater and W. Shockley, Phys. Rev. 
50, 705 (1936); G. H. Wannier, Phys. Rev. 52, 191 (1937); A. 
von Hippel, Z. Physik 101, 680 (1936). 

3N. F. Mott, Trans. Faraday Soc. 34, 500 (1938). 

4See, for example, E. G. Schneider and H. M. O’Bryan, Phys. 
Rev. 51, 293 (1937). 

5 The absorption spectra caused by F and similar centers are 
shown for many crystals in rererence 1(a), Chapter IV, 1(b) 
Chapter XIII, and in F. Seitz, Revs. Modern Phys. 18, 384 (1946). 
In addition, these sources contain thorough discussions of the 
considerable theoretical and experimental researches on F-centers, 
and give references to the original papers. See also R. W. Pohl, 
Proc. Phys. Soc. (London) 49, extra part, 3 (1937). For evidence 
that an F-center is an electron trapped at a we ion voce, 
see in particular J. H. De Boer, Rec. Trav. Chim. Pays-Bas. 56, 
301 (1937), J. J. Markham and F. Seitz, Phys. Rev. 74, 1014 
(1948), and Estermann, Leivo, and Stern, Phys. Rev. 75, 627 
(1949). 

* F. G. Kleinschrod, Ann. Physik 27, 97 (1936). 


peak is interpreted as the absorption of an F-center 
electron into its first allowed excited state, and the 
secondary plateau probably contains the absorption 
lines of higher discrete transitions and transitions into 
the continuum of states in the crystal!“ 

Tibbs’ has calculated an oscillator strength for the 
lowest allowed transition of the F-center electron, using 
wave functions numerically computed for a sawed-off 
coulomb potential. He obtained an oscillator strength 
of 0.6, presumably making use of his calculated transi- 
tion energy, 1.26 ev, rather than the observed energy, 
2.72 ev. His matrix elements were presumably inte- 
grated numerically with the free electron functions 
mentioned above and without modulation by lattice 
functions. 

The purpose of the present paper is to calculate the 
absorption cross sections at the exciton band, the 
exciton series limit, at the F-band, and at the F-center 
series limit. Some of Tibbs’ F-center wave functions 
will be used in calculating the cross section at the 
F-band. Further, the use of the Schrédinger equation 
here is similar to that of Tibbs in his attempt to take 
account of the lattice structure in calculating the 
F-center energy levels. The early part of the present 
calculation will nevertheless be presented in some detail 
to serve for the exciton calculations as well, to empha- 
size the similarity between the F-center and exciton 
wave functions,’ and to point out explicitly the differ- 
ences between them. 


II. CALCULATION OF ABSORPTION CROSS 
SECTIONS 


Let us consider a pure NaCl crystal with one addi- 
tional electron introduced into the lowest state in the 
first unfilled band; let the hamiltonian operator for 
this electron be Ho. Clearly, Ho is periodic with the 
period of the lattice; then 


Hog(r) = Eng(r). (1) 
Tibbs’ has calculated the function g(r) for the (1,0,0) 


7S. R. Tibbs, Trans. Faraday Soc. 35, 1471.(1939). 
§ Several discussions of excitons (see, for example, E. Rabino- 


witch, Revs. Modern Phys. 14, 112 (1942), A. von Hippel reference 
2, 1(b), p. 411) have suggested that an exciton wave function 
can be written as a sum of wave functions describing the motion 
of an electron about one of the surrounding positive ions. In the 
resent discussion the author wishes to emphasize the attraction 
tween the electron and the positive hole, just as between an 
electron and a negative ion vacancy. 
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direction in NaCl. Near each Cl- ion it behaves like a 
Cl- 4s function and near each Nat ion like a Nat 3s 
function. Throughout most of the volume of the unit 
cell the magnitude of g(r) does not vary greatly. 

Now let us remove one entire Cl- ion from the crystal 
and investigate how the hamiltonian of the additional 
electron is changed after equilibrium is again reached. 
This, of course, corresponds to the case of an F-center. 
The perturbations will be discussed in three parts, 


H=HoteViteVotevs. (2) 


V, is the perturbation due to the removal of the Cl 
nucleus and 17 electrons, that.is, to the removal of a 
Cl atom, and so for large distances (rS5Sao, where 
ao=h?/me*) is negligibly small. V2 is the potential 
term caused by the removal of the remaining Cl~ ion 
3p electron: 


Vx(t)=—e f IVep(r)[%dr/[r—r']. (3) 


For large r(r=5ao)V2 becomes —e/r and for small r V2 
is a constant. V; is the potential introduced by the 
changes in the equilibrium positions and wave functions 
of all the surrounding nuclei and electrons. This term 
will have the effect of inserting a dielectric constant 
into the denominator of V2, and for large distances 
V.+V3;=—e/Kor, where Ko is the high frequency 
dielectric constant. (For NaCl Ko is 2.25.) For small 
distances V2+ V3; is approximately constant. 

Then the total hamiltonian of the additional electron 
at large distances is Hy—e*/Kor, and thus there exists 
an infinite number of bound states in the field of the 
negative ion vacancy.’ Writing the Schrédinger equa- 
tion Hy= Ey and attempting to find a solution of the 
form ~=/g we subtract Eq. (1) and obtain for large 
distances, 


(h?/2m) Vv? f+ (h?/m)(Vf-Ve/g)+L(e/Kor)+£, /f=0. 


But for large distances | V/| is small and slowly varying, 
and ¥V¢g/g is an odd function of r in any unit cell. The 
average value of V/-Vg/g throughout a unit cell is 
then approximately zero and we may neglect it. The 
functions f are thus hydrogenlike atomic functions 
with an effective nuclear charge of e/Ko; and the lowest 
energy state, that is, the ground state of the F-center 
electron, behaves at large distances like 


Vie= g(t) exp(—1r/Kodo). 


There are two remarks that should be made about 
this result. At very small distances we do not expect 
Wi, to vary at all like g(r); g(r) for small r is determined 
almost entirely by a Cl nucleus, and is similar to a 4s 
function. If no positive charge is present at r=0, the 
wave function ¥;, must be a slowly varying function 
near r=Q. Secondly, we have neglected entirely the 
fact that the coulomb well must change to a square 


® Reference 1(a), p. 83, contains a discussion of this theorem. 
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well at small distances. Tibbs” has taken this effect 
into account in his calculations of F-center wave 
functions. He found that for the first two excited states 
the effect is unimportant, so that the functions f may 
be written as hydrogenlike functions with a “nuclear 
charge” ¢/Ko. This result will be true a fortiori for any 
more highly excited state and we shall make use of 
this fact in writing continuum wave functions. He pre- 
sented his wave functions in graphical form and his 
ground state wave function may be approximated, where 
rf? is sizable, by an exponential with damping length 
3a9. Accepting this result, we assume the F-center 
electron ground-state wave function to be exp(—1/3ao) 
at small distances and to be g(r) exp(—r/3ao) at large 
distances. 

The ground, first-excited, and continuum wave func- 
tions then are hydrogenlike functions at small distances 
and are modified by the factor g(r) at larger distances. 
In normalizing each of these functions it will be neces- 
sary to take account of g(r); but since |g(r)|* is not a 
rapidly changing function over most of the unit cell, 
we may remove it from the normalizing integral and 
normalize f and g separately. That is, we obtain 


i= f ipllelter=(en f tar f ple. 


Similarly, in computing dipole matrix elements to 
obtain absorption cross sections, in each integral will 
appear | g(r)|*, and the same procedure may be followed. 
All of this is merely to say that in this approximation 
we may neglect g(r) entirely. 

With this understanding we may write for the ground 
state, 


Viel) = 2ate-"2, (4) 
where a=3a, and for the radial part of the first 
optically allowed excited state, 

Wop(r) =re—72/q5!2(24)!, (5) 
where a= 2.25ao. The square of the radial part of the 
dipole matrix element of Eq. (4) with Eq. (5) is 
2 


| R12? |?= =%a7a*/(a+}a)". (6) 


f Yul) Vap(r)dr 


The absorption cross section per electron per unit 
frequency range at the absorption maximum is" 


a= (42°e/3hc)(2v/eAv)| R|? (7) 


for s-p transitions. Here, v is the frequency of the 
absorption maximum, and Avr is the width of the line at 
half-maximum. Inserting Eq. (6) into Eq. (7) and 


10 Reference 7. See also J. H. Simpson, Proc. Roy. Soc. (London) 
A197, 269 (1949). 

1 See, for example, W. Heitler, Quantum Theory of Radiation 
— University Press, London, 1944), second edition, Chapter 
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neglecting the local field correction, we find 
012? =[1289°ea7a*/hc(a+}a)"” J2v/rdv. (8) 


The wave functions in the continuum of states for 
an r~ potential, y.:, have been calculated by Gordon.” 

Using these wave functions normalized according to 
the wave number, «x, scale with an effective nuclear 
charge e/Ko, we evaluate” the radial part of the dipole 
matrix element R,,°?. Then the absorption cross section 
per electron per unit frequency range becomes 


2"ga7(2a—a)? 1+%°a? 


3raoa® 





O14°?(A) = 


(1+-*a*)® 
exp[ — (4/xa) tan~'xa] 





1—exp(—22/xa) 


Evaluating o at \x, the wavelength of the series limit, 
we obtain d 


o1s*?(Ax) = 2" xta?(2a—a)%e*/*/3rxaya®. (9) 


Let us now consider the wave functions pertinent to 
the absorption calculations in the pure NaCl crystal. 
Hartree and Hartree“ have solved the Fock equations 
including exchange for a free Cl- ion, and Fock and 
Petrashen’® have done the same for Na. Using these 
wave functions, Landshoff'* calculated the cohesive 
energy of NaCl; the good agreement with experiment 
is an indication that use of the free ion wave functions 
in the crystal is a good approximation to the true one- 
electron functions.'? The author has found by curve- 
fitting that the Cl- 3p wave function of Hartree and 
Hartree can be approximated analytically by 


Wap(r) =[4/(24)(A/2)9?](e-7'4 — 23.2e-17/8), 


where A =4/1.1 and B=a)/8. 

To find an exciton wave function, it will be instructive 
to return to the Schrédinger equation. The hamiltonian 
of an additional electron introduced into a perfect 
crystal is Ho. Removing from a Cl~ ion one 39 electron, 
let us investigate how the hamiltonian of the additional 
electron is changed in this exciton model. As before, 
we have 


(10) 


H= Ayt+ eVit eVot eV3, 


%W. Gordon, Ann. Physik (5) 2, 1031 (1929). For further 
discussion see also M. Stobbe, Ann. Physik (5) 7, 661 (1930), and 
H. Bethe, Handbuch der Physik (1933), (2) 24/1, p. 273. 

8 The summation in the resulting expression for R,,°?(«) can 
be evaluated by the following device: 

2 a ees) 
cP = 
Rus‘?(«) = Bla, «, 0) 2 Tea) Peel) \i— tae 


: d 2inas \~?ti/ee 
srnaafifdety™¥,, 


“DPD. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A156, 45 (1936). 

16V. Fock and M. J. Petrashen, Physik. Z. Sowjetunion 6, 
368 (1934). 

16 R. Landshoff, Z. Physik 102, 201 (1936); Phys. Rev. 52, 246 
(1937). 

‘7 For a discussion of this point, see reference 1(b), p. 385. 
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where now V; arises just from the changes in the wave 
functions of the electrons in the Cl atom. V2 is the 
negative of the potential due to a 3p electron, and is 
given by Eq. (3). V3 is due to the changes in the wave 
functions of all the surrounding electrons. (By the 
Franck-Condon principle we consider times short com- 
pared with that necessary for the surrounding nuclei 
to move.) Again V; can be taken into account by 
putting a dielectric constant into the denominator of 
V2; so for large distances, H=Hy—e?/Kor, and for 
small distances, H=Hp plus a constant. Writing the 
Schrédinger equation as before, we seek a solution of 
the form ¥(r)=/(r)g(r) ; subtracting the wave equation 
for the unperturbed crystal, we obtain for large dis- 
tances (h*/2m)¥?f(r)+(€/Kor)f(t)+E£if(r)=0. Thus 
the exciton wave functions at large distances are 
hydrogenlike functions times g(r), and the lowest 
exciton wave function Pexc(r)=f(r)g(r) is the same at 
large distances as the F-center ground-state wave 
function ; furthermore the damping length in the lowest 
energy state f(r) is changed from Kodo to 3ao for the 
same reason as in the case of the F-center wave function. 
There is an important distinction between these wave 
functions, however. Whereas we expected the F-center 
ground-state wave function to be slowly varying at 
small distances because no Cl nucleus was present, we 
now expect Wexe to behave very much like a 4s fanction 
at small distances. That is, we expect Wexe to be approxi- 
mated by g(r) exp(—r/a) throughout the crystal. As 
with the F-center wave functions, we normalize /,,(r) 
separately and obtain 


Wexe(t) = (2/al)e~*/" g(r). (11) 


In computing the matrix element of Eqs. (10) and 
(11), though, we may not ignore g(r). Since the changes 
in sign in g(r) do not coincide with those in ¥3,(r) and 
since fi, is a relatively short-ranged function, there will 
be considerable cancellation in the matrix element in 
the vicinity of the Cl atom caused by the changes of 
sign in g(r). Extrapolation of g(r) for all directions and 
numerical integration of the matrix element indicates 
that | R3,%°|? is approximately 1.1a9*. The absorption 
cross section per electron per unit frequency range at 
the absorption maximum is 


Oap*°= (Ane? /9hc)(2v/wAv) | R3p™°|?. (12) 


Transitions can occur from the 3p state to both s 
and d states of the continuum. The hydrogenic con- 
tinuum wave functions” are normalized separately, as 
before, without reference to g(r). Investigation of the 
shapes of the wave functions shows that because the 
first loops of the hydrogenic continuum wave functions 
are so extended and because the maximum of ry, is 
so far out (~3a») and broad, the effect of g(r) on the 
matrix element is unimportant and we may omit it 
from the integrand. Stating this again in a slightly 


8 The variation of g(r) with angle has been taken into account 
by suitably reducing the magnitude of R. 
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different way, if g(r) were included in the matrix 
element integral, it would cause very little cancellation 
because most of the contribution to the matrix element 
occurs where g(r) keeps the same sign (except over small 
volume elements). An approximation to the matrix 
element can be obtained then by integrating r with yr 
and Eq. (10). Evaluating o at the series limit, where 
x=0 and A=), we obtain 


o3p"(A m) ™ Osp4(Au)+ Tap*(Am) 


ee get 


A A? 
+[3- m+6——“TI, (13) 


In obtaining this expression we have performed sum- 
mations by methods similar to that shown in reference 
13. The expression in the first square brackets comes 
from the d states of the continuum. It is found that 
the second term in Eq. (10) is so short-ranged as to 
contribute only negligibly to o. 


III. DISCUSSION OF RESULTS 


It should be noted in connection with Eq. (13) that 
A/a~0A and the absorption into the d states of the 
continuum is only 4.7 times that into the s states. For 
an isolated hydrogenlike atom in a 3 state, the effective 
nuclear charge is the same in all states, and the absorp- 
tion into the continuum d states is 18 times that into 
the s states.” This decrease from 18 to 4.7 is brought 
about by the tight compression of the Cl- ion wave 
function relative to the continuum wave functions. 

Evaluating Eq. (13) for \as=1280A, we find o3p°(Aar) 
=2.7X10-" cm?; for v/Av=7, Eq. (12) becomes 
o3p°=4.3X10-" cm*. This is 1.6 times as large as 
o3p°(Aw), whereas the experimental ratio of the two 
peaks is unity for NaCl and KCl. Agreement within a 
factor of 2 is considered fortuitously good, but the 
agreement is made still better when one considers that 
transitions to higher exciton states are probably grouped 
with the continuum absorption in the experimental 
results. The oscillator strength of the 3p-exc transition 
is about 0.07, which is smaller by a factor of 10 than 
that associated with the F-band.” Apparently, this 
difference again is associated largely with the tight 
compression of the Cl~ ion wave function relative to 
the other wave functions involved, which makes the 
cancellation due to g(r) relatively important. The linear 


19 F. Seitz, Revs. Modern Phys. 18, 384 (1946). See also refer- 
ence 6. 
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absorption coefficient + is o times the number of 3p 
electrons per cm*. Then 73,°°=5.9X105 cm-, which 
is in agreement with the probable experimental value 
of 105 or 10°. 

A further indication that this part of the calculation 
is not off by a factor of more than 2 or 3 is the rough 
agreement with the work of Mayer, and Fajans and 
Joos,” who have obtained an oscillator strength of 
about 0.55 per Cl~ 3p electron. Perhaps one-third of 
this oscillator strength, or 0.18 is associated with the 
exciton band; this value is to be compared with the 
value 0.07 calculated here. 

For the F-center case, when we set v/Av=7, Eq. (8) 
is o,,°?=2.7X10~-* cm? and for \x«=3700A Eq. (9) 
becomes o1,°?(Ax)=3.5X10-"? cm?, and it is seen that 
the absorption into the 2 states is 7.5 times that at 
the series limit. This agrees with the experimental 
value® for KCl of about 7. The absorption line for 
transitions into the 3p states is calculated to be about 
one-tenth as intense as that into the 2 states and is 
not resolved experimentally. The oscillator strength™ 
for the 1s—2p transition is calculated to be 1.4 using 
the observed energy for the transition. According to 
the experimental results” this is too large by a factor 
of about 2; however, we might expect to be able to 
calculate ratios of absorption coefficients better than 
absolute values, because the errors introduced by the 
neglect of the function g(r) would tend to cancel in 
taking ratios. 

It is interesting to investigate qualitatively how 
these exciton results would be changed by an increase 
in dielectric constant. For silver halides Ko is about 4 
or 5 (2.25 for NaCl), and the exciton wave function, 
according to the present model, is spread out over a 
much larger volume. This would lead to a smaller 
dipole matrix element ; and, consequently, the oscillator 
strength per electron for the transition to the first 
exciton level (0.07 for NaCl) would be lowered. The 
absorption spectrum of silver chloride,” for example, 
shows a small bump in the ultraviolet region on a 
curve which steadily increases with energy for several 
ev. The small peak may correspond to a transition to 
the first exciton level; this transition seems to have a 
small oscillator strength as would be expected in view 
of the large dielectric constant. 

The author would like to express his appreciation for 
helpful discussions to Professors N. F. Mott and F. 
Seitz and to Dr. E. N. Adams. 


20 J. Mayer, J. Chem. Phys. 1, 270 (1933). K. Fajans and G. 
Joos, Z. Physik 23, 1 (1923). See also reference 1(b), p. 658 

2! The apparent violation of the f-sum rule is connected with 
the use of the observed, rather than a calculated, energy difference 
between the two states. 

2” H. Fesefeldt, Z. Physik. 64, 741 (1930). 
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The relativistic equations governing an ionized gas pervaded by 
static electric and magnetic fields and the corresponding equations 
for small perturbations, are derived. The equations for plane per- 
turbations are then obtained and several important cases are 
developed in detail. Frequency bands in which growing wave- 
modes occur are also determined. 

By means of certain rules of transformation the theory is also 
used to study the plane waves which can occur in interpenetrating 
double streams of electrons. The results obtained are formally 
similar to those obtained for waves in an ionized gas. 

In the absence of static magnetic fields and with the effects of 
collisions neglected it is found that, in either an ionized gas or in 
interpenetrating double streams of electrons, certain waves propa- 
gated obliquely to the drift motions may both grow and possess 
Poynting fluxes; these fluxes are such that certain initial dis- 
turbances can lead to the escape of amplified electromagnetic 
energy from an ionized medium. 


The exchange of momentum and energy, between the streams 
of electrons and ions and the growing waves, is discussed by means 
of the momentum-energy tensors of the charged particles and of 
the electromagnetic field. 

The results of the relativistic theory are then used to discuss 
briefly the problem of the origin of cosmic noise and of “isolated 
bursts” and “outbursts” of solar noise. It is concluded that both 
theory and observation lend support to the hypothesis suggested 
previously that a notable part of cosmic noise and strong solar 
noise originates as electro-magneto-ionic waves in magnetized 
ionized regions. It would then follow that such regions occur in our 
Galaxy and in the Great Nebula in Andromeda. It is suggested 
that all “point sources” of cosmic noise be examined for at least 
transient traces of the Zeeman effect and an excess of elliptically 
polarized noise. 





I. INTRODUCTION 


N the original publications'~* on plane waves in an 
ionized gas pervaded by static electric and magnetic 
fields the equations of motion of the electrons and 
positive ions were taken in their classical, nonrela- 
tivistic forms. The resulting nonrelativistic theory was 
found to offer a simple explanation of the spontaneous 
generation of strong high frequency noise in discharge 
tubes subjected to magnetic fields and in sunspots. 

In order to examine the generation of solar noise 
under the conditions envisaged by Giovanelli, in which 
the electrons attain drift velocities approaching that of 
light, it became necessary to develop the theory in a 
relativistic form.** The need for this development is 
reinforced by the fact, independently pointed out by 
Walker,‘ that in the absence of magnetic fields and 
electron temperatures the nonrelativistic theory may 
incorrectly lead to certain wave amplification. 

In the present paper this development is carried out 
in detail for an ionized gas in which the effects of 
gradients of partial pressures are neglected. This covers 
many fields of application. The relativistic consideration 
of the effects of partial pressure gradients is not straight- 
forward and for this reason will be postponed to another 
occasion. 

In order to make the theory also easily available for 
the discussion of plane waves in interpenetrating double 
streams of electrons the ratio of the static (or mean) 
densities V and N’ of the electrons and ions, respectively, 
is taken as having any value. 

The principal symbols used are defined in the fol- 
lowing Table of Notation. 

1V. A. Bailey, J. and Proc. Roy. Soc. N. S. W. 82, 107 (1948). 

2V. A. Bailey, Australian J. Sci. Res. Al, 351 (1948). 

*V. A. Bailey, Phys. Rev. 78, 428 (1950). 


4V. A. Bailey, Phys. Rev. 77, 418 (1950); L. R. Walker, Phys. 
Rev. 76, 1721 (1949). 


TABLE OF NOTATION 


=(1—V2/c)-4, p’=(1—V9/e)4. 

charge on an electron= —4.80X 10-" esu. 

total electromagnetic field tensor. 

variable part of the electromagnetic field tensor. 

static magnetic field. 

=e/moc, k' = —e/mo'c. 

four-vector of wave number and wave frequency. 

=w/ic. 

collision frequencies of an electron and positive ion, 
respectively. 

rest masses of an electron and positive ion, respec- 
tively. 

number-densities, in their proper frames, of the elec- 
trons and positive ions, respectively. 

variable parts of these number-densities. 

=mo 4] é. 

= 4Ne/mo. 

= BU; or Vii+-w or w— ViL. 

=—),—wV/e. 

four-vector of total current-density and charge 
density. 

“ea part of S;. 


eS ye @ 


~~ 


velocity four-vectors of electrons and ions, respec- 
tively. 
variable parts of U; and U;,’, respectively. 
the components of electron drift velocity. 
drift velocities of electrons and ions, respectively. 
four-vectors defined under (9). 
= PR?— pF —ifyoR. 
= BR(Z+ po*)—iBoZ. 
=); or A 2+12)—* or A2L—a?, 
angular wave frequency. 
angular gyro-frequency vectors of an electron and ion, 
respectively i.e., H(—e/8moee) and H(—e/8’my'c). 
i,j,k indices running through the values 1, 2, 3, 4. 
For repeated indices the summation convention is understood. 
Bars over symbols indicate static, or mean, values. 


The theory is based on the following laws of physics: 


I. Maxwell’s laws of the electromagnetic field. 
II. The conservation of electrons and of positive ions. 
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III. Maxwell’s laws of the transfer of momentum in 
mixtures of different kinds of particles. 


With regard to I there is a choice in the formulation: 
We may introduce auxiliary quantities like the vector 
and scalar potentials (as in the earlier publications), or 
we may do without them. The choice may be deter- 
mined by the purpose in hand or merely by considera- 
tions of convenience. In the present paper these poten- 
tials are not used and the laws of the electromagnetic 
field are taken in the form:® 


OF j/0xj= (Anw/c)Si, | 
OF jx ‘Oxi+ OF ,;/dxj;+ OF ;;/dx,=0. 


(A) 
(B) 
From these equations we easily deduce the equation, 
aS,/dx;=0, (C) 
and Eq. (2) given below. But (C) expresses the con- 
servation of electric charge which is also a consequence 
of the conservation laws under II. In order to avoid 
this redundancy we have adopted the Eqs. (1) to (4) 
as a joint formulation of the laws under I and II which 
is sufficient for our present purposes. For the study of 
problems involving initially prescribed conditions or 
boundary conditions it may be necessary to have 
recourse also to Eqs. (A) and (B). 
The effects of collisions between charged particles of 
opposite signs are here neglected. 


Il. THE FUNDAMENTAL EQUATIONS 


The fundamental equations of the electromagnetic 
field F;; and of conservation and motion of the two kinds 
of charged particles involved are as follows: 


S;=e(NU,—N'U;), (1) 


a(NU,)/dx;=0, 
a(N'U,/’)/dx;=0, 
U;0U ;/dx;+0W ;= RF jU;, 
Us aU ¢/dxj+ 00 W ie =k’ FU, 
UU.=—e, 
U/U/=—-¢, 
where, in a frame of reference at rest in the gas, 
W = (—t/c)(U1U4, U2U4, UsUs, C+ U2), 
Wi! =(—i/c)(U1'U Ys, UUs, US, C+ U4"). 

The introduction of the term v»W; in (5) to represent, 
in relativistic form, the rate of loss of momentum 
through collisions with gas molecules is justified by the 
discussion in Appendix I. 


’ With the summation convention for repeated indices. 


(9) 
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The indices i, 7 run through the values 1, 2, 3, 4. 
Since U;W;=0 the fourth equation in (5) follows from 
the first three and (7). It may therefore be omitted or 
regarded as an alternative to (7). Similarly the fourth 
equation in (6) may be omitted or regarded as an alter- 
native to (8). Thus the system (1) to (8) contains 
twenty independent equations in the twenty variables 
S:;, N,N’, U;, Ud, Fey. 

Denoting the static values (or mean values in time) 
by means of bars over the symbols, and the perturba- 
tions by means of lower case letters we set 

N=N+n, U;=U\+u;, 
N'=N'+n', Uf=U/+u/, 
Si=S8;+5,, Fy= FP 5+-fu- 

The equations for the static, uniform state are 

S;=e(NU,—N'U;’), 
yoW «= kF,,U,, 
v)W i =k’ FU, 
UU =—e, (7.0) 
U/U/=—-e. (8.0) 

The equations for sufficiently small perturbations are 

therefore as follows :— 


(10) 


(1.0) 
(5.0) 
(6.0) 


s=e(Nu+U n—N'u/—U/'n'), 


_ 4e OS; OS; 
LJje™ (—-—), 
c \Ox; Ox; 


U,dn/dx;+N du;/dx;=0, 


(1.1) 
(2.1) 


(3.1) 
(4.1) 
(5.1) 
(6.1) 
(7.1) 
(8.1) 


Un! /dx;+N' du; /dx;=0, 
U u;/8x;+ vows = RP uj; +kU fis, 
O/ dul /dx;+v'w! = RP uj +k'U; fiz, 
U ju;=0, 


» 2) 
U;'u; =0, 
where 


w;= (- i/c)(U aut Ua), 
w, = (—i/c)(O/u' +0 ui) 


(9.1) 


for i=1, 2, 3, 4. 
These equations may be used to study plane or 
cylindrical waves. 


III, PLANE PERTURBATIONS 
We now consider perturbations of the form, 


Y=A exp(il;x;), (11) 


where 
L= (11, lo, ls, I), 


is the four-vector of wave number and frequency, and 
A is a constant. 


(ls = w/ic) 
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We may therefore now make the following sub- 
stitutions in our equations: 


0/dx;=il;, CP=—Z/e, 


Z=Cl;l;. 


where 


On setting also 
Ujj;=BR, Us/l=6'R, 
where 


B= (1-V/e), 
Eqs. (2.1) to (6.1) become 
Zfig=4mic(l;s;—l;s;), 
BRn+Ni,u;=0, 
p’R’n'+N'lu;'=0, 
BRu;—ivow;= —ik(P ju;+U fa), 
B’R' uj! —ivo'w;! = —ik' (Puj/+U,'fa). 
From (1.1), (3.2) and (4.2) we now obtain 


B’=(1—V2/e)-4, 


(2.2) 
(3.2) 
(4.2) 
(5.2) 
(6.2) 


0, a 
se (w-— wm) —e8"(u/-—tm'), (14) 
BR p’R’ 


Hence’ from (2.2) we obtain 


( Z ) Rae (ay 
buy bj | u 
wah "Ge sis 
10/-1,0/ 
aan’ (15) 
R’ 


(16) 


On multiplying both sides by U;, summing over j and 
using (7.1), (7.0), and (13) we obtain 
(Z/4wiceN)U jfig= — BRu:+A dime 
—o(lU ju; —BRu/ — Bilin’), 


where 


A;= (lic?-+ BRU,)/BR, (17) 
B/= (10,0 —BRU/)/p'R’. 


Then substituting for U;fij, from this last result, in 
(5.2) and using (9.1) to eliminate w; we obtain after 
some reduction 


PY u;—A dita— PZ vU ts/c—iZ ou; 
=o(BRuj'—1,U uj +Bilius’), (18) 
where 
P=1/4acekN =m)/4aNe?=1/ pp’, 
Su= — PRE i, 
Y =BR(Z+ po*)—iBr0Z. 


OF ELECTRO-MAGNETO-IONIC WAVES 


By symmetry Eq. (6.2) must yield similarly 
BR’ u;—1U j uj+ Bite = 0( PY’ 
—A ‘lt,’ — P’Z00'U ug /c) +iZoista;', 
where 
P’ = —1/4wcek'N’ = mo’ /4nN'e?=1/ po", 
Y’=p'R'(Z+ po”) —iB'w'Z, 
A/=(le+p’R'U/)/B'R’, 
B,= (1,0 /0;—B'R'U,)/BR. 


It should be noted that in the third term in (18) the 
factor vol/; can be replaced by an expression free from 
vo by using the relation (5.0) and the definition (9). 

For a medium which on the average is initially 
neutral we have N’=N,, i.e., o=1. 

The six equations in (18) and (20) which correspond 
to i=1, 2, 3, together with Eqs. (7.1) and (8.1) con- 
stitute a system (S.5) of eight homogeneous linear 
equations in the eight velocity components u;, w;’. The 
condition necessary for (S,°) to possess a nonzero 
solution is 


As= 0, (22) 


where As is the determinant of the eighth order formed 
by the coefficients of (S.5). This is also the equation of 
dispersion. When it is satisfied the velocity components 
are proportional to the cofactors of any row of As. 

The field components fj; and the density variations 
n, n’ are then given by (15), (3.2), and (4.2) respec- 
tively. 

Alternatively we may proceed as follows. From (7.1) 
and (8.1) we obtain 


ug= ic "(V1 + Veo+ V gus), (23) 
tg! = ic" Vy’ uy’ + Vo'tue'+ Vs'uus’) (24) 


and so we can eliminate u4, u4’ from (18) and (20). 
This yields a system (S,°) of six equations in 11, ue, us, 
ui’, 2’, us’ from which the equation of dispersion can 
be derived in the form, 


Ac=0, (25) 


where Ag is a determinant of the sixth order. 

Equation (25) corresponds to Eq. (19) given in the 
earlier publication? which was found to be of degree 12 
in the quantities /; after removing irrelevant factors. 
We may therefore expect Eq. (25) to be of degree 12 
after removal of such factors. This is confirmed by the 
discussion, in Sec. VI below, of the important case in 
which the drift velocities, the static magnetic field and 
the direction of propagation are all parallel. 

A detailed comparison of the results of the present 
theory with those of the earlier nonrelativistic theory” 
is in general not easy to make. But in the special case 
treated in Sec. VI the equations are in substantial 
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agreement with the corresponding equations previously 
given. 

Another check on the theory is provided by Eq. (44) 
given below, which is the form assumed by the disper- 
sion equation when the motions of the positive ions are 
neglected. Equation (44) agrees exactly with that ob- 
tained previously* by means of a Lorentz transforma- 
tion. 

The present theory can also be used for the study of 
plane waves in interpenetrating double streams of elec- 
trons in a vacuum, with mean densities NV, N’, if the 
following changes are made. 

(1) In all the formulas down to (21) inclusive, except 
as indicated under (2) below, we replace the symbols 
shown in the first row of the table (26) by the symbols 
in the second row 


, , Ay? , 
mo’, k’, N’, n, 0, 


ms, & —N, <M, —e', =<. 


N’, 
(26) 


(2) In the first line of (21) the expression mo’ /4xN’e 
is replaced by mo/4xN’e. 

(3) We set vo= 9’ =0. 

IV. APPROXIMATION WHEN THE MOTIONS 
OF POSITIVE IONS ARE NEGLECTED 

We will here consider the case when the ionic mass 
my’. Then in the foregoing theory we take P’>2 
and so by (20) ,’=0. 

Accordingly (18) reduces to 


PY u;—Adyux—iZoijuj—PZvU us/c=0. (27) 


On multiplying by BR/;, summing over 7 and dividing 
through by Z we obtain 


PX|uy.— iBR1.;;uj— PvoB?R°us/c=0, (28) 


where 


X =PR*— p?—ipvoR. (29) 


This may be taken as an alternative to one of the equa- 
tions under (27). 

We will now take the axis Ox in the direction of elec- 
tron drift and Oz perpendicular to the direction of 
propagation, i.e., we take 


U.=U;=0, 13;=0. 
Then from (23), (13), (5.0), and (17) we obtain 


(30) 


ug=uyiV/c, (31) 
R=Vi,+o, (32) 
PU = —ichu, 0= Vouticda, O=Veositicdss, (33) 


A:=1,¢/BR, As=0, (34) 


and so 
Ltn = — Suyt+laue, (35) 
where 


S=—),—oV/¢. (36) 
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By (33) and (32) we have 
Lidia t+ lybarttr= buRus/V = — ProBRus/ic. 
Hence (28) expands into 
PX (—Suy+lou2)—iBR{ledortert (hide t egas) ue 
+ (lidist+lodestladas)ust lobaatts |= 0. 
This equation has for its coefficients polynomials of 
lower degree than those of the equation under (27) which 
corresponds to i=1 and it will therefore be taken in 
place of the latter. 
On taking in turn i=2 and 3 in (27) and using (34) 
we also obtain 
PY u2+ (l2c2/BR)(Suy—leu2) 
—1iZ(hoitti + boats t+ boats) =0, 
PY u3— iZ (311+ P32tte+ atts) =(). 
On eliminating 4, ¢24, ¢34 from the last three equa- 


tions, by means of (31) and (33), they reduce to the 
following: 


(37) 


(38) 
(39) 
(40) 


yy + Aette+ agu3=0, 

Biu1+ Botte+ Bsus=0, 

Vitlit Yott2t Yaus=0, 
where 


a= —XS+iRl0,, : 


a= X1.+i8?RSQ;, 
a3= —i8°R(SQ+120;), 
B1= po'claS/BR+iZB—Nz, 
B2=Y—po'c’le?/BR, Bs=—iZBN, 
1=—1t1ZB"M, y2=iZBQN, ys=Y, 





where 


Q= (—e/Bmoc)H = 8 po?( 2s, $31, $12), 
Z=C(lP+12)—w’. 
The equation of dispersion is therefore 


A= a,D,;+ a2D.+ a3D3= 0, 


where 
D,= Y?— peel? VY /BR-ZBQ?, 
Dr= —2°0,%.—iZYB-0,— prc VS/BR, 
D3= — 27239, +iZQipercl,S/R 
+1YZB2.—iZB-*Neopo’e"l2?/ R. 
On substituting for D,, D2, D3, expanding A in powers 
of J. and using the relation 
PS +1? =c*(Z+ BR’) 
we find after reduction and division by S that (43) 
simplifies to 
XL¥?— (P22+07+0,')Z7] 
—[B(SQ2+1201)?+-c*"(Z+ BR) 22 ]Zep2=0. (44) 





THEORY OF ELECTRO-MAGNETO-IONIC WAVES 


It is easily verified that (44) can also be expressed in 
the form: 


XY?— (@2?+07+0;)BRZY 
+ (6S2,—120:)*Zepe=0. (45) 


Equations (45)® and (44) agree exactly with Eqs. 
(1a)® and (2a), respectively, given in Appendix I of the 
earlier publication,’ when in these we set r=0. 

When (44) or (45) is satisfied the velocity com- 
ponents are in general given by the formulas, 


“>= DE, t2= DE, u3= DE, (46) 


where 

E=C exp(ilix+ ilzy+ twt) (47) 
and C is an arbitrary number; but in certain cases like 
that in which 


1,=0, Q2.=23=0, 


it may be more convenient to derive these components 
directly from Eqs. (38)-(40). 
The components of actual velocity are evidently 


u/B, u2/B, us/B. 
V. PROPAGATION ALONG THE AXIS Ox 


In the original nonrelativistic form'~* of the theory 
with negligible ionic motions, the axis Ox was taken 
along the direction of propagation, i.e., the small per- 
turbations considered all had the form: 


(48) 


The corresponding relativistic form of the theory may 
be derived directly from the results given here in Sec. 
III by taking 


1,=1,;=0, 


A exp(iwt—iLz). 


U;= 0, m'— o, 


But a simpler method of derivation is to transform the 
equations of Sec. IV by referring them to a new system 
of axes K’ obtained from the old system K by a right- 
handed rotation about the axis Oz through an angle @ 
such that 
tané= 1o/l. 
Since (47) transforms into (48) we have 
l,=—L cos, 


l= —L sin, (49) 


where 
P= 1?+1,?, (50) 

and so 
Vi.=—-—VyL, Vh=V,'L, 


where 


0=V;', V=V’, (51) 
V’=(Vy2+V2")!. (52) 


We now obtain the following transformations from 


* Equation (45) or (1a) was also given in Phys. Rev. 77, 419 
(1950). 


(32), (36), and (42): 
R=—V'L+ao, 
S=LV//V’—wV'/e, 
b=(1-—V"/c)-4, 
Z=2L—«@. 


Therefore X and Y may retain the forms in (29) and 
(19) by which they were first defined. 
Further we have the transformations, 


1 = (Q;'V1'+22'V2’)/V", 
Q2= (— 2)'V2'+2.'V7')/V’, 
23= Q;’. 

Uy = (uy'V1'+u2'V2’)/V’, 
u2= (—u'Vo'+u2'V7)/V’, 


(53) 


(SS) 
u3>= ts! 


Then (38)—(40) transform into three similar equations 
with the primed symbols a’, 6’, y’, u’ replacing a, 8, v, 
u, respectively, where 


ay’ = (a V1'—aV2')/V’, 

ae’ = (V2! + a2V1')/V’, 
Bi’ = (8:V1'—B2V2’)/V’, 

Bo’ =(81V2'+B2V1')/V’, B:'=Bs, 


etc. J 


, 
as = a3, 





On substituting in (56) the expressions for a1, a2, as, 
81, B2, Bs, etc., given in (41), using the transformations 
(49) to (55), rationalizing all expressions and dropping 
all the primes we thus obtain 


y+ atte + a3u3=0, 
841+ Botte+ Byu3=0, 
Vitti t Yottot+ ystt3=0, 


(57) 


a= —XS\P+iP RVs, 

a= XwV2+iPRQ,(S:?— LV,), 

a3= —12R(wV 221+ SCD), 

By= —Vx(BRY — pP LS) +iRZV 10, 
Bo= Vi BRY — pewlhLV2+iRZV Q;, 

B3= —if°RZ(V:2,+ V2), 

v1= —iBZ(O2(1— V2/c")+2,VV2/c7)], 
y2= iBZ(0,(1— V2/c*)+-22.V iV 2/2], 
w=, 





where 
R=o-— VL, S\= L-—wV;/e. 
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Similarly we can transform the equations of disper- 
sion (44) and (45), respectively, into 
X[¥*—82Z?— 6c*(V 19, + V2M%)*Z7] 
—[B*(Q2S1e+ QywV2/cP+ (Z+PR)2F |Z p?=0 (60) 
and 
XY2—[02+ 6%c-*(V 101+ V2)" BRZY 
+[0,(S\c—LV22/c)—Q2RV2/c PBZ po? =0. 


VI. LONGITUDINAL AND TRANSVERSE WAVES 


(61) 


As a further check and for its own sake we shall now 
consider the special case of the theory of Sec. III in 
which the drift velocities and the magnetic field H are all 
parallel to the direction of propagation. For con- 
venience Ox will be taken parallel to this common 
direction. 

Accordingly we have now 


U,=6V, U.=U3=0, Us=ife, 
U/=6'v', U.'=U,'=0, Us =if'c, 
Px=H, FPu=FP2=0, 
ay cae ed 

Then by (12), (13), (17), and (21) we have 
Z=L—, R=w—VL, R’=w-—V'L, 
A,=—BCS/R, A2=A;3=0, 
B,'=B2S'/R’, By’ =B,'=0, 
Ay'=—£'S'/R', A'=A;'=0, 
B,=6'2S/R, B,.=B;=0, 


ly = w/ic. 


where 





S=L-—wV/¢2, S'=L—wV'/c. 
Next from (9), (5.0), and (6.0) we obtain 
Pu= voBV /kic= vo B’V'/k’ic, Pouy=F=0. 


This shows that the static electric field is also parallel 
to Ox and, when vo, vo’ are not zero, also gives a relation 
between the drift velocities of the electrons and positive 
ions. Also by (19), (21), and (16) we now have 


Pk=—oP'k’, 
$o= PBQ=P’oB'2’, ou=dn=0, 
ous= —PBV/ic=oP’w'B'V'/ic, 
ou= o3=0, 


(65) 


(66) 


(67) 


—eH 


—, = 


Q= ‘ 
Bmoc 


(68) 


are the gyro-frequencies of an electron and ion, respec- 
tively. 
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Lastly, from (23) and (24) we have 
u4>= ic1Vu, (69) 


With the help of formulas (62) to (69), Eqs. (18) and 
(20) for i=1 now reduce to 


Xu;/B-R= — opus’ /B”"R’ 


ug = ic V' uy’. 


(70) 
(71) 


and 
X’uy'/B"R’ = —o'po*u1/BR, 
where 
X= PR?— pr—iroR, 
gente (72) 
X'= B?R?— po?— 1B’*v9'R ° 
Equations (70) and (71) specify purely longitudinal 
waves. Their equation of dispersion is 
XX'— po’ po? = 0, 
i.e., the following quartic in L: 
(R?—ivoR)(R”?—ivo'R’)— 8’ po (R?—ivoR) 
— B*p.2(R?—ivo'R’)=0. 
Thus there are four longitudinal wave modes. 
For small drift velocities Eqs. (70), (71), and (73) 
agree with Eqs. (14), (15), and (28) of the earlier non- 
relativistic theory.? Equation (73) also then corresponds 
toa differential equation given previously by Schumann.’ 
When v9= vo’ =0, Eq. (73) is equivalent to Eq. (137) 
discussed below in Sec. VIII. From that discussion it 
follows that with negligible collisions the noise fre- 
quency-band for purely longitudinal waves is given by 
(142). 
Similarly on taking in succession the values 2 and 
3 for i in Eqs. (18) and (20) we obtain 
Yu2—iZBQus= oper BRur’, 
Vust+iZBQu.=op7?BRus’, 
Y's! +iZB'Q us! =0-'po2’ R's, 
Y'us'—iZB'Q’ us! =0~'poB’ R's. 


(73) 


(74) 
(75) 
(76) 
(77) 


Equations (74) to (77) specify purely transverse 
waves. For small drift velocities they agree with the 
equations for the same case derived from the earlier 
nonrelativistic theory.? 

On eliminating us’ and 43’ from them we obtain 


(78) 
(79) 


du2= 1bus3, 


au3> — ibus, 
where 


a=Z-\(YY'— po?po"88'RR’)—ZBp'20", 
b=BaY’—p'o'Y. 


80) 


From (78) and (79) we obtain the equation of dis- 
persion, 
a—bh’=0. 
i.e., 
a=k,b, (n=1, 2), where kn=(—1)"—. 


7W. O. Schumann, Z. Physik 121, 7 (1942). 


(81) 
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Then (78), (74) and (75) yield 
(82) 


Ug= Rpttts, ue! = knits’, 


which relations enable us to deduce from (15) that 


ho=Rpihs. (83) 


These formulas show that the transverse waves 
consist of two sets of circularly polarized waves with 
opposite senses of polarization. Also Eq. (83) is the 
same as Eq. (19) in the earlier publication? which 
discusses the same special case but neglects the motions 
of the positive ions. 

From (81) and (80) we obtain the following quartic 
in Z for the equation of dispersion of each set of these 
circular waves: 


Z(R— ky Q— ive) (R’ + ky® — ive’) + po2R’(R—kxQ—ivo) 
+ peR(R’+kQ’ —ive’)=0. (84) 


Thus there are eight circular wave modes. 

For small drift velocities (84) agrees with Eq. (31) 
given previously.2 When v= v9’ =0, its four roots may 
be studied conveniently by means of the graphical 
methods published jointly with Roberts.* But when the 
drift velocities are not too large the following procedure 
also allows us to find approximately the bands of 
frequency within which two of the roots are fully 
complex numbers and so lead to growing waves. 

For simplicity we shall here limit ourselves to con- 
ditions in which 


N=N’ and w=n'=0. 


(85) 
t= (0) 


Under these conditions when we set V=1 
Eq. (84) reduces to the following quadratic: 


(FL?—w*)(¢’— #)+ pw? =0, 
where 
6=}(Q+2’), o=u-}h,(Q-2), | 
P= pi po” | 
Each of the roots Zo of (86) may be taken as a first 
approximation to a root of (84) when ¢’#@. Then a 


second approximation is derived by means of Newton’s 
method. In this way we obtain two roots L;, Lz where 


(88) 


(87) 


Li, L.= atiB, 


knf —porQV — po’ 
F Poort | 


a=— teary 
2c°L(w—Ra®t)? (wt+k,Q’)? 


j 


~=t) 


wXk,Q or —k,’. 


8 V. A. Bailey and J. A. Roberts, Australian J. Sci. Res. A2, 307 
(1949), 
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The roots Z;, Lz are complex when 
[a] <|o| <(@+p*)'. (90) 


With w taken always positive we shall now adopt the 
following labels for the two sets of waves: 


E,; waves when k,(2—2’)>0; | 
E, waves when k,(Q—2’) <0. J 


Then from (90) and (87) it follows that Zi, Zz are 
conjugate complex roots of (84) when the frequency lies 
within the bands indicated under (92) : 


(91) 


With EZ, waves when |Q| <w<a,, (band B,); | 


92) 
With EZ, waves when |2’| <w<w», (band B:);| 


where 
wi, w2= 4[ { (2+2’)?+4(po?+ po”)} 4 |Q—2’|]. (93) 


We may therefore conclude that circular electro- 
magnetic noise-waves of the types E; and E, miay arise 
within the respective frequency bands B, and By.’ 

On comparing this result with the corresponding one 
in the earlier discussion* of circular waves, which 
neglected the motions of the positive ions, we find that 
it differs only in setting the lower edge of the band B, 
at |Q’| instead of zero. 

As a concrete example we consider a discharge in 
helium with po/2r= 100 Mc/sec and Q/2x= 600 Mc/sec. 
Then the band B, lies between 600 and 616.2 Mc,'sec and 
the band B, lies between 16.3 Mc/sec and 70 kc/sec. 


VII. WAVES IN INTERPENETRATING PARALLEL 
DOUBLE STREAMS OF ELECTRONS 


We shall here study the situation considered in Sec. 
VI when the stream of positive ions is replaced by a 
second stream of electrons and collisions are neglected. 

The drift velocities are now independent of each 
other. Also there is a net mean space charge which 
prevents these velocities from being strict constants, but 
for certain applications we may in a first approximation 
take them as such or alternatively assume that this 
space charge is neutralized by inert heavy positive ions. 

On applying the rules of transformation, given at the 
end of Sec. III, to Eqs. (70) to (84) and using primed 
symbols for quantities relating to the second stream of 
electrons, we obtain the following results. 

There are longitudinal waves, with the electron 
velocities specified by 


Xu, SR= pouy'/B"R’, 
X'uy'/B"R’ = pous/BR, 


(94) 
(95) 
where * 
po = 4nrNe@, ‘mo, po? = 4nN’e2/mo, 
X=PR'—p?, X’=B"R"—>p,”, 
and with the equation of dispersion, 
R°R?— B'* po? R’— B*p FR? =0. 


* It is noteworthy that B; and B, have the same widths. 


(96) 


(97) 
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For low velocities (97) approximates to the equations 
of dispersion given by Pierce” and Haeff." 

Equation (97) is formally equivalent to Eq. (137) 
which is discussed below in Sec. VIII. It follows from 
that discussion that (97) has a pair of complex roots 
when, and only when, (142) is true. This supplies a 
general criterion for amplification of longitudinal waves 
in a double stream of electrons. It appears to be much 
simpler than the criterion published by Nergaard.” 

Besides the longitudinal waves there are also cir- 
cularly polarized transverse waves with the electron 
velocities specified by 

Yu.— iZBQu;= wae po" BRus’, 
Yust+iZBQus=— po BRus’, 
Y'uy’— iZB'2Q'us' = — pr'B’R'ue, 
Y'us;'+ iZB’2'u2' = — pep’ R'us, 
where 
(99) 


(100) 
These waves divide into two sets with their equations 
of dispersion given by 
Z(R—kypQ)(R’ — kyQ’) + po? R’ (R—k,Q) 
+ piR(R’—k,2’)=0, 


VY = BR(Z+ po*), Y’='R'(Z+ po”), 
BQ= B02’ = —eH/mec. 


(101) 


where n=1, 2 and k,h=(—1)"—. 

For small drift velocities (101) formally approximates 
to Eq. (31) given previously? when the collision fre- 
quencies are negligible. 

A complete discussion of the roots of the quartic 
(101) will not be given here. It will suffice to discuss 
two of these roots, on the lines given near the end of 
Sec. VI, when the drift velocities V, V’ are small enough 
to make 

0’ = QS Q)= —eH/mec. (102) 


For V=V’=0 Eq. (101) reduces to the quadratic 
(L2c2— w*) (w— kno) + po?+ po”) =0 


which has the two roots Lo, Los. 

On taking Zo; and Lp»: as first approximations to two 
of the roots Z,, Z2 of (101) and using Newton’s method 
we obtain the following second approximations when 
wk Q: 


iA; L.=atiB, (103) 


where 
knQo(po?V + po 2V’) 
~ 2c8(ea— fg)? 
Be sci a " 
C lw(w— kyQ) J 
10 J. R. Pierce, J. Appl. Phys. 19, 231 (1948). 


0 A. V. Haeff, Phys. Rev. 74, 1532 (1948). 
2 L. S. Nergaard, R. C. A. Review 9, 585 (1948). 
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The roots Z;, ZL, are complex when 
0<w*— RyQow < po?+ po”. 


We may now always take w as positive and label the 


two sets of waves as follows: 
E, waves when k,Q>0; 
: ‘ (105) 
Ez waves when k,Q <0. 


It then follows that circular electromagnetic waves 
can be amplified when the frequency lies within the 
bands indicated below: 


With E, waves when || <w<wi, 
0<w<wse, 


(band B,) > 
(band B,); 


(106) 


With E, waves when 


where 


1, we= F([Q°+4p2+4p07 }#+ ||). (107) 


We shall now show that for small enough drift 
velocities and frequencies not near the electron gyro- 
frequency, the following approximate equivalence holds 
true between the present circular waves and those con- 
sidered under Se:. VI: 

The growing ‘waves in a double stream of electrons 
which correspond to a given magnetic field, a given 
total charge-density Q and a given total electron current- 
density J are approximately like the growing circular 
waves in a single stream of electrons with the same mag- 
netic field, charge density Q and current density J when 
associated with an equal number of infinitely heavy 
positive ions. 

For the formulas (104) can be expressed in the forms, 

k,Q4nret 


2moc?(w— RenQo)? 


w 4reQ 


(104.1) 


Cl mow(w— kpQo) 


Also with infinitely heavy ions the second term in the 
expression for a under (89) vanishes, 


Rapo’Q V= k,QArel/mo, 
and in the expression for 8 we now have 
P?/(P—F) =4reQ/mow(w— knQ). 


Thus with infinitely heavy ions the formulas (89) also 
assume the forms (104.1). 

Furthermore, the statements (91) and (92) now reduce 
to the statements (105) and (106), respectively, and 
lastly (93) now reduces to a result equivalent to (107). 
This completes the proof of equivalence. 


VIII. MAGNETIC FIELD ABSENT AND 
COLLISIONS NEGLIGIBLE 
In this section we consider the drift and vibratory 
motions of both the electrons and the ions. 


~ 8 For in (107) po?+po* is proportional to the total electron 
density. 
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Since Hé=0 and the effects of the collisions are 
neglected we here use Eqs. (18) and (20) with all the 
terms in ¢;;, v) and vo’ omitted. Also for convenience 
we now choose a frame of reference in which V’ is 
parallel to V. 

For convenience we will introduce new symbols s, s’, 
1, t', W, X, X’ defined as follows: 


Lu =— BRs, 
U uj = —t, 
W=U,Uj/ =—cpp’(1—VV'/e), 
X=R*—p?, X’=p"R"— py". 


The physical meanings of s and s’ are provided by 
Eqs. (3.2) and (4.2) which show that 


s=n/N, s'=n'/N’. 
Then (18) becomes 
PY u,+(lie+BRU,)s 
=o{BRu;'+1t—(l,W—BRU;)s’}. (112) 
On multiplying (112) by /;, summing over i and 
dividing through by Z we obtain 
t=Ws’—o"2PXs. 
By symmetry (or from (20)) we have 
=Ws—ocP’X's’. (114) 
Again on multiplying (112) by U,’ and summing over 
i we obtain 
PYt'—(8RW+8'R'C)s 
=o{—'R't+(8’R'W+8Re)s’}. (115) 
On substituting in (115) the expressions for ¢ and ¢’ 
under (113) and (114) we obtain 


R(as+bs’)=0 


Lu,’ = — Bp’ 's!, 
a ti 
Ujuj=—-0. 
(109) 


(110) 


(111) 


(113) 


(116) 
where 
a= P(WZ—CBRp'R’), 
= —oP'(PZX'+B"R”). 
By symmetry we must also have 
R’(a's’+6's)=0 


(117) 


(118) 
where 
a’ = P'(WZ—CBRp’R’), 
; ¥ E (119) 
b’=—o12P(P’ZX+ BR’). 
When 
n#0, n’<¥0 (120) 


then (116) and (118) yield two waves with dispersion 
equations, 
R=0, 


R’=0, 
and a set of waves for which 
as+bs’=0, 
a’s’+b’s=0. 


(121) 
(122) 


(123) 
(124) 
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The last set have the following equation of dispersion : 
aa’—bb’=0, 
ie., by (117) and (119) 
XX"(PP’Z+ P+ P’)+X4+X’ 
—W*c*Z+ 2WeBRp’R’ =0. 
From (109) we have 
W?/ct= 1+ 8°B°(V—V")*/e* 
and so (125) reduces to 
(XX’— po? po)(Z+ po? + po®) = po* po" BQ, 
where 
Q=Z2(V—V’)?/e—(R—R’ P+ (V’R—VR')*/e. 
From (12) and (13) we obtain 
Z/2=l?+li+le+lé, 
R=)hVythVitlsVstlic, 
R’=1,V i +hVa' +1sVs'+hic. 


If @ is the angle between the direction of phase 
propagation and the common direction of the drift 
velocities and if 


(126) 


(127) 


(128) 


P=1?+17+l, (129) 


then by (128) 


Z=2L>—«*, | 
R=—LV cosé+w, 
R’=—LV’ cos6+w. 


(130) 


On using (130) we find from (127) that 
Q=L7(V—V’ sin*é. 


Hence the equation of dispersion (126) reduces to 
the form, 


(XX'— po*po”)(Z+ po? + po”) 
= pepo 8’B"(Vr— Vr’, (131) 


where V7, V7’ are the components of the drift velocities 
transverse to the direction of propagation. This is an 
irreducible sextic in L. 

Another set of solutions of the simultaneous equations 
(116) and (118) is given by 


n=0, n’=0, 
Here we have, by (113) and (114), 
t=0, ’=0, 
and so by (112) and by symmetry we obtain 
PYu;=cBRuj, 
P'Y'u! =o 8’ R'u,. 











448 Vi iAs 


Hence the equation of dispersion for this set is 
PY P’Y’—BRp’R’=0, 


which is equivalent to another pair of equations like 
(121) and (122) and the equation, 


Z+ po’+ po? =0. (135) 


We thus find that there are twelve different wave 
modes; four corresponding to (121) and (122), two to 
(135), and six corresponding to (131). Of these only the 
last six include growing waves. 

In the special case when propagation is along the 
direction of drift motions (131) reduces to the equations, 


XX'— porpo?=0, (131.1) 
Z+ po?+ po?=0. (131.2) 


We shall now consider the growing waves more fully. 
These correspond to fully complex roots Z of Eq. (131) 
and to solutions of Eqs. (123) and (124). 

For propagation in the direction of drift motions the 
only fully complex roots are those which satisfy (131.1), 
i.e., (73). The corresponding waves are purely longi- 
tudinal and have no associated Poynting flux. 

For propagation perpendicular to the drift motions 
we have from (130) 


R=R’=u, 


and then (131) is found to yield only real or pure 
imaginary roots, i.e., there are then no growing waves. 

For waves propagated obliquely to the drift motions 
it will be shown that all the non-real roots of (131) are 
now fully complex and that the corresponding growing 
waves possess transverse magnetic vectors and therefore 
also Poynting fluxes. 

For any specified numerical values of po, po’, V, V’ 
and @ the frequency-bands in which growing waves 
can occur can be determined immediately from the 
curve representing the equation (131) when the co-or- 
dinates are taken as x=w, y= L. To draw this curve we 
may conveniently use the-graphical method published 
previously* in which the given equation is expressed in 
the form, 


fo’, o)= 0, 


where o=L/w, and values of w* corresponding to 
selected real values of o are determined. In the present 
instance this equation is a quadratic in w and so pairs 
of values of w and L are easily determined. 

For a general discussion it is, however, necessary to 
proceed by successive approximations such as the 
following : 

When V7 and V7’ are small, first approximations to 
the roots of (131) are given by the roots L; of the quartic 
(131.1) and the roots L2 of the quadratic (131.2). 

When developed in full by means of (110) Eq. (131.1) 
becomes 


R°R”— 8’ py" R’— BpeR?=0 (136) 
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i.e., by (130), 


B-* po? ra B’-*p9" “5 
(ViL—w)? (VL—w)? 


(137) 





? 


where 

Vi=Vcosé, V,'/=V’' cosé, (138) 
ie., Vi, Vi’ are the components of the drift velocities in 
the direction of propagation. 


When we set 
L=}a(Vit— Vi )ot fo Vit Vi) 
Eq. (137) assumes the form, 
A? B 


+} |, 
z—1)? (s+1)? 


(139) 


(140) 


A= |2p0V1'/wB(Vi—V1’)|, | 
B=|2p)'Vi/w8'(Vii—V)|. I 

Equation (140) is discussed in Appendix II. It is 
there shown that when A and B are positive numbers 


then (140) has two real and two complex roots or four 
real roots according as 


Ai+ Bi=2!, 


We thus conclude that Z has a pair of (conjugate) 
complex values when, and only when, 


—} V , H f—1 'V 7 
o<(“ al. ) +(“ . ‘) . (142) 
Vi-Vy’ Vi-Vy’ 

For Vi=c/10, Vi'=—c/100, po’'=po/10, (142) yields 

This agrees well with the (w, Z) curve given for this 
case in Fig. 4 of the paper by Bailey and Roberts.® 

As shown in Appendix II the two real roots z can be 
obtained by means of a simple geometrical procedure 
and the two complex roots can then easily be derived 
from the real ones. The complex roots L, are then given 
by (139). 

The roots L2 of Eq. (131.2) are complex when, and 
only when, 


(141) 





w<(po+ po”)! (143) 


and then they are given by 
L2=+ic"(po?+ po? — ww’)! (144) 


Taking LZ, and J, as first approximations to the roots 
of (131) we now proceed to determine the second ap- 
proximations L’. 

First we write (131) in the form, 

f(L)=F(L)G(L)—h?=0, (145) 
where 
F(L)=R°R?— B’po"R?— B*peR”, + 
G(L)= L?— L?’, 


h= po?po"8B"c*(V — V’)? sin’6. 


(146) 
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f(Li)= — ALY, 
f(L2)=—AL?, 
f' (Li) = F'(L)G(Li)— 2hLy, 
f (L2) = F(L2)G'(L2)— 2hL. 
Therefore the second approximations are 
Ly =Li{1+hL,/F’(L:)(Li—-L?)}, 
Lo =L2{1+h/2F(L2)}. 

Since for oblique propagation 40 it follows that in 
the bands of frequencies specified by (142) and (143) 
L,’ and L,’, respectively, have two fully complex values. 

The imaginary part of ZL,’ approximates to L, and 
the real part approximates to 

—$hLz-Im{1/F(L2)}, 


which is of the second order of smallness in V and V’. 
We thus see that wave noise can arise in the two 
(overlapping) bands through propagation obliquely to 
the drift motions, i.e., from small initial random per- 
turbations in planes oblique to these motions. 
We now proceed to determine the components fj; of 
the field of these waves and the resulting Poynting flux. 
From (112) we obtain 


PY (lui—luj)+ (40-10, BRs 
= o[ BR (Lu! Fp: 1u;') + (Ui ike 1,U,')BRs’), 


(147) 


(PZ+1)vij;+ Vijss=ovi'+oVii's’, (148) 


vijg=luj—ljui, 
vj =] uj —l ui, 
Vig=h0;-1,0 i, 
Vii =1,0/—-10/. 
By symmetry we must also have 
vat Vis=o(P’Z+1)0;i'+0V;;'s’. 
From (150) and (148) we obtain 


Poy= —oP’0;; 


(150) 


(151) 


and so 
(152) 


(153) 


Goij= — peV ist ope Vis’; 
Goij! = — po? Vis's' +o po Vis, 
where 
G=Z+ po'+ po”. (154) 
Also in the notation of (149) Eq. (15) now becomes 
[on using (108) ] 
—ikPZf j= vit Vigs— ov,’ —oVi;'s’. (155) 
On eliminating 2; and »;;/ by means of (152) and 
(153) this yields 


—ikPGfij= Viss—oVi;'s’. (156) 


Then eliminating s’ by means of (123) yields 


fg=Am (157) 


where 
A g=bVijt+caV;;', (158) 


v= si/kPbG. (159) 


We will now choose Ox in the direction of propagation 
and Oz perpendicular to the drift motions. Then 


h=-L, h=)=0, 
V,'= qv, V,'= qv2, 
where q is some constant, 

Z=2D?—«’, 
R=wo-V,L, 
R’=a—V/L, 

0, 10, LU,-L0, 

—h0., 0, —10; 
0, 0, 0 


—LUALU,, Ds, 0 


lL,=w/ic, 


160 
V;=V;'=0, — 


(161) 


Vg= 


and V;;’ is expressed by a similar matrix. 
Hence by (158) 


Au=Ay=Axj=0, 

An=h(bU;+caU,’), 
Au= —Agy=1,(bU +000 )—1,(6U;+-0a0’), 
Au=—Ag=—l(bU2+-0a0). 


It then follows from (157) that the components of 
the electromagnetic field are given by 


h= (0, 0, A 2)V, 
e= (iA 14) iA 24) O)y. 
Thus the magnetic vector is transverse to the plane 
containing the directions of the propagation and drift 
motions and the electric vector lies in this plane. In 
general the electric vector has components along and 
transverse to the direction of propagation. 
The mean Poynting vector (P) also lies in the same 
plane and has the components, 


(P1)=(c/8m) Re(ifesfi2*), (P2)= (c/8x) Re(—ifufi*), 

i.e., 

(P;)=(w/8x) Re(L)|b8V+oa6'V’ |? sin*é|y|*, (163) 

(P:)=[ (2/8) | L|? Re{ (68+caf’)(b8V+cap'V")*} sind 
— (w/8r)Re(L)|b8V+cap'V’ |? sin8 cosé)]|y|?. (164) 


Since L is a root of the irreducible sextic (131) the 
quartic polynomials, 


bBV+<cap' V' 


(162) 


and b8+<caf’, 
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cannot in general vanish. Hence for 60 both (P)) 
and (P:) have nonzero values. 

We thus arrive at the conclusion that growing Poynting 
fluxes can arise from waves propagated obliquely to the 
drift motions. 

These waves are plane polarized with the electric 
vector in the plane containing the directions of propa- 
gation and drift and with the magnetic vector per- 
pendicular to this plane. 

For a disturbance which arises initially at a plane 
(x=constant) fixed to a frame of reference which is at 
rest in the medium as a whole we find from (147) and 
(163) that the Poynting fluxes, of these oblique growing 
waves, along the direction of the electron drift com- 
ponent V, are always negative. But for a disturbance 
which arises initially at a plane fixed in a frame which 
moves against the electron drift at least as fast as the 
positive ions (i.e., a frame in which Vi>0, Vi’ 20) 
the Poynting flux for the growing ZL,’ wave-mode is 
positive. We may also describe such an initial dis- 
turbance as one which moves against both streams of 
charged particles. 

We shall now derive the following interesting com- 
plement to the formula (142). 

For assigned real values of the wave number L/2r 
below a certain value the dispersion Eq. (137) yields a 
pair of conjugate complex values of the frequency w. 
The physical interpretation of this result is that one of 
the corresponding waves grows in time. 

By means of the substitution, 


w= p2+q, 
where 


p=3L(Vi—Vy’), q=$L(Vit-V1), 
Eq. (137) reduces to (140) with 
A = | 2po BL(V;— 7") | ’ B= | 2po'/B’L(Vi— V7’) | . 


Hence w has a pair of (conjugate) complex values 
when, and only when, 


= | i | , i 
a<(= = )+(—*). 
Vi- V’ Vi- V,' 


(165) 


For Vi=c/10, Vi'=—c/100, po'= 0/10, this yields 
cL <12.15p0, in good agreement with the (w, ZL) curve 
in Fig. 4 of the paper by Bailey and Roberts.® 

For waves in interpenetrating double streams of 
electrons with no static magnetic field present the 
theory is formally similar to that developed in the 
present section with o replaced by —c. It follows that 
in such double streams growing Poynting fluxes can 
arise from waves propagated obliquely to the streams. 
For a disturbance which arises initially at a plane 
(x= constant) fixed to a frame of reference which moves 
against one stream at least as fast as the second stream 
moves, we find from (147) and (163) that for a growing 
L,’ wave mode the Poynting flux along the direction of 
the drift components V; and Vj’ is positive. Also within 
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a certain band wave numbers which grow in time can 
occur. 


IX. SUMMARY AND GENERAL DISCUSSION 


The results obtained may now be summarized as 
follows. 

In Sec. II the general equations for the uniform 
medium and the equations for small perturbations are 
derived. By an appropriate choice of the system of 
co-ordinates these may be used to study plane or 
cylindrical perturbations. 

Section III contains the general dispersion equation 
and other equations which govern plane perturbations. 
In general there are twelve wave modes. 

Sections IV and V are concerned with the approxi- 
mation in which the motions of the positive ions are 
negligible, i.e., for wave frequencies which are not too 
low. The resulting dispersion Eq. (4) agrees exactly 
with that previously obtained by means of an entirely 
different method. 

In Sec. VI is discussed the special case of the theory 
of Sec. III in which the drift velocities of the electrons 
and positive ions and the static magnetic field are all 
parallel to the direction of propagation. It is found that 
the possible wave modes are four purely longitudinal 
and eight purely transverse and circularly polarized 
modes. Their dispersion and other equations agree sub- 
stantially with those previously obtained by means of 
the nonrelativistic theory. The bands of frequency in 
which growing circularly polarized waves (e.g., circular 
noise-waves) can occur are determined approximately. 

In Sec. VII the theory of Sec. III is used to study the 
analogous waves in interpenetrating parallel double 
streams of electrons with a parallel static magnetic 
field present. The results obtained are formally similar 
to those given under Sec. VI. It is also found that with 
small drift velocities and frequencies not near the elec- 
tron gyro-frequency, the growing circularly polarized 
waves which correspond to a given total charge-density 
Q and a given total current-density J are approximately 
like the growing circular waves in a single stream of elec- 
trons with the same densities Q and J when associated 
with an equal number of infinitely heavy positive ions. 

In Sec. VIII the theory of Sec. III is discussed in the 
special case in which there is no static magnetic field 
and the effects of collisions are negligible. It is found 
that there are twelve different wave modes. Of these 
only the six which correspond to the dispersion Eq. 
(131) include growing wave modes. For waves propa- 
gated obliquely to the drift motions there are two such 
growing modes. The corresponding frequency bands in 
which they occur are given approximately by (142) and 
(143). It is also found that these growing oblique wave- 
modes have associated Poynting fluxes. The com- 
ponents of these fluxes along the direction of the electron 
stream are negative when they arise initially from a 
disturbance at a plane (x=constant) at rest in the 
medium as a whole. But when the plane of this dis- 
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turbance moves against the electron stream at least as 
fast as the positive ions, one of these fluxes is positive. 
Lastly it is shown that these growing wave modes are 
plane polarized with the electric vector in the plane 
containing the directions of propagation and drift. 
Similarly, in double streams of electrons growing 
Poynting fluxes can arise from waves propagated 
obliquely to the streams. When the initial disturbance 
occurs in a plane which moves against one stream at 
least as fast as the second stream moves, the flux in the 
direction of the drift components V; and V;’ is positive 
for the growing L;’ wave mode. 

We may now consider briefly the source of energy 
of the growing waves. As was pointed out or implied in 
earlier publications** the momentum and energy in the 
growing waves are necessarily derived from the static 
current in the medium, i.e., from the momentum and 
energy corresponding to the drift motions of the elec- 
trons and ions. In order to see in more detail how the 
latter. are in part transformed into momentum and 
energy of growing waves (of the charged particles and 
of the field) we may here use the well-known relativistic 
equations, derivable from the fundamental equations in 
Secs. I and II with vp=vo’=0, which express the prin- 
ciples of conservation of momentum and energy by the 
vanishing of the divergence of a tensor 7;;. This tensor 
is given by 

T= Myt Eu, 


where M;; is the sum of the momentum energy tensors 
of the two kinds of moving charged particles and E;; is 
the momentum energy tensor of the electromagnetic 
field. 

Each of these tensors consists of a part independent 
of the perturbations and a part depending on them. 
Hence we may set 


T= Titi, 


where only /;; depends on the perturbations. 
On taking Ox along the direction of propagation and 
averaging over time the divergence equation yields 


(Patta)/ax=0, (i=1, 2, 3, 4). (166) 


The first of Eqs. (166) is, in effect, the same as Eq. 
(72) in the publication on circular waves* when the 
collisions and gradients of electron partial pressure are 
neglected. It implies that a growing wave acts on the 
total momentum of the streams with a mean force 
which opposes this momentum. This provides a criterion 
for the direction in which such a wave does actually 
grow. 

Consistently with this the fourth of Eqs. (166) shows 
that when a wave of a given frequency arises which 
grows in the direction of Ox, i.e., when the component 
along Ox of the total mean flux —icl,, of wave-energy, 
of the electrons, ions and the field, increases in the direc- 
tion Ox, then the component along Ox of the total flux 
—icT, of drift energy of the electrons and ions de- 


451 


creases in the direction Ox by the same amount per 
unit length." 

With very heavy ions their contributions to the 
momentum and energy exchanges may be neglected and 
we may then conclude that the wave will grow in the 
direction of the component along Ox of the drift motion 
of the electrons. 

This last result entails a revision of that part of the 
recent discussion’ of the growth of circularly polarized 
waves in a sunspot, which is concerned with E, waves. 
It is now clear that, like the EZ, waves, the E; waves 
also must grow in the direction of the electron drift 
motion." But unlike the others the Z; waves cannot 
escape into free space since their associated Poynting 
fluxes are directed inwards. As a result the Sec. 5 of 
that paper requires correcting by deleting all references 
to escaping theoretical Z, waves and expunging their 
frequency bands from the Fig. 4. 

The £, waves were there related to the extraordinary 
waves in the magneto-ionic theory. In order therefore 
to explain the cited report of Ryle and Vonberg that 
extraordinary solar waves can be occasionally observed 
it is necessary to study the growth and escape of waves 
which are propagated obliquely to the sunspot axis. A 
preliminary investigation shows that such extraordinary 
waves can arise from E, waves as a result of the change 
in their polarization in passing through a region in 
which po(1—V;)~ is equal to w, the wave frequency. 
It is hoped to publish this investigation of oblique 
propagation in due course. 

We shall now briefly consider the application of the 
E.M.I. theory to the problem of the origin of cosmic 
noise and solar “isolated bursts” and “outbursts” of 
of noise, all of which published hitherto have been found 
to be randomly polarized.'® 

First it should be noted that no current method of 
observation can distinguish between noise which is a 
mixture of plane waves with their planes of polarization 
scattered completely at random and noise which is a 
mixture of elliptically polarized waves with their senses 
of rotation scattered completely at random. 

The theory shows that elliptical waves can arise only 
from an ionized medium in which a magnetic field is 
present. Such a medium will be referred to as a magnetic 
source. So when elliptic (e.g., circular) waves are ob- 
served (such as solar noise from sunspots) they provide 
unimpeachable evidence that they come from or pass 
through a magnetic source. But randomly polarized 
waves cannot by themselves alone serve to distinguish 


“4 Since ty is of the second order in the perturbations, it follows 
that 7, and therefore N, U, etc., differ from constants only by 
quantities of the second order. Hence in Eqs. (1.0) to (9.1) of 
Sec. II, the quantities N, U, etc. may be taken as constants 
without introducing errors of the same order as the perturbations. 

6 As I have learned from Mr. J. A. Roberts, this fact was first 
a out by Dr. Twiss in a colloquium address given by 

im in August last at the University of Cambridge. 

46 The use by some authors of the term “unpolarized” for such 
noise is theoretically incorrect and very apt to be misleading in 
regard to the problem of the origin of this noise. 
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between magnetic and nonmagnetic sources of noise. 
These waves can be attributed to magnetic sources only 
through observations by means of highly directional 
aerial systems (e.g., radio interferometers) and observa- 
tion of the Zeeman effect. It follows that the recorded 
observations of cosmic noise (and of some solar bursts 
and outbursts) do not by their random polarization 
alone indicate whether they come from magnetic or non- 
magnetic sources. 

As indicated by the results of Sec. VIII, which are 
summarized above, the relativistic theory of E.M.I. 
waves provides one explicit example and perhaps a 
second example of nonmagnetic sources of noise in 
which certain waves can grow and escape. These are, 
respectively : 

(i) A stream of electrons moving relatively to the positive ions 
and an initial disturbance in a plane moving against this stream 
as fast as or faster than the ions; 

(ii) Two streams of electrons and an initial disturbance in a 
plane moving against both streams. This example is as yet uncer- 
tain since the exchanges of momentum and energy between the 
growing waves and the streams have not yet been fully inves- 
tigated. The situation is like that envisaged by Haeff" for solar 
noise but here the waves are propagated obliquely to the drifts. 


From both sources the escaping waves would be 
plane polarized but if,the streams in a source change 
their direction much, and at random within distances 
that cannot be resolved by extant receiving aerial 
systems, these waves would appear to be randomly 
polarized. In these nonmagnetic sources the electrons 
and ions need not possess appreciable temperatures. If 
they did have sufficient temperatures then, according 
to the earlier nonrelativistic theory additional modes 
of growing waves could arise; but whether these waves 
can escape requires further investigation. 

In magnetic sources there can arise additional modes 
of growing waves of which at least one can escape. 
These are in general elliptically polarized. An example 
of the escaping mode is the E2 wave referred to above. 
If the magnetic field in a source changes its direction 
much, and at random within distances that cannot be 
resolved by the receiving system these modes would be 
observed as randomly polarized waves. 

It thus appears theoretically that magnetic sources 
are more effective than the others. This conclusion is 
amply confirmed by numerous laboratory experiments, 
in the University of Sydney and elsewhere, with dis- 
charge tubes or electron tubes subjected to magnetic 
fields,” and by the fact that strong solar noise is most 
frequently associated with sun-spot activity and usually 
comes from the neighborhood of sun spots (or from 


17V. A. Bailey and K. Landecker, Nature 166, 259 (1950); 
P. C. Thonemann and R. B. King, Nature 158, 414 (1946); J. D. 
Cobine and C. J. Gallagher, Phys. Rev. 70, 112 (1946); W. T. 
Ruthberg, Phys. Rev. 70, 112 (1946); J. Denisse and J. L. 
Steinberg, Compt. rend. 224, 646 (1947); E. Astrém, Trans. 
Roy. Inst. Techn. Stockholm 22, 70 (1948); D. Bohm, Division 1 
in the National Nuclear Energy Series (McGraw- Hill Book 
Company Inc., New York, 1949), Chapter 1, Vol. 5. 
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places where sunspots were observed one solar month 
earlier). 

All these facts lend support to the hypothesis, sug- 
gested in the original publication® on E.M.I. waves, 
that a notable part of cosmic noise and strong solar 
noise commonly originates in magnetic sources. This is 
consistent with the view of Pawsey and his collabo- 
rators'® that cosmic noise and strong solar noise may 
be due to similar processes, but it allows some room for 
nonmagnetic sources. 

From this hypothesis it would follow that our Galaxy 
and the Great Nebula in Andromeda (M31)” probably 
contain a large number of strongly magnetized ionized 
regions. This is consistent with the known existence of 
magnetic stars and with the view, now becoming current, 
that turbulence in ionized media can set up local mag- 
netic fields. Visible and invisible magnetic stars could 
be magnetic sources of cosmic noise, but it does not 
follow that known magnetic stars are sufficiently strong 
sources for observation of their noise by current 
methods. Also it is an interesting question whether most 
“point sources” (radio stars) are magnetic and other 
sources are nonmagnetic. 

All these considerations suggest that it would be 
worth while for astronomers to examine carefully the 
neighborhood of all visible “point-sources” of cosmic 
noise for traces of the Zeeman effect and all point- 
sources (including solar ones) for traces of an excess of 
elliptically polarized noise. Even transient traces would 
be worth seeking.”! 

I wish to acknowledge with thanks the help with this 
work which I have received from Messrs. R. F. Mullaly, 
W. Moriarty, and J. W. Dungey through their checking 
of the calculations and criticisms. Discussions, by cor- 
respondence, with Mr. J. A. Roberts and discussions 
with Mr. Dungey have also been valuable in regard to 
the question of escape of EZ, and other waves. 

The assistance of Messrs. Mullaly, Moriarty, and 
Dungey has been made possible by Australian Com- 
monwealth Research Grants. 


APPENDIX I 


The relativistic equation of motion for a mean charged particle 
moving in a gas does not appear to have been published before. 
It will therefore be derived here. 

If V is the velocity of the particle of mass mo, V, the velocity of 
the gas and moL the mean rate of loss of momentum of the particle 
through its collisions with gas molecules then from Maxwell’s 
equations of transfer of momentum we have 

=»(V—V,), (la) 
where » is a positive constant which depends on the nature of the 


collisions and on the number-density of the molecules. On account 
of its dimensions » may be called the collision frequency. 


18 V. A. Bailey, Nature 161, 599 (1948). 
19 Pawsey, Payne-Scott, and McCready, Nature 157, 158 (1946). 
2%” R. H. Brown and C. Hazard, Nature 166, 901 (1950). 
21 Since this pone was written, Dr. Paw sey has called my 
e 


attention to the recent observation ‘by Payne-Scott and Little 
of transient traces of circularly polarized solar noise immediately 
following “‘outbursts.” 





THEORY OF 

In the present theory the frequency of collisions between the 
particle and oppositely charged particles is taken as negligible by 
comparison with ». Also all the velocity-distribution functions 
will be taken as constant. 

The four-vectors of velocity of the particle and gas, in any 
inertial frame of reference S, will be denoted by U; and Uy, 
respectively. 

We shall now search for a four-vector Z; which is such that the 
relativistic equation of motion of the particle is 

U;0U;/dx;+-Li= kF UV; (2a) 
and also such that the nonrelativistic Eq. (la) approximately 
specifies its space components L;, Ls, Ls. 

In (2a) Fi; is a skew-symmetrical tensor and for U; we have 

UUi=—-e7 (3a) 

On multiplying (2a) by U; and summing over i we obtain 

Ui L;=0. 
Also we necessarily require 
LiLi=¢", 


(4a) 


(Sa) 
where ¢ is an invariant. 

Without loss of generality we may now take the x; axis of our 
inertial frame of reference S parallel to the relative velocity 
V—V, of the particle and the gas. This will help us to determine 
¢ in a simple manner. 

The relations (3a), (4a) and (Sa) are conveniently illustrated 
by the Fig. 1 in which the four-vectors U; ,U,: and L; are repre- 
sented by vectors OP, OG and OR in the x;%, plane of the frame S. 

The vectors U; and U,; have the same length éc and are inclined 
to the x, axis at the angles @ ad 9,, respectively. On account of the 
relations (4a) and (5a) the vector LZ; is perpendicular to U; and 
has the length ¢. Since also L has the sign of V—V, we must have 
the vector L; inclined at the angle 6+-2/2 to the x, axis. 

The angle a between the vectors U; and U,; is clearly also an 
invariant with respect to any frame S. To determine if we take 
the frame S, which is at rest in the gas. Then if Vo is the velocity 
of the particle in this frame we must have 


tana=V /ic, cosa=8o, sina=BoVo/ic, 


where (6a) 
Bo= (1—Vie?/c*)-4. 
If the line PQ is drawn perpendicular to OP then by (6a) 
PQ=Vo, OQ=Botic. (7a) 
In the frame S, which moves with the particle we have V,= — Vo 
and so the relation (1a) yields 
L1= v,(— Vz) =vpVo. 
Also in this frame JZ; lies along the x; axis, i.e., L:=@. Hence 
b= vpVo. (8a) 
The line QP is, by (7a) and (8a), of length ¢/v, and is parallel 
to L;. Therefore QP represents the vector L;/vp. Similarly OQ 


represents the vector By 1U4:. 
We therefore have the vectorial relation 


Li=v9(Us— Bo Ug). 


Also since the number of collisions »d# made by the particle in 
the time dé must be an invariant and dt/@ is also invariant we have 


(9a) 


Yp= Bv=Bovo, 
where (10a) 
B=(1—V?/c)-4 
and vo is the collision frequency in the frame Sy. 

Then (9a) may be written in the symmetrical form, 


Li = vpFU i — vo gi. 


This or (9a) may now be taken as the exact relativistic equiva- 
lent to the relation (1a). It will be noted that in the form (11a) 


(lla) 
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the collision frequency v associated with each velocity four-vector 
is that for the proper frame of the corresponding particle. 

If we now rotate the frame S about its x, axis through an arbi- 
trary angle, the relations (9a) and (11a) remain unaltered and Uj, 
U,x have the general forms, 

U;=(Ui, U2, Us, Ud), Ugi=(Uer, Uo2, Vos, Usa) 
with U, and U4 the same as before rotation. 

Thus : 


VPt+VE+Vi=V%, 


(12a) 


Vot+Vor+Vei= V2. 
Also, since @ is unaltered, we have 
OP -0Q cosa= U;(Bo Uzi), 
with summation over i, and so by (7a) and (6a) 
UU = — Boc*. 


By means of (13a) it is easily verified that the expression (9a) 
or (11a) for L; satisfies the relations (4a) and (Sa) as is required. 
It also clearly yields a space vector L(Zi, L2, 3) which agrees 
with that specified approximately by (1a). 

On account of (10a) and (13a) Eq. (11a) may be written as 


L; = voW; 


(13a) 


where 
W = —67U UU —U gs. 


In the frame S, at rest in the gas we have therefore 
Wi=(—i/ce)(UUi, UU 2, UUs, C+ UP), 


which is identical with the expression for W; in Eq. (9) of Sec. I. 

Equation (2a) then becomes the dynamical Eq. (5) adopted in 
Sec. III with S, as the frame of reference. 

In a general frame S the fundamental Eqs. (1) to (8) remain 
valid provided that in (5) and (6) W; is expressed by (15a) given 
above. Then (9.1) is replaced by wi=—c?U,;(U st4; +0 jus), etc. 
The derived equations for the perturbations are then modified 
only through the terms involving vo and »’. 

Hence, when these terms are neglected the perturbation equa- 
tions obtained in Secs. II and III are valid in any frame of 
reference. 

In the present discussion it is assumed for simplicity that the 
collision frequencies vo, vo’ are independent of the drift velocities. 
This is correct only when the mean random motions of the par- 
ticles are large compared with the drift motions. But with all 
applications in which the effects of the collisions are small this 
assumption will not lead to any serious error. When the mean 
random motions are not large compared with the drift motions 
the exact effects of collisions can be calculated only by means of 
more complicated methods which will not be considered here, 
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of Eq. (18a). 








APPENDIX II 
The quartic equation, 
A?/(g—1)?+ B*/(s+1)?=1, (16a) 


with A and B given positive numbers, is satisfied by the sub- 
stitution, 
z+1=B cosecé, 


s—1=A secé, (17a) 


where @ is a root of 
A sec6—B cosecd+2=0. (18a) 
If A and B are taken as the coordinates of a point P in the 
(£, 7) plane shown in Fig. 2, then for any given value of @ Eq. 
(18a) represents a straight line QRP inclined at the angle @ to the 
t-axis and with the following intercepts on the axes: 


OQ=—2cos#, OR=2siné. 


BAILEY 


The intercept QR, of this line by the axes, is therefore of con- 
stant length 2. 
If C is the midpoint of QR then, by (17a), the corresponding 
value of the root z is given by 
s=CP. (19a) 
Also it is easily proved that the envelope of the line (18a) is 
the four-cusped hypocycloid” 


e+ nl=24, (20a) 


which is a closed curve symmetrical about 0. 

A real tangent to this curve from the point P(A, B) necessarily 
has its angle of inclination 6 equal to one of the real roots of (18a) 
and its intercept by the axes equal to 2. 

Since there are two or four such real tangents according as 
P(A, B) is outside or inside the curve, it follows that Eq. (16a) 
has two real and two complex roots or four real roots according as 


Al+Bi=2!. (21a) 


The real roots can be determined easily by drawing through the 
given point P(A, B) all the lines which have their intercepts QR 
by the axes equal to 2. 

When two complex roots 23, z, occur they can be determined as 
follows by means of the known real roots 3}, Z2. 

On expressing (16a) as a polynomial equation we see that 


Zitsetsat24=0, 2122832,= 1—A?— B*. 
It then follows that 
(22a) 


91, %=XI1y, 
where 
x=—4(2:4+22), y=[(1—A*—B*)z, 71227-2727}. = (23a) 


* See for example J. Edwards, Differential Calculus (The Mac- 
millan Company, New York, 1912), p. 301. 
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Nuclear Isomers of Ba'** and Ba'*** 


R. D. Hitt anp F. R. Merzcer 
Physics Department, University of Illinois, Urbana, Illinois 
(Received June 4, 1951) 


HE 28.7-hr y, € activity of barium has been identified by 

Robertson and Pool! with Ba™*, and has been shown? to 

arise from an isomeric transition of approximately 300 kev. The 

39-hr y, & activity of Ba was first observed by Cork and Smith,’ 

and was shown to be associated with an isomeric transition of 

276.4 kev. In the present note we give further results concerning 
these very similar transitions. 

Samples of BaCO; enriched‘ to 51 percent in Ba™, but contain- 
ing only 0.08 percent of Ba™, were activated in the heavy water 
pile at the Argonne National Laboratory. Spectrographic analysis 
using a 180° focusing instrument showed the presence of lines 
caused by the K- and L-conversion of a 269+-2-kev y-transition. 
These lines, from which an Nx/N 1 ratio of ~2 was estimated, 
decayed with a half-life of approximately 30 hr. Using a Nal 
scintillation counter of determined efficiencies for the y- and x- 
radiations, a value of 3.5.1.5 was obtained for the K-conversion 
coefficient of the 269-kev transition. 

The Ba™" sources were obtained by chemically separating 
barium from CsNO;, bombarded by 10-Mev deuterons. Spectro- 
graphic analysis showed the presence of K-, L-, and M-conversion 
lines from a 275.5+-1-kev y-transition, in good agreement with 
Cork and Smith’s value. A scintillation counter experiment gave 
for this transition a K-conversion coefficient of 32:1, which may 
be compared with Cork and Smith’s value of 1.8. 

The lifetimes of both isomers agree extremely well with the 
theoretical values’ for magnetic 2‘ transitions, vizs., 45 hr for 
Ba" and 42.5 hr for Ba. Although one would expect the more 
energetic transition of Ba" to be shorter lived than the transi- 
tion in Ba", the agreement between calculated and experi- 
méntal lifetimes is well within the uncertainty factor of 10*? 
arising from the lack of knowledge of matrix elements. 

The observed K-conversion coefficients, although not deciding 
unambiguously between magnetic 2‘ and electric 2° transitions, 
also favor the assignments of magnetic 2‘ transitions. The theo- 
retical values® are 3.9 and 3.5, respectively, for magnetic 2‘ transi- 
tions in Ba" and Ba™™, and are 2.1 and 1.87, respectively, for 
electric 25 transitions. 

e patted by the joint contract of ONR and AEC. 

1B. Robertson and M. L. Pool, Phys. Rev. 76, 1409 (1949). 

Weimer Pool, and Kurbatov, Phys. Rev. 63, 59(A) (1943); F. Yu and 
ae D. Kurbatov, Phys. Rev. 74, 34 (1948). 

3 J. M. Cork and G. P. Smith, Phys. Rev. 60, 480 (1941). 

4 Sepamated wootens obtained from Y1i2 Plant, Carbon and Carbide 
Corporation, Oak Ridge, Tennessee. 

6 as ay 2 formula. 


*M. Rose, e al., 
cients” funpubliahed). 


“Tables of K-Shell Internal Conversion Coeffi- 


Transition Effect in Pb of the Star-Producing 
Radiation in the Stratosphere. I*{ 

M. M. SHaptro, B. Sti-ter, M. BirnBaum, AND F. W. O’DELL 
Nucleonics Division, Naval Research Laboratory, Washington, D. C. 
(Received June 4, 1951) 

HE behavior in Pb of the star-producing radiation in the 
stratosphere has been investigated at geomagnetic latitude 
56°N by measuring star frequency versus depth. Previous studies 
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Fic. 1. Two views of Pb absorber. Elliptical in cross section near the top, 
with axes 10 and 15 cm, it widens toward the base. Total depth, 15.5 cm. 
At left, complete assembly, upper slab in place. At right, view before in- 
sertion of emulsions, showing vertical aperture. Stars were collected only 
from the central portion of the slot, near the axis. 


had shown a weak transition effect in Pb for small stars at moun- 
tain altitudes,’ and a stronger effect in the stratosphere.* The 
latter investigations were limited to depths of 4 cm at most. 

It is not clear why transition maxima appear at depths of the 
order of 2 cm, whereas the absorption mean free path in Pb of 
the incident star-producing radiation*® is about 28 cm. It seemed 
worth while, therefore, to explore this phenomenon with better 
depth resolution, under greater thicknesses of absorber, and using 
the ultrasensitive emulsions which had become available. Since 
1949, we have exposed Pb-covered photoplates in several “Sky- 
hook” balloon flights, and examined some 5000 stars. We report 
tentative results from two of these flights in Minnesota in which 
the balloons floated for 6.5 and 5 hr, respectively, at average 
pressure altitudes of 1.6 and 1.0 cm Hg. 

Ilford G.5 emulsions, 157.5 cm, and 400g thick, were inserted 
into a narrow vertical aperture in a Pb block (Fig. 1); the slot was 
then covered with a }-cm Pb slab. Other plates at the surface 
provided a zero-depth reading. With this absorber, the range of 
depths was considerably extended.** Moreover, the vertical ori- 
entation of the photoplates enabled us to measure star frequency 
as a continuous function of depth, where this seemed desirable. 
In scanning horizontal strips of emulsion, we stayed close to the 
vertical axis of the absorber; the average distance of a star from 





' 
@ 23 Racks 
@ <6 Tracks 
© >6reacxs — 
@@ 0 Yree an” 


t 

















FREQUENCY OF STARS (erbitrery units) 























os 
40 eo 
DEPTH IN PD anil 





Fic. 2. Star frequency versus depth for all 3565 stars, for small stars, 
and for large ones. The diamond-shaped points refer to “free air’ emul- 
sions. Probable errors, based on counting statistics alone, are shown 
throughout. 
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the axis was 1.2 cm. The number of “black” and “gray” tracks 
(grain density >1.4 times minimum) was used as an index of 
star size, in order that our results could be more readily compared 
with those of others.’ 

Figure 2, based on 3565 stars, shows their frequency versus 
depth. Frequencies were corrected for stars accumulated prior to 
the balloon flight, and during ascent and descent of the equipment. 
The upper points show the frequency of all stars with >3 prongs. 
The black circles refer to small stars, and the open circles to larger 
ones. The first circle in each set is plotted just beyond zero, to 
take account of a bit of overlying aluminum. The three diamond- 
shaped points give frequencies in “free air” emulsions, suspended 
far from any dense materials. These three values were obtained 
from the second flight and normalized to the first; the rest of the 
data are derived from a single flight. Stars initiated by x~-mesons 
coming to rest were not included in the data. 

The results may be summarized as follows: 

(1) The frequency of the larger stars, as well as that of the 
small ones, increases noticeably between “free air” and the upper 
surface of the Pb.* This suggests that some energetic secondaries 
(>200 Mev). with an appreciable upward component may be 
generated in the Pb. 

(2) In the first centimeter there is a drop in frequency, associ- 
ated with the smaller stars. This initial decrease has not been 
reported before. We have confirmed its existence in other experi- 
ments with geometries similar to this one. A possible explanation 
for this effect is given in the following letter. 

) A maximum occurs at 27 g/cm, as in other experiments. 
However, it differs from previous results (except Blau’s’) in that 
stars with >6 prongs contribute significantly to this effect. 

(4) A broader peak at 60-70 g/cm’, not observed heretofore, 
probably represents the major contribution of locally generated 
secondaries to the star population. This becomes more apparent 
as follows: Let us adopt as a measure of the transition effect at 
depth x, the ratio T(x) of the observed star frequéncy f(x) to that 
which would appear if the incident nucleonic radiation were ab- 
sorbed exponentially without generating star-producing sec- 
ondaries; i.e., let 


T(x) =f(x)/f(free air)e~*". 


For \, we take® the value 310 g/cm*. Figure 3 gives T(x) versus x 
for all stars >3 prongs.* The appearance of T(x) suggests that 
the second maximum in Fig. 2 is due to a saturation of the star 
frequency at ~70 g/cm’. 

In view of the near isotropy of intensity over a wide range of 
6 at high altitudes, our data could be plotted as a function of mean 
path of absorber traversed by the incoming radiation (at various 
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Fic. 3. Ratio T(x) of observed star frequency to that expected if the 
incident nucleonic radiation were absorbed exponentially. 
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6), instead of the vertical depth. This procedure would be espe- 
cially justified if the energy spectrum as a function of @ (not well 
known at these altitudes) could be taken into account. We are 
attempting to do this. 

We are grateful to Mr. E. O. Davis for help with photoplate 
processing and microscopy; and to Miss K. DeAngelis, Mrs. 
D. Applyby, Mrs. N. Redfearn, and Mrs. F. Brewster for their 
assistance in scanning the emulsions. The flights were arranged 
through the ONR and the General Mills Aeronautical Research 
Laboratory. 

* Reported at the Washington meeting of the American Physical Society, 
Bull. Am. Phys. Soc., 26, No. 3, 7 (1951). 

+ See accompanying letter by M. M. Shapiro, Phys. Rev. 83, 456 (1951). 

1 Bernardini, Cortini, and Manfredini, Phys. Rev. 74, 845 (1948); 
Malaspina, Merlin, Pierucci, and Rostagni, Nuovo cimento 7, 145 (1950) ; 
Schopper, Hécker, and Kuhn, Phys. Rev. 82, 444 (1951). Earlier, an effect 
for singly charged 5 ta had been found by Heitler, Powell, and Heitler, 
Nature 146, 65 (19 

- Lord and Marcel Schein, Phys. Rev. 75, 1956 (1949); Blau, Nafe, 
pe! Bramson, Phys. Rev. 78, 320 (1950). In both experiments, C.2 emulsion 
were placed horizontally at 4 depths, up to a total of 4 and 3 cm, respec- 
tively. Blau ef al. also investigated the effect in Cu. 

Pg on and Jason, Proc. Phys. Soc. (London) A62, 243 (1949). This 
value, 4 =310+20 g/cm?, is observed at altitude 3.5 km. It may be dif- 
ferent in the stratosphere, but is unlikely to differ by as much as a factor 2. 

* Thus far our data do not extend beyond 100 g/cm?, since due allowance 
for rays at oblique incidence would require an absorber wider at the base. 
This was precluded by restrictions in flight pay-loads. Despite this limita- 
tion, the extra depth should prove useful in evaluating (a) d for relativistic, 
star-generating protons incident at small (<25°) zenith angles; (b) attenua- 
tion of heavy primary nuclei in the 

6 We are now re-examining all the stars to arrive at a distribution based 
more directly on the energy release, including thin tracks. 

* This effect is known for very small stars; see reference 2. It has not 
heretofore been reported for larger ones. 

7 Dr. M. Blau kindly informs us that she has observed a similar peak for 
stars with > 6 prongs at 23 g/cm? Pb. 

8 The errors are probable errors in the relative values of T(x). The abso- 
lute values of T(x) are more uncertain, because they also involve an error 
in the free-air frequency 


Transition Effect in Pb of the Star-Producing 
Radiation in the Stratosphere. II 
Maurice M. SHAPIRO 


Nucleonics Division, Naval Research Laboratory, Washington, D. C. 
(Received June 4, 1951) 


OME of the results on frequency of cosmic-ray stars versus 
depth in Pb reported in the preceding letter! may be pro- 
visionally interpreted as follows: 

(1) Transition effects for larger stars——At mountain altitudes, 
transition effects have been found only for 3- and 4-prong stars. 
In the stratosphere, on the other hand, they occur for larger 
stars as well. This is not surprising, since the N-radiation at 
pressure altitudes of 1 or 2 cm Hg contains a considerable propor- 
tion of particles with energies in the Bev region. Some of their 
secondaries have energies of hundreds of Mev, enough to produce 
stars with >6 prongs. 

Another feature of the star-producing “primaries” in the 
stratosphere is that they arrive over a wider range of zenith angle 
than those at mountain altitudes. This may help explain some of 
the effects found at relatively shallow depths in an absorber. For 
example, the increase in star frequency between “free air” and the 
top of an absorber implies the production of rather energetic 
secondaries with an upward component of velocity. These can be 
generated by obliquely incident primaries even though the 
secondaries be emitted predominantly into the forward hemi- 
sphere. 

(2) Initial drop in frequency of small stars —This appears to be 
explicable in terms of the energy loss by ionization of relatively 
“slow” protons arriving obliquely—protons which can initially 
produce small stars, but are no longer able to do so after losing a 
large fraction of their energy in the lead. This diminution is 
closely connected with the type of geometry we employed.? The 
mean path p in our absorber for particles at zenith angles @ 
exceeding, say, 40° and arriving near the axis of the block at a 
depth of ™1 cm is 3.6 cm (see Fig. 1). The energy spectrum of the 
protons incident at @>40° contains relatively more slow (~100- 
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Fic. 1. Schematic section through upper portion of Pb absorber, showing 
paths of obliquely incident protons, and types of stars whose frequency 
should decrease as a result of ionization losses by these particles. 
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200 Mev) particles per steradian than that at smaller zenith 
angles, since a fuller development of the nucleonic cascade over 
longer atmospheric paths results in a degradation of this spectrum. 

Now consider stars like those shown schematically in Fig. 1. 
When the upper track is due to an incoming proton, this particle 
typically possesses an energy of about 90, 150, and 210 Mev, re- 
spectively, for stars of type a, b, and c.* A proton of type a or b 
is stopped in less than 3 cm of Pb, and will therefore, on the aver- 
age, fail to reach the emulsion from directions @>40°. As for a 
proton of type ¢, in traversing 3.6 cm of Pb, its energy is reduced 
by ionization to roughly 100 Mev. It will then, as a rule, not pro- 
duce stars like 6 or ¢ but can generate a star of type a. The net 
result is a reduction in the small-star frequency fs at the indicated 
depth as compared with that above the lead. 

The question remains whether the proton flux at this altitude, 
in the relevant £ and @ intervals is such as to account for the 
observed drop of 14.245 percent in fs. Detailed information on 
the proton energy spectrum as a function of zenith angle in the 
stratosphere is meager. However, we have used data obtained with 
emulsions‘ and counter telescopes® to estimate the proton flux in 
question, and have computed the decrease in fs expected on the 
basis of the suggested mechanism. We get values ranging from 10 
to 14 percent, in reasonable agreement with the observed effect. 

(3) Nature of the star-generating secondaries—Of the particles 
emitted in nuclear explosions, those most likely to produce further 
stars are neutrons, protons, and charged pions. It is uncertain, 
however, as to which of these types of secondaries is mainly re- 
sponsible for the observed maxima in a Pb absorber. 

In interpreting the transition effect at mountain altitudes, 
Dallaporta et al.* ascribe this role to neutrons, which are assumed 
to be produced by “evaporation” and emitted isotropically. 
Qualitatively, this theory explains the increase in rate of star 
production between free air and the upper surface of an absorber, 
as well as the further increase between the surface and interior. 
Quantitatively, when applied to a Pb cylinder 15 cm high, ex- 
posed at 4550 m, it predicts a peak at a depth of 8 cm. It does not, 
however, account for the position of the Pb maximum generally 
observed at mountain altitudes, which lies “1 cm deep.’ 

In the stratosphere, the multiplicative effects observed in a Pb 
block must be due largely to neutrons. However, in view of their 
long mean free path for star production, it is difficult to account, 
in terms of neutrons alone, for the observed variations in star 
frequency over short distances (e.g., the saturation which ap- 
parently sets in at “70 g/cm*, and particularly, the peak at 
™27 g/cm?). Instead, it seems necessary to invoke charged sec- 
ondaries as well. Since these lose at least part of their energy by 
ionization, the stars which they produce must occur, on the aver- 
age, closer to their own point of origin than those due to neu- 
trons. It appears to us, therefore, that an adequate theory of the 
transition effect must rely upon secondary protons and pions 
generated in the absorber, as well as upon neutrons. 

(4) Effects of geometry.—A number of reasons can be given for 
the differences between results in the several stratosphere experi- 
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ments. Neither the geometry nor the altitude nor the type of 
emulsion employed was the same in all cases. In particular, it is 
reasonable to expect® that an effect which depends on the produc- 
tion of secondaries within an absorber may be strongly influenced 
by its shape, its dimensions, and the arrangement of the emulsions 
inside it. We have evidence for this from other geometries which 
we have employed in different flights,* with results which differ 
in some respects from those reported here.’ Hence we believe that 
one should not expect detailed agreement between experiments 
performed by different observers thus far, even at the same alti- 
tude. In checking any theory of the transition effect quantita- 
tively against experiment, it will be necessary to take account of 
the particular geometry employed. 

The author has benefited from discussions with his colleagues, 
Messrs. M. Birnbaum and B. Stiller. 


1 Shapiro, Stiller, Birnbaum, and O’Dell, Phys. Rev. 83, 455 (1951). 

2 See reference 1, Fig. 1. 

* Brown, Camerini, Fowler, Heitler, King, and Powell, Phil. Mag. 40, 
862 (1949). 

‘ Hornbostel and Salant, private communication; Shapiro, Birnbaum, 
O'Dell, and Stiller, unpublished data. 

5 J. R. Winckler and W. G. Stroud, Phys. Rev. 76, 1012 (1950); see 
especially Fig. 2(b). 

* Dallaporta, Merlin, and Puppi, Nuovo cimento 7, 99 (1950). 

7A slight indication of a rise in frequency at 6 cm appeared in one 
mountain experiment, but the main peak there, too, was found at 1 cm. 
See Malaspina et al., Nuovo cimento 7, 145 (1950). This difficulty in the 
theory seems inherent in the reliance upon neutrons alone as the star- 
generating secondaries. It is not attributable to the choice of the evapora- 
tion mechanism, with its corollary of isotropic emission (although the use 
of an evaporation model for the production of neutrons 2100 Mev is 
questionable). For the more realistic ption of predomi ly forward 
emission would displace the calculated peak deeper into the lead, rather 
than closer to the surface. 

8 See, e.g., M. M. Shapiro and A. F. Gabrysh, Bull. Am. Phys. Soc. 26, 
No. 4, 10 (1951). 





Erratum: A Re-evaluation of the Fundamental 


Atomic Constants 
(Phys. Rev. 81, 73 (1951)] 
J. A. BEARDEN AND H. M. Watts 
The Johns Hopkins University, Baltimore, Maryland 
(Received May 28, 1951) 


N Table VII the value of the Bohr magneton should be changed 
to read: (9.27100+-0.00017) X 10% erg gauss“. 


Asymptotic Formula for Stopping Power of 
K-Electrons 


M. C. WaLsKE* AND H. A. BeTHEe 
Cornell University, Ithaca, New York 
(Received May 31, 1951) 


ROWN' has derived an asymptotic formula for the stopping 

number of K-electrons. This formula is useful for high en- 
ergies of the incident particle, i.e., for large »=mv*/2 (here and 
later we measure energies in units of Zee” Ry, the “ideal ionization 
potential” of the K-shell). » is the velocity of the incident par- 
ticle and m is the electronic mass. Brown’s formula for Bx(@, x), 
the stopping number contribution of the K-electrons, is of the form 


Bx(0,n)=A Olmn+ BO) +C(0) + jad, 


with @ equal to the observed ionization energy of the K-shell. 

It is the purpose of this letter to point out a correction to 
Brown’s work which makes necessary a change in his results for 
C(@) [see his formula (40)]. This correction has its origin in his 
calculation of the total stopping number of hydrogen, By. In that 
calculation it is necessary to integrate over all allowed Q=(p 
— p’)?/2m, where p and p’ are the momenta of the incident par- 
ticle before and after collision. For Qmax Brown has used 4, 
whereas Qmax is? rigorously of the order of magnitude (M/m)?* 
times 4n with M the mass of the incident particle, i.e., for heavy 
incident particles Qmax* ©. Furthermore, he has used correctly 
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Qmina=/4n (with ¢ the energy given to the atomic electron), 
but he has implicitly assumed Qmin=e/4y <e in order to expand 
the integrand of By. This assumption is equivalent to having 
€<2me*=4(m/M)(M2/2), but it is not always true that the 
energy given to the atomic electron is such a small fraction of the 
incident particle’s energy, Mv*/2. 

It is apparent that these two approximations would hold ex- 
actly for a free particle collision of a heavy particle and an elec- 
tron. In that case the maximum energy which could be taken off 
by the electron would, indeed, be 4m or 2me*. For bound electrons, 
however, one should expect a small correction for these approxi- 
mations. This correction affects the formula for Bg in the co- 
efficients of 1/n and higher order terms in 1/y. The result of work- 
ing out the exact correction is that a term —1/» should be added 
to Brown’s formula for Bg (which formula is for two K-electrons). 
This correction should also be added to his formulas for Bx(@, n) 
so that they read: 

Bx(@=0.7, n)=1.813 Inn+2.598 —2.067(1/n), 
Bx(6=0.75, n) = 1.7222 Inn+2.4954—2.100(1/n), 

Bx(6=0.8, ») = 1.6457 Inn +2.4017 —2.1196(1/n), 

Bx(@=0.9, n) = 1.5250 Inn+ 2.2400—2.1309(1/n). 


The details of these corrections will be published later, along 
with a treatment of the stopping number contribution of L- 
electrons. 

* Now at Los Alamos Scientific Lopereecey- Los Alamos, New Mexico. 


iL. M. Brown, Phys. Rev. 79, 297 (19 
2H. A. Bethe, Handbuch der Physik yy 495 (1933). 


Domain Boundary Motion in Ferroelectric Crystals 
and the Dielectric Constant at High Frequency 
C. KirTet* 

Beil Telephone Laboratories, Murray Hill, New Jersey 
(Received May 31, 1951) 


HE domain boundary in a ferroelectric crystal is the region 

separating domains polarized in different directions. In 
ferromagnetic crystals the boundary is ~10* lattice constants in 
thickness, while in paramegnetic crystals' at very low tempera- 
tures it is probably a single lattice constant thick; in ferroelectric 
crystals the boundary may be a very few lattice constants thick.? 
The surface energy of the boundary will be increased when it is 
set in motion because of the inertia of the ions which change 
position slightly as their dipole moments change direction on 
passage of the wall. The inertia may give rise to dielectric dis- 
persion at high frequencies. 

We calculate the surface inertia of the boundary in barium 
titanate on a simplified model having a boundary N lattice con- 
stants thick, separating domains polarized in opposite directions. 
We suppose for simplicity that the Ti ion changes position within 
the unit cell by a distance 6 between adjacent domains, and we 
suppose that this motion is the principal inertial effect in the 
crystal. In uniform wall motion the average velocity of the Ti 
ions is related to the wall valocity v,, by the relation v7; = (6/Na) vw, 
where a is the lattice constant. The kinetic energy per unit area of 
wall is therefore 4M(N/a*)(6/Na)*x,?, where M is the reduced 
mass of the Ti ion. The effective mass per unit area of wall is 

p=M#/Na‘ (1) 
If we take 5=0.2A and a=4A, we find p=1.0X10-°/N g/cm’, 
and it may not be unreasonable to set V =1. 

The equation of motion of the wall may be written 

p(d*x/d?)+r(dx/dt)+qx=2P,E, (2) 
where r represents damping effects and g the restoring force, asso- 
ciated, for example, with local trapping of the wall. Damping may 
be occasioned by coupling with lattice vibrations, selective im- 
purity diffusion, local trapping, acoustic radiation, and other 
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causes, but for the present we set r=0 purely for convenience. 
If xa° is that part of the static dielectric susceptibility arising from 
domain boundary displacements, we see readily that g=4P,3/ 
Dxa°, where P, is the saturation polarization and D is the width 
of a domain. 

In an alternating electric field of angular frequency w we have 


4P?/D 

xa= , (3) 

a 
so that there is a resonace at 

wo= (¢/p)*=[4P.2/pDxa°}. (4) 
Taking P,=50,000 esu, xa°~100, and D~10~ cm, we have for 
barium titanate 
So™%2X10 cps, 


where we have taken the wall as a single lattice constant thick. 

Powles and Jackson,’ and Von Hippel, have observed that at 
high frequencies the dielectric constant of polycrystalline barium 
titanate relaxes from about 1500 at 10* cycles to about 150 at 
3X 10" cycles; the center of the relaxation spectrum appears to 
be at about 310° cps, in good agreement with our calculated 
resonance frequency. The fact that the observed curve does not 
have a resonance character is not in itself disturbing, as this might 
well be accounted for by a combination of frictional effects and 
spread in domain widths. Similar situations are encountered in 
the magnetic properties of the ferrites. 

Although the extent of the agreement of theory with experi- 
ment is gratifying, it must be remembered that we have at present 
no independent or direct physical evidence that boundary dis- 
placements do in fact contribute to polarization processes in 
BaTiO; at high frequencies, and the observed dielectric dis- 
persion at 10° cps may still be caused by processes other than 
that discussed here, although our process must certainly occur 
when the damping is sufficiently low. Our present experimental 
knowledge of the origin of polarization processes in ferroelectrics 
even in static fields is almost negligible. 

I am grateful to Professor J. Bardeen for comments on the 
manuscript, to Dr. P. W. Anderson for several stimulating dis- 
cussions of ferroelectric problems, and to Dr. E. A. Wood for her 
patient exposition of experimental data. 


* Present address: Department of Physics, University of California, 


Berkeley, California. 

1C, Kittel, Phys. Rev. 82, 965 (1951). 

2 P. W. Anderson (private communication). 

J. G. Powles and W. Jackson, Proc. Inst. Elec. Engrs. 96, III, 383 
(1949); see also A. Von Hippel, Revs. Modern Phys. 22, 228 (1950). 


Relative Arrival Times of Air Shower Particles 


V. C. OFFICER 
Physics Department, University of Melbourne, Melbourne, Australia 
(Received June 5, 1951) 


HIS note reports the initial results of an experiment on the 

time relationship between the arrival of air shower par- 

ticles at an unshielded tray and the arrival of penetrating elec- 

trons, photons, or their products at a tray shielded by 10 cm of 

lead. It appears, after a correction is applied, that the soft and 

penetrating components arrive within a time < 10~* sec. However, 

preliminary results of a similar experiment' in which the lead 

thickness was 17.5 to 22.5 cm have shown time lags of the order 
of 0.4 ysec for the penetrating component. 

The showers are detected by two 320-cm? timing trays of 2-cm 
diameter, counters 4 m apart, and an intermediate tray, all 
arranged in a horizontal straight line. Any one of the trays can be 
shielded with the lead. After wide band amplification and delay 
the signals from the timing trays are displayed and photographed 
as radial pulses on a 1-ysec per turn spiral time base triggered by 
the triple coincidences.? An additional delay in one channel in- 
sures separation of the pulses. As a result of counter reaction times 
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alone, the distribution of this separation has a spread of +0.20 
usec and a standard deviation of 0.06 usec. 

With the lead on one timing tray 200 showers have been ob- 
served, and with it on the other tray 229 showers were observed. 
In each case a time lag of about 2 10~® sec was found to be asso- 
ciated with the shielded tray, the mean lag for the 429 showers 
being 2.10.3. 10-* sec. As a check, 86 showers were observed 
with the lead on the intermediate tray. The timing trays should 
then be fired simultaneously, on the average, and in fact the ob- 
served lag of 0.7,+0.6.X10~* sec is not significantly different 
from zero. The origin of the time scale was found by feeding the 
same Geiger pulses into both channels, 47 observations resulting 
in a distribution with a standard deviation of 0.16X10~* sec 
Halfway through each run the counters in the timing trays were 
interchanged to cancel the effect of unequal average reaction times. 

A further check on the performance of the apparatus had been 
provided by an earlier experiment designed to detect the time of 
flight of cosmic-ray particles able to penetrate 10 cm of lead. 
Over a path of 5.45 m the mean time of flight for 288 particles was 
1.9+0.5X10-* sec, which is not significantly different from the 
1.8 10~* sec required at the velocity of light. 

Because of a counter reaction time effect it is not necessary to 
assume that the soft and penetrating shower components arrive 
at different times. The shower rate of 1.5, per hour can be ex- 
plained if 11 percent of the shower radiation penetrates 10 cm of 
lead. This means that the shielded tray is usually traversed by 
only one particle, whereas the unshielded tray is frequently hit by 
several particles and supplies a pulse having the shortest of the 
corresponding reaction times. This results in a time lag associated 
with the shielded tray. 

Calculation of this effect? has been carried far enough to take 
into account 75 percent of the showers, and gives a time lag of 
2.0,X 10-8 sec, in agreement with the observed value. The agree- 
ment is rendered uncertain by the presence of two compensating 
effects. Overlapping the counters reduced their effective diameter 
and therefore reaction times, but scattering and firing by photons 
reduced the effectiveness of overlapping. It therefore seems reason- 
able to conclude only that the majority of the shower particles 
probably arrive at the apparatus within a time <10~ sec. This is 
consistent with the theoretical expectation of 10~® sec as an 
approximate upper limit to this time interval, and, with the 
thickness of lead so far used, does not necessarily conflict with the 
results of Mezzetti ef al. They found many lags of 0.2 sec and 
some as high as 0.8 ysec for the 1 to 2 percent of shower particles 
that penetrate 22.5 cm of lead. These are included in the 11 per- 
cent penetrating 10 cm of lead in the present experiment, but the 
few long lags thus introduced would not affect the mean lag ap- 
preciably. 

1 Mezzetti, Pancini, and Stoppini, Phys. Rev. 81, 629 (1951). 


2 Details of the electronics and the interpretation of results will appear 
in Aust. J. Sci. Research 4, No, 4 (1951). 


The Relative Phase of the Interaction Constants 
for Mixed Invariants in Beta-Decay* 
L. C. BIEDENHARN AND M. E. Rose 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received May 14, 1951) 


HE most general formulation of the (point) 8-interaction 
involves an arbitrary mixture of the five invariants S, V, 
T, A, P formed by contracting bilinear covariants of the lepton 
and nuclear fields.’ It is customary to assume real mixing (inter- 
action) constants;? and, since complex constants can have an 
effect on the predicted results of the theory, the question arises 
as to whether the usual assumption of real constants is an un- 
warranted restriction. We have examined this question and con- 
clude that the relative phases of the mixing constants must be 
zero (or x) and that the assumption of real constants is in fact 
no restriction on the theory. 
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For simplicity let us consider a mixture of scalar and vector 
interactions. The part of the total (hermitian) interaction energy 
corresponding to 8 emission then has the form, 


Ha~(¥*®) (Ye) + (C2/C1) (Uy) We) (1) 


Writing the constant C./C,=A+iB we then consider the inter- 
action (1) as a sum of three terms. Now by construction Eq. (1) 
is invariant to all continuous Lorentz transformations and, in 
addition, to space inversion. On the same footing as space-in- 
version invariance, time-inversion invariance of the physical pre- 
dictions of the theory should also be required. The significant 
feature of time reversal is that it involves complex conjugation® 
and is, therefore, sensitive to the phase of the operators in Eq. (1). 
Using the correct time reversal operator,‘ we find that Hg’ (the 
time-reversed Hg) is 


Hp'~((¥td) (te) * +A L(y") Ye) }* 
— BU (vti7y"®) (Ve) I*. (2) 


Since we require that Halp* be invariant under time-inversion 
(or equivalently | /Hgdr|*), we conclude that B =O unless all 
cross terms sensitive to the reversal in sign vanish. These are 
terms ~B; terms ~AB vanish identically. The cross terms (~B) 
do indeed vanish if we average over all spins, but they do not if 
we measure the spins of the particles involved. Since such an 
experiment is in principle meaningful, our conclusion on the rela- 
tive phase of the interaction constants follows. The generalization 
to mixtures of all invariants is straightforward. 

This result can be made somewhat more transparent by noting 
that the imaginary unit i is not a scalar under time reversal, and 
should be regarded strictly as an operator. The covariants ob- 
tained with operators involving 4, in order for physical results to 
be invariant under the extended group, must therefore be con- 
tracted into operators with similar tensor properties. The relative 
phase of the contracted covariants is then fixed. 

The Tolhoek-de Groot symmetry principle* is dependent upon 
the phase of the mixing constants,’ and the result that the (V7) 
and (SAP) invariants cannot mix may be relaxed for complex 
interaction constants. Our result shows that the Tolhoek-de 
Groot result on the nonmixing of (V7) and (SAP) is unique. 


* This paper is based on work performed for the AEC at the Oak Ridge 
National Laboratory. 
1E. J. Konopinski, Revs. Modern Phys. 15, 213 (1943). 
*H. A. Tolhoek and S. R. de Groot, Physica 16, 456 (1950). We follow 
the notation of this reference. 
+E. P. Wigner, Nachr. Akad. Wiss. Géttingen, Math.-physik K., 546 
(1932). 
4L. C. Biedenharn, Phys. Rev. 82, 100 (1951). 
*G, Trigg and E. Feenberg (private communication). 


The Absorption of Cosmic Radiation at 
High Altitudes* 
Martin A. POMERANTZ 


Bartol Research Foundation of the Franklin Institute, 
Swarthmore, Pennsylvania 


(Received May 23, 1951) 


T has been pointed out previously' that small thicknesses of 
interposed absorber (1 cm of Pb—7.5 cm of Pb) do not ef- 
fectively absorb primary cosmic-ray particles entering in the ver- 
tical direction at geomagnetic latitude 52°N, whereas absorption 
commences between 7.5 cm and 18 cm of Pb. It must be recalled 
that absorption is defined here as the reduction below unity of the 
probability that each primary, or at least one of its progeny created 
within the apparatus, always has sufficient residual range and is 
propagated in the proper direction to actuate the coincidence train. 
The convergence near the “top of the atmosphere” of the in- 
tensity vs altitude curves obtained with different small thicknesses 
of interposed absorber has been confirmed? by numerous experi- 
ments performed since the initial series of balloon flights. It was 
originally possible to compare the results for 7.5 cm of Pb with 
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Fic. 1. Intensity vs altitude curves obtained with 7.5 cm and 18.0 cm 
Pb interposed in the counter train. The asterisks represent points obtained 
in a B-29 aircraft and atop Mt. Evans (see reference 3). 


those for larger thicknesses only by applying the customary but 
nevertheless unsatisfactory normalization procedure to the data 
obtained by others. A direct measurement was subsequently un- 
dertaken, and a detailed investigation of the factors involved in 
the standardization between two different counter trains was 
conducted. 

The results are plotted in Fig. 1. Details regarding the quad- 
ruple-coincidence counter-train utilized in these experiments, 
ground counting rates, etc., are given in reference 3 under the 
designation Apparatus B. The dashed curve represents the average 
of data obtained with a different counter train designated Ap- 
paratus A. The normalization of the data is accomplished by the 
application of the geometrical factors ¢8/¢4 (Table V, reference 3) 
to the counting rates obtained with Apparatus A. Direct veri- 
fication of the validity of this normalization was obtained by 
simultaneous operation of the two instruments at sea level, at 
mountain altitude, and in B-29 aircraft. the appropriate value of 
p in a cos?@ zenith angle distribution law was determined as a 
function of altitude from experimental data.‘ 

Whereas the earlier comparison based upon the usual arbi- 
trary normalization at sea level had indicated an absorption in 
18 cm of Pb amounting to 40 percent near the “top of the at- 
mosphere,” the present results show that actually 29 percent of 
the primary particles are stopped in the sense defined above. A 
comparison of our data with those of Schein and Allen on the 
basis of a reasonable normalization procedure’ is not inconsistent 
with this conclusion. 

It is interesting to note the relative effects of (a) the 120 g/cm? 
Pb shield interposed in the counter train at the ceiling altitude 
and (b) an equivalent mass of superposed atmosphere, alter- 
natively added to the initial 85 g/cm? of interposed Pb. The de- 
crease in the observed particle intensity in case (a) is practically 
the same as that in case (b). This is indeed a striking consequence 
of a conspiracy of circumstances. Both meson decay and energy- 
loss considerations make the equivalent atmospheric path a con- 
siderably more effective stopping layer. On the other hand, owing 
to the multiple production of secondaries, geometrical considera- 
tions favor the air path from the point of view of the enhancement 
of the detectable particle intensity. Penetrating secondaries pro- 
duced within a narrow cone by an incident primary particle are 
not detected individually in case (a), whereas they can be re- 
corded in case (b). Furthermore, charged secondaries arising from 
neutral nucleons, which of course constitute a significant frac- 
tion of the primary cosmic-ray particles, cannot actuate the 
counter train in case (a), whereas they are observable in case (b). 
It is remarkable that in such a complex situation, the various 
competing processes provide almost exact compensation. 

* Assisted by the joint age of the a and AEC. 

1M. A. Pomerantz, Phys. Rev. 75, 69 ( 

2M. A. Pomerantz, Phys. Rev. 77, 230 71950), 
a a ag results. 


Pomerantz, Phys. Rev. 75, 1721 (1949). 
4M. A. Pomerantz, Phys. Rev. 75, 1335 (1949). 


and subsequent as yet 
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Erratum: Resistivity and Hall Constant 
of Semiconductors 
[Phys. Rev. 82, 109 (1951)] 
Cart N. Kiar 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 


N a recent letter with the above title several misprints oc- 
curred. The denominator in Eq. (2) should be squared. The 
Rnec value for y==0 should be 315/512, in agreement with 
the value computed for this special case by Johnson and Lark- 
Horovitz.! The symbol « should be used only for the electron or 
hole energy ; other ¢’s should really be ¢’s to be consistent with the 
notation of Fig. 1. 
1V. A. Johnson and K. Lark-Horovitz, Purdue University Semiconductor 


Research, Sixth Quarterly Report, Signal Corps Project 112B-1 (un 
published), p. 6. 


Energy Levels of a Spheroidal Nuclear Well 
SARAH GRANGER AND R. D. SPENCE 
Department of Physics, Michigan State College, East Lansing, Michigan 
(Received May 31, 1951) 


ECENTLY Rainwater’ has proposed a nuclear model in 

which the odd nucleon moves in a potential well of uni- 
form depth and oblate spheroidal shape. It is proposed that such 
a model may explain certain large quadrupole moments. Using 
a perturbation method Feenberg and Hammack? have calculated 
the displacement of the nuclear energy levels produced by small 
spheroidal distortions of the potential well. 

In the present note we present the results of calculations of 
somewhat larger distortions than those contemplated by Feen- 
berg and Hammack. Although we have used the proper spheroidal 
wave functions, our calculation fails to be completely rigorous 
because we have used the boundary conditions of an infinitely 
deep well. The results of the calculations are shown in Figs. 1 
and 2, where we plot the energy in the dimensionless units (kao)? 
against the eccentricity «. Here k is the wave number and dp is 
the radius of the oe well. The eccentricity ¢ is here de- 
fined as e=(a*—}*)*/a, where a and BD are the semi-axes of the 
spheroid. One should note that this differs from the quantity 
e=(a—b)/ao defined by Rainwater. The curves are labeled with 
the quantum numbers /, m belonging to the undistorted nucleus. 
For e<0.1 the results agree with the perturbation calculations of 
Feenberg and Hammack. 

In the future we hope to improve our calculations by using the 
exact boundary conditions, and to examine the dependence of the 
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Fic. 1. Energy levels for n =1. Levels are labeled with the 
quantum numbers /, m of the undistorted nucleus. 
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quadrupole moment on ¢. The authors wish to thank Dr. C. 
Kikuchi for his interest in the present work. 


1 J, Rainwater, Phys. Rev. 79, 432 (1950). 
2 E. Feenberg end K. C. Hammack, Phys. Rev. 81, 285 (1951). 


Singular Potentials and the Theory of the 
Effective Range 
KeitH A. BRUECKNER AND FRANcIs Low 


The Institute for Advanced Study, Princeton, New Jersey 
(Received May 28, 1951) 


HE theory of the effective range as developed by Schwinger! 

and Bethe? has been applied successfully to the analysis of 

low energy nucleon-nucleon scattering. In particular, for neutron- 

proton scattering, the phase shift and energy are related by the 
simple approximate expression, 


k cotd= —1/a+ 4rok?, (1) 


where a is the scattering length and rp is the effective range. Since 
the experimental results determine only the two parameters a and 
ro, it is possible to determine only general properties of the nu- 
cleon-nucleon potentials. It has been shown that for low energies 
(less than 10 Mev) the depth and range of any nonsingular short 
range potential such as the square, Yukawa, gaussian, or exponen- 
tial wells can be adjusted to give satisfactory values for these 
constants. 

The singular potentials of meson theory, however, have not 
been investigated for consistency with the effective range concept. 
Pseudoscalar meson theory, which gives qualitatively correct 
descriptions of many other mesonic phenomena, predicts singular 
nuclear forces. The nucleon-nucleon potentials given by this 
theory have the property, at least in the weak and strong coupling 
limits, that between the meson and nucleon Compton wave- 
lengths the variation with the nucleon-nucleon separation is given 
by e*’/r', and, for large r, by e~*”/r, where uw is the meson mass. 
Although we cannot rely in detail on the predictions of per- 
turbation methods applied to pseudoscalar theory, it seems prob- 
able that the singular nature of the forces is correct, at least for 
distances larger than h/Mc where relativistic effects are not pre- 
dominant. We shall, therefore, investigate a potential having 
only the general features of singularity inside the meson Compton 
wavelength and a Yukawa tail outside in order to determine the 
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possibility of fitting the binding energy and effective range of the 
neutron-proton triplet system. 
We choose as an example, 


V(r) = Vee [B/(ur)+1/(ur)*] for r greater than h/Mc, (2) 


where B is zero or one, so that the 1/r’ force predominates inside 
the range of the forces. yw is taken to be the -meson mass (275 
electron masses) since it is difficult to see how the intrinsic range 
(h/uc) of the potential can be greater than that determined by the 
mass of the lightest strongly coupled particle, although it cer- 
tainly may be less. 

We shall allow an arbitrariness in the potential for distances 
less than the nucleon Compton wavelength. Because the nucleons 
are highly relativistic in this region, we can say nothing about the 
forces without a solution of the relativistic two-body problem, 
which has not yet been obtained; in fact, the concept of force 
becomes fairly meaningless in this range. In addition, the exist- 
ence of heavy mesons’ or of the strongly coupled “V-particles” 
of Anderson‘ will affect the interaction at small distances. We 
therefore shall consider the effects of modifications of the forces* 
in this range; the three potential strengths for r less than A/Mc 
which we have investigated are given in column 1 of Table I. 

As a further comment on the validity of the theory of the 
effective range for relativistic problems in general, it can easily 
be shown that the expression for the effective range for the rela- 
tivistic one-body problem at low energies is identical with the 
nonrelativistic expression if the nonrelativistic solutions are re- 
placed by the large components of the relativistic solutions. It 
must be strongly emphasized that this result does not apply to 
the two-body problem and only shows that nothing goes wrong 
with the method in the one-body case. This is in keeping with the 
spirit of our investigation, which is primarily an attempt to see if 
one can rule out singular potentials on the basis of low energy 
scattering experiments. 

Calculation of the effective range.—The effective range is given 
by the expression,? 


trom f Lexp(—2ar)—u* ry, (3) 


where u is the solution of the Schrédinger equation for the ground 
state of the deuteron, 


@u/de=M(Est+V)u, (4) 


which goes asymptotically as exp(—ar), Eg is the magnitude of 

the deuteron binding energy, and a’=MEz. For potentials of 

the form which we are considering, we cannot obtain closed solu- 

tions of Eq. (4). We therefore have used a combination of approxi- 

mation methods and numerical integration to obtain a solution. 
We note that u(r) satisfies the integral equation, 


u(r) =exp( —ar)— f~ sinha(r’—r) /aV (r’)u(r’)d*r’. (5) 


We have calculated the first Born approximation to this expres- 
sion [replacing u(r’) by exp(—ar’) ] to give the amplitude, and the 
second Born approximation for the first derivative. These approxi 
mations are valid down to 1.4(h/uc) for the strongest potentials 
which we have considered. For smaller 7, the integration was 
carried out numerically, working directly with Eq. (4). Because 
of the somewhat tedious nature of this work, we have investi- 
gated only a very limited choice of the potential for r less than 
h/Mc. The results for the effective range are given in Table I. 
We see that for attractive or zero forces and for B equal to zero or 


TaBLe I. Effective range in units of 107% cm. V’ is the potential 
street for r less than A/Mc =0.21(10)~* cm. The parameter B is defined 
in Eq. (2). 
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one, the effective range is much smaller than that observed 
(1.56 10-" cm). A short range repulsion, however, much in- 
creases the effective range, and for B equal to one, the effective 
range is nearly large enough. It is apparent that a choice of B 
only slightly larger than one, or a slight increase in the radius of 
repulsion, would increase the effective range sufficiently to give 
agreement with experiment. 

We conclude that the singular potential of Eq. (2) can give the 
effective range correctly, but only if (1) the potential has a long 
tail, i.e., B equal to one, or greater; (2) there is a strong repulsion 
at distances less than the nucleon Compton wavelength. 

Conditions (1) and (2) might well follow from a careful treat- 
ment of pseudoscalar meson theory or as a consequence of the 
strong coupling of heavy “mesons”; hence we are unable to point 
to a clear-cut contradiction with experiment. 


1 Harv 4 lecture notes (hectographed), quoted by J. Blatt, Phys. Rev. 


74, 92 (19 
27H. A. Bethe, Phys. Rev. 76, 38 (1949). 


* Rochester and Butler, Nature 160, 855 (1947). 

4A, J. Seriff et al., Phys. Rev. 79, 204A (1950). 

* It is apparent that a modification of the nonrelativistic potential inside 
the nucleon Compton wavelength, 4/Mc, is equivalent to a modification of 
the boundary condition on the wave function at r =4/Mc, which can be the 
result of unknown effects occurring inside this range. 


A Difficulty in Fréhlich’s Theory of 
Superconductivity 
W. Koxun* AND VACHASPATI 
Institute for Theoretical Physics, Copenhagen, Denmark 
(Received May 15, 1951) 


ROHLICH#? has recently proposed a theory of super- 

conductivity which is based on the interaction of the 
lattice vibrations with the conduction electrons. As a starting 
point, he investigates the ground state of the system, electrons 
plus lattice oscillators, treating their interaction by perturbation 
theory. He finds that when the strength of the interaction exceeds 
a certain critical value, the usual second-order perturbation 
expression, 


EJ =E,t+2n|Hen|?/(Es—En), (1) 


gives a slightly lower (finite) energy if one starts not from the 
ground state in the absence of interaction (electrons filling the 
Fermi-sphere, oscillators unexcited), but rather from a state in 
which an appropriate shell of electrons has been displaced from 
the Fermi sphere, while the oscillators remain in their ground 
state. Fréhlich himself has remarked that the application of per- 
turbation theory to such an excited state is somewhat doubtful, 
since in that case E, is degenerate with many £, and thus the 
sum in Eq. (1) contains singularities. Nevertheless, he obtained 
finite results by taking principal values in his integrations, and he 
concluded that the ground state of the system is described by a 
shell distribution. 

Since the existence of the shell state is basic in this theory, we 
have examined more closely whether the use of Eq. (1) is justified 
in this case. In this connection we have considered another type 
of initial state, namely, one in which the electrons fill the Fermi 
sphere (for simplicity), but the oscillators are in excited states. 
It was thought that for strong enough interactions the resulting 
negative perturbation energy might more than offset the increase 
in zero-order energy due to the excitation of the oscillators. The 
total energy was calculated by the doubtful Eq. (1), using a pro- 
cedure quite analogous to that of reference 1. One notes first that 
the oscillator with wave vector w contributes a term (mw+4)how 
to the zero-order energy, where *y is its level of excitation and ww 
its frequency. Furthermore, the squares of the matrix element in- 
volving the oscillator w are proportional to ny+1 for emission, 
and to » for absorption of a phonon. Hence, this oscillator con- 
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tributes a term of the form —F(Ay+Bwynw) to the perturbation 
energy, where F is a measure of the strength of interaction (see 
reference 1). It will now be seen that if for any w, FBw>hww, 
it becomes energetically favorable for the corresponding oscillator 
to be infinitely excited. A simple calculation shows that this 
condition can be written as 2a~/v>1, where v is the number of 
conduction electrons per atom and 


cow =4+4[(2ko/w) — (w/2ko) Jlog| (2ko+w)/(2ko—w)| (2) 


(ko=electronic wave number at Fermi surface). The maximum 
value of aw is 1 (at w=0), so that as soon as 


2Fy>1, (3) 


it follows that the energy can be lowered indefinitely by highly 
exciting the appropriate oscillators, a result which is quite un- 
physical. 

It is now difficult to see how the existence of the shell state can 
be established from Eq. (1). For suppose that the latter is tenta- 
tively accepted. Then, whenever according to Fréhlich the inter- 
action is strong enough to lead to the shell state and thus to super- 
conductivity,’ the condition (3) is satisfied. Hence, states with 
even lower energy would exist. On the other hand, the fact that 
the energy of these states can be made arbitrarily low is an in- 
dication that it is unsafe to draw any conclusions from Eq. (1) 
once the inequality (3) is satisfied. 

When this calculation was completed, we received through the 
kind offices of Professor C. Mgller a manuscript by Professor 
G. Wentzel in which similar conclusions were reached from a 
somewhat different point of view. 

We wish to express our sincere appreciation to Professor 
N. Bohr for the opportunity to work at the Institute for Theo- 
retical Physics. We are also grateful to the National Research 
Council of America and to the Education Ministry, Government 
of India, for their financial support which has made this research 
possible. 


* On leave of absence from Carnegie Institute of Technology, Pittsburgh, 


Pennsylvania. 

1H. Frohlich, Phys. Rev. 79, 845 (1950). 

2H. Froéhlich, Proc. Phys. Soc. (London) 64, 129 (1951). See also J. Bar- 
deen, Phys. Rev. 80, 567 (1950); Phys. Rev. 81, 829 (1951). 

3 According to Eq. (3.19), reference 1, and Errata, reference 2, the 
condition that the shell state is the ground state is 2»F >1 if 4» <1; in the 
case 4v >1, it is (v/2)4F >1 so that a fortiori 2vF >1 


On the K-Capture/Positron Branching 
Ratio for Cu®™ 


C. SHarp Coox 
Physics Department, Washington University,* St. Louis, Missouri 
(Received May 21, 1951) 


IGNIFICANT in all the experimentally determined values 

which have been reported! to date for the K-capture/positron 
ratio for the decay of Cu® have been a number of instrumental 
correction factors. These have been brought about by the effects 
of the measuring instrument upon the emitted radiations, pri- 
marily the low energy x-rays and Auger electrons. It is perhaps of 
interest to note that this ratio can be obtained through a com- 
bination of the results of two measurements which have not re- 
quired the use of instrumental correction factors. In the first place 
Reynolds’ has used an ingenious method, utilizing mass spectro- 
scopic relative isotopic abundance measurements, to determine 
the K-capture/positron ratio for Cu™. This yields a value 
(K/8*)e4= 2.32. 

The ratio (K/8*)«,/(K/8*)e: also has been measured® without 
any required instrumental correction factors. This stems from the 
fact that the x-rays associated with K-capture occur at the same 
energy for both these isotopes. As a result any correction needed 
for one will be needed in the same amount for the other, and a 
ratio determination eliminates the need for their use. The value 
for this ratio has been determined as 5.5. Combining these figures, 
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one finds that the value K/8* for Cu® should be 
(K/B*)o1.=2.32/5.5=0.42. 


The value of 5.5 however is probably about ten percent too 
high, since the experiment which determined this value used the 
annihilation radiation as a measure of the positron intensity. 
Since, in such absorption measurements, the 655-kev gamma- 
radiation*® is indistinguishable from the annihilation radiation, 
it will contribute approximately ten percent of the measured in- 
tensity. Taking this into account, the experimental value of 
K/8* for Cu® becomes 


(K/B*) 61 = 2.32/(0.9)(5.5) =0.47 


in excellent agreement with the anticipated theoretical value of 
0.52 as determined from the disintegration scheme proposed for 
Cu®™ from work performed in this laboratory.® 


* Assisted by the joint program of the ONR and AEC, 

1R. Bouchez and G. Kayas, J. phys. et radium 10, 110 (1949); Huber, 
Ruetsche, and Scherrer, Helv. Phys. Acta 22, 375 (1949) ; Bouchez, deGroot. 
Nataf, and Tolhoek, Physica 15, 863 (1949); J. phys. et radium 11, 105 
(1950). 

2 J. H. Reynolds, Phys. Rev. 79, 789 (1950). 

* Bradt, Gugelot, Huber, Medicus, Preiswerk, and Scherrer, Helv. Phys. 
Acta 18, 252 (1945). 

oehm, Blaser, Marmier, and Preiswerk, Phys. Rev. 77, 295 (1950). 
* Owen, Cook, and Owen, Phys. Rev. 78, 686 (1950). 


Calculation of Nuclear Magnetic Moments 


MASATAKA MizUSHIMA AND Minoru UMEZAWA 
Physics Department, Faculty of Science, Tokyo University, Tokyo, Japan 
(Received May 21, 1951) 


HE magnetic moments of some nuclei were calculated by 

means of the ,—j coupling shell model. The calculated 
moments agree very well with experimental values, and some 
conclusions about nuclear forces are obtained. 

In the case of nuclei with closed shells +1 nucleon, the calcu- 
lated magnetic moments are the same for both the 7—j coupling 
shell model and the single-particle shell model, and they lie on 
the Schmidt lines.’ The calculated values are compared with ex- 
periment in Table I. They agree except for B", AP’, and P®. 

In the other cases, the magnetic moments predicted by the 
j—Jj coupling shell model are not the same as those predicted by 
the single-particle shell model. The magnetic moments of nuclei 
with closed shells +3 nucleons are calculated under the following 
assumptions: (i) the succession of energy levels is that indicated 
by Mayer,’ (ii) isotopic spin multiplicity is a good quantum 
number; i.e., [H, T]=0 (T: total isotopic spin). 

The calculations were made by constructing the isotopic spin 
part and the ordinary rotational part (including spin) of the wave 
function separately from the individual isotopic spin and rota- 
tional wave functions. They are then symmetrized by the group 
theoretical method, and coupled one to one, so that the total 


TaBLe I. Magnetic moments of nuclei with closed shells +1 nucleon. 


Hexp* 


2. 978643 +28 
—2.12741443 
2.68858 +28 
0.70225 
—0.28299 +3 
—1.8928 +19 
2.6285 +7 
4.79 3.6408 
2.79 1.13165 
1.14 0.9 
0.12 0.391 +1 


Cc Contiperation +¥ Beale 


2.79 
—1.91 
3.79 
0.64 
0.27 
—1.91 
2.79 


(s)- 1 +1 
(s)™ —1 
(2pay2)~! +1 
(2p1/2)! +1 
(2piy2)™ +1 
(2s1/2)! +1 
(2s1/2) “1? +1 
(3d5/2) 7? +1, 
(2512) “1? +1 
(3ds/2)! +1 
(3d3/2) 1 +1 


SSSSSSSSSSS| 





*Jj. Mack, Revs. Modern Phys. 22, 64 (1950); except OW [F. Alder 
and F. ra Yu, Phys. Rev. 81, 1067 (1951)]}. 
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TABLE il. Magnetic moments of nuclei with closed shells +3 nucleons. 


I Contguration 
3.26 
—1,18 


—0.48 


, 
0.80 0.82 


—1.06 to 2.76 _o,¢ 
* = m 
2.57 0.96 


. Mack, Revs. Modern Phys. 22, 64 (1950). 


wave function satisfy Pauli’s principle. The results are shown in 
Table II. 

Assumption (ii) is satisfied when (a) the interaction hamil- 
tonian is r-independent, or (b) scalar products (r;7;) are the only 
r-dependent factors.? Condition (a) is the case of neutral meson 
theory, while (b) is the case of symmetrical meson theory.‘ Thus 
our result is compatible with neutral and symmetrical meson 
theory, but charged meson theory is excluded. 

From Table II we can conclude that the ground states of all these 
nuclei except Cl** have T=}. This is quite natural, since N=Z+1 
nuclei are much more stable than their neighboring nuclei with 
the same A. (7 =} means that the level is common to these 
nuclei.) This means that the interaction between nucleons can be 


Predicted magnetic moments of nuclei with 
closed shells +3 nucleons. 


Tase III. 


Assumed 


spin Configuration Try 


3.958 to 0 
0.33 


—0.48 
0.80 


expressed as a+5P, with positive 6. (P, is the charge exchange 
operator.) From our result that 7 can be assigned definitely, } 
must not be zero; that is, the symmetrical meson theory is needed 
to explain the internucleon force. 

In the case of Mg** there are two independent states which be- 
long to T=4, so that the calculated magnetic moment lies be- 
tween two values. Experiment shows that the moment of the 
ground state is near the minimum theoretical value. From this 
fact some characteristics of the interaction hamiltonian must 
be concluded. 

It should be mentioned that the success of Feenberg’s approach® 
in the case of odd-odd nuclei is also preserved as such in our theory. 

In Table III the magnetic moments are predicted for nuclei on 
which measurements have not yet been made because of their 
short life. It is hoped to determine these moments experimentally. 

It should be noted that even P-odd N nuclei have quadrupole 
moments in the present j— 7 coupling shell model. Investigations 
in quadrupole moment, 8-decay, and excited states from the pres- 
ent standpoint of j—j coupling shell model have been made. A 
more detailed discussion will be published in the near future. 

The authors are grateful to Professors M. Kotani, S. Nakamura, 
M. Sasaki, M. Taketani, and T. Yamanouchi. 

1T. Schmidt, Z. Physik 106, 358 (1937). 

2M. G. Mayer, Phys. Rev. 78, Ah age 

+E. Wigner, Phys. Rev. 51, 106 (193 

‘L. Rosenfeld, Nuclear — (North- Holland Publishing Company, 


Amsterdam, 1948), pp. 198, 
+E. Feenberg, Phys. Rev. he "1275 (1949), 
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A Reduction of Arbitrariness in the Theory of 
Forbidden $-Spectra 


C. L. Loncmire anp A. M. L. Messtan 
University of Rochester, Rochester, New York 
(Received May 31, 1951) 


N the theory of forbidden §-spectra,! there exist values of spin 
and parity which permit the transition to take place through 
two sets of matrix elements which possess essentially the same 
degree of forbiddenness with respect to the lifetime. In such cases, 
the spectrum predicted by the theory is a linear combination of 
three terms whose coefficients depend on the nuclear matrix ele- 
ments. 
Consider, for example, the transition J=+2 “no”; the tensor 
interaction permits the transition through the 7;; and A;;, where, 
in KU! notation, 


74;=([eXrjixj+[oxXr] jx, (1) 
A jj; =ajXjt+ajxi— }(@-8)8;;. (2) 


Calling @;, V,™’, the initial and final nuclear wave functions 
(M, M’ are the s components of their spins J, J’) and denoting 
the nuclear matrix elements by 

=(by™'|Ag |"), Tyj¥r 


i al =(b yy |Ti;|@s), (3) 


one gets the correction factor, 
Dl Ag M24 f(W)D {A MMT MM +.c.} 
+f'"(W)E|Ti"™"|2 (4) 


where the summations have to be taken over all the values of 
M, M’, i, j, and where f(W), f’(W), f’(W) are known functions 
of the §-ray energy. 

At first sight, no other systematic relation than the Schwarz 
inequality seems to relate the three coefficients on the right-hand 
side of Eq. (4). We will show, however, that the ratio, 


pig! =A, MM’ /T MM (5) 


is (a) independent of M, M’, 4, j, and (b) real. 

Property (a) follows from the invariance of the nuclear hamil- 
tonian under space rotation. The 7;;’s, as elements of a spurless 
symmetric tensor of second rank, may be expressed as linear 
combinations of 5 operators 7,(u=—2, —1,0,1,+2), which 
transform under rotation like spherical harmonics of order 2. 
For the same reason, the A;;’s may be expressed as the same 
linear combinations of analogous operators A,. Such operators 
as Ty, Ay have been studied by Racah.? From the theorem ex- 
pressed by Racah’s Eq. (28)? the ratio (Wy™'|Ay|@s¥)/ 
(¥y™’| T,|@s™") is a number independent of M, wu, M’. Property 
(a) follows.* 


C:r=f(W) 


pijMM' =p, (6) 
Property (b) follows from the invariance of the nuclear hamil- 
tonian under “time-reversal.’”*5 Call K the “time-reversal” 
operator; it must leave unchanged the positions and reverse 
velocities and spins, 
K@ M = el? -M 
KA,;Ko= KT,;Ko=—Tj;. 
(¢ and y are arbitrary phases—A ;;, 7;; are both imaginary opera- 
tors according to Wigner’s nomenclature.) 
The operator K is antilinear and may be written 
K=UKo, (8) 
where Ko transforms the wave function into its complex conjugate 
and U is a unitary linear operator. 
Applying, successively, properties (8) and (7), one obtains 
. |A ‘ij | Gy") = (K¥y™, KA ijK7OKO s 
Ml A, ;|@y-M)* = —e—-04 -M-M'*, (9) 


KV yp =ey y-™ 7) 
/ 
— Mss, 


Ajj MM = (wy 
~~) / 
=—e'¥ OW y 


In the same way, we have 


TMM = —¢eih—-0) 7; -M.—M'*, (9’) 
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Dividing Eq. (9) by Eq. (9’) side by side and applying property 
(a), we find property (b): 
p=p". (10) 
Consequently, Eq. (4) may be written 
Cor =X Ti |* {02 f(W)+20f (W)+f'(W)}, (11) 


which means that the shape of the spectrum depends on one ad- 
justable real parameter p (which can be positive or negative) 
rather than two. The above derivation is quite general and is 
easily extended to any forbidden spectrum determined by two 
sets of “irreducible tensor” operators A», B,. In such cases, it 
can be shown (and is evident from the KU tables) that, in the 
conventional f-decay theory, the spectrum will always be of the 
form (4), where, in fact, the ratio 4,”™’/B,™™’ is independent 
of n, M, M’, and real. 

To our knowledge, there are three spectra which have been 
fitted by the form (4), namely, the spectra of RaE, Cl**, Cs'¥’. 
The RaE spectrum was first fitted by KU® using the form (11) 
(KU suspected in fact that the formula (11) holds generally). 
The Cl* spectrum’ and high energy part of the Cs!’ spectrum’ 
have also been fitted by the form (11). The Cl** case is impressive 
in that one needs precisely the form (11) in order to obtain any- 
thing like a good fit. 

Thus, the present experimental evidence gives some reason to 
believe that nuclei respect the requirement of invariance with 
respect to time reversal. Conversely, our result lends credence to 
the manner in which these forbidden spectra have been fitted. 
The redvction of the arbitrariness achieved here makes the study 
of such spectra more useful as a test of 6-decay theory. 

Spectra of the form (11) are being calculated for various values 
of p, Z, and Wo. We wish to thank Dr. G. Racah for suggesting 
the applicability of time reversal to our problem. This work was 
supported in part (C.L.L.) by the AEC and in part (A.M.L.M.) 
by the French Direction des Mines. 


1E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941): 
referred to throughout as KU. 

2G. Racah, Phys. Rev. 62, 438 (1942). 

3 An alternative and rather simple proof of property (a) can be obtained 
by group-theoretic considerations. Both proofs are, in fact, equivalent, 
since Racah’s theorem quoted is deriv from the commutation rules 
of the spherical harmonic tensors with the angular momentum operators, 
ie., the operators of infinitesimal rotation, and since all the properties of a 
continuous group like the rotation group may be deduced from the proper- 
ties of its infinitesimal transformations. We have preferred to refer to 
Racah's proof, since it is already published. 

‘For a general study of “‘time-reversal’’ invariance, see 
Nachr. auet. Wiss. Géttingen, Math.-physik K1., 546 (1932). 

. P. Lloyd, Phys. Rev. 81, 161 (1951). 

‘ For ped recent data, see Langer, Phys. Rev. 75, 328 (1949); and 
R. Morissey and C. S. Wu, Phys. Rev. 75, 1288 (1949). 

7H. W. Fulbright and J. C. D. Milton, Phys. Rev. 82, 274 (1951); C. S. 
Wu and L. Feldman, Phys. Rev. 82, 457 (1951). 

*L. M. Langer and R. J. D. Moffat, Phys. Rev. 82, 635 (1951). 
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Solar Atomic Lines in the 3y Region* 


OrrEN C. MOHLER 
McMath-Hulbert Observatory of the University of Michigan, 
An 


nm Arbor, Michigan 
(Received May 21, 1951) 


N a short note, Mohler and Pierce! reported some early results 
of the use of a refrigerated PbS cell in recording solar radiation 
in the 3u region. The note included a small-scale tracing of the 
spectrum of the sun from 3.1 to 3.54, on which the positions of 
four atomic lines of solar origin were indicated as follows: \31506, 
Sil ; 433654, Sil; 133964, Mg/; 433977, Si. Recently, Benesch, 
Elby, and Elder® have claimed that the 33977 line is not of solar 
origin, but that it is to be ascribed to telluric methane. 
Much improved tracings of the 3y region of the solar spectrum 
have recently been made at the Mount Wilson Observatory, Cali- 
fornia. The new observations confirm the presence of \A31506, 
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TABLE I. Observed solar wavelengths and their identifications. 





Wavelength, in A 
Predicted from 
vels 


energy le Identification* 


Observed 





OSil3d Fs? pet ry in the 
wing of @31505 

OSilSd yg si masked 
by ©33 

OMgl3d 'D:—4p 'P1°, blended 
with weaker @33960.0 


OSil3d *Ds? —4p "Da 


31507.7 31507.7 


33646.5 33646.5 
33961.7 33964 


33976.0 33975.8 





* © =lines of solar origin. 
@ =lines of terrestrial origin. 


33964, 33977, and also show that \33654 is masked by a group of 
terrestrial lines. The new tracings have also made possible some 
improvement in the scale of wavelengths originally published, so 
that the coincidences between the observed solar wavelengths 
and those predicted from known atomic energy levels are more 
firmly established. The lines in question are listed in Table I. 

In addition to the excellent coincidence in wavelength, two 
different types of observation made at Mount Wilson support 
the identifications in column three above. The first consists of a 
number of pairs of tracings of the spectra of the sun’s east and 
west limbs. The wavelengths of all solar lines will be shifted on 
the east-west limb pairs of tracings by the Doppler effect of the 
solar rotation; the wavelengths of terrestrial lines will not change. 
The differential Doppler displacement is about 4 km/sec, or 
0.4A at 33000. The scale of the Mount Wilson tracings is 13 
mm/A so that the rotational shift o/ approximately 5 millimeters 
is very easily measured. The first and third listed lines, although 
they have telluric components, exhibit a Doppler shift that is 
correct both in sense and amount for lines of solar origin. Figure 
1 shows the measured shift for 431507. The fourth line is un- 
blended, but it is very weak. It shows a change of wavelength, 
correct in sign, on four pairs of tracings, but measures of the 
amount of shift do not give consistent values. 

The second type of supporting observations consists of tracings 
of the center of the sun’s disk, with the sun at a high altitude in 
the sky and with the sun near the horizon. None of the three un- 
masked lines increases its intensity near the horizon as it should 
if it were of telluric origin. This observation is especially convinc- 
ing for the unblended line, 433976 Sil. It is suggested that the 
claim of Benesch, Elby, and Elder, that this line is not of solar 
origin, is based upon observation of \33967.0, @CH,, rather than 
the line in question. 


ten sctceaiesiitin. 
RANA x‘ 


Aen A 


” 
4 fr 
A Yue 
jt 


3/513.7 


3/5O7.9 WEST Lime 
3/5075 EAST Lime 





Fic. 1. Shift in wavelength of 31507, Sil, produced by 
the rotation of the sun. 
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Consideration of the well-known facts that the excitation po- 
tentials are high for all lines expected to appear in the infrared, 
and that the opacity of the sun’s atmosphere is increasing rapidly 
with wavelength in this region of the spectrum, makes it appear 
unlikely that many atomic lines will be found at wavelengths 
greater than 3u. Among the lines to be expected, those listed above 
are probably the strongest, and they all appear with rather low 
intensity. A series of east-west limb and high-low sun tracings 
now being obtained will be searched in an attempt to identify 
additional solar atomic lines. 

Mr. Dale Vrabec made the observations at Mount Wilson re- 
ported above. The continued loan of the observing facilities of the 
Snow Telescope on Mount Wilson by the Mount Wilson and 
Palomar Observatories to the McMath-Hulbert Observatory is 
gratefully acknowledged. 


* Work supported in ge by ONR contraet. 
10. C. Mohler and A. K. Pierce, Pub. Astron. Soc. Pacific 61, 221 


(1949). 
? Benesch, Elby, and Elder, Phys. Rev. 81, 145 (1951). 


An Absolute Determination of the F, J, and L 
Lines of Th(B+C+C”) 
Gunnar LinpstréM 


Nobel Institute of Physics, Stockholm, Sweden 
(Received May 28, 1951) 


HE F, I, and L lines of Th(B+C+C”) (Ellis notation) 
have been measured with two different methods in a semi- 
circula 8-spectrograph. The first method consists of determining 
the magnetic field and the radius in a homogeneous magnetic 
field. The field was measured along the path after each run with 
a proton probe. Different types of slits and samples were used. 
The samples consisted of tungsten wires with diameters varying 
from 12% to 364, which had been prepared by collecting Th- 
active deposit on them. The lines were measured with two G-M 
tubes in coincidence, and the slits were varied from 50y to 300g. 
Other slits were also used to get different line-widths between 0.5 
percent and 0.075 percent measured at the half-maximum. The 
total width of the high energy side was about 0.03 percent. The 
radius of curvature used was about 47 mm. The experimental! line 
shape is in excellent agreement with the one predicted from theory. 
All the values taken with different samples, slits, and line widths 
agree among themselves; and the errors given in Table I corre- 
spond to a conservative estimate of the uncertainty in localizing 
the high energy part of the lines. It seems possible to give the 
values with higher accuracy later on. 

The values can also be measured without using the absolute 
value of y, by the method used earlier by Siegbahn,' who gave 
the following relation for the (Hp) value: 

(Hp)?= A+(A*+ B)}, 
A =[(a*+1)/(a?—1)*](Smc/e)*, B=[(4—S*)/(a?—1)*](cm/e)*S?, 
S=(E,—Ez)/me, 
where a is the ratio between the fields at equal points on the F 
and J line at the same radius. The advantages of this method are 
that all points on the lines can be used in determining the ratio, 
and that one need not know the field in absolute units. 

In both cases a Hartree correction* was applied for the gradient 
of the field along the path. The total field correction was of the 
order of 0.05 percent. 


TABLE I. Results for the F, J, and L lines of Thi si +C)”. 








Hop Estimated 
gauss cm 
1388.55 
1754.01 
2607.18 


Probable 


pn 
Mc-cm error 





+0.00015 
+0.00020 
+0.00025 


$.91212 
7.46816 
11.10076 
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The numerical value for the F line obtained by this method 
was Hp= 1388.52, with a probable experimental error of +0.06. 
The results from this and the previous method are in good 
agreement 

If the value 5.91212 Mc-cm for the F line given above is com- 
bined with the Hp-value calculated from the field ratio, one ob- 
tains yp=(2.67517+0.00020) X 10* sec“! gauss“, which is in ex- 
cellent agreement with the value y,=(2.67523+0.00006) x 10* 
given by Thomas, Driscoll, and Hipple.* It is possible that a 
better interpretation of the lines can give a higher accuracy and 
that one can, therefore, in this way check the y, or the h/m value 
with good accuracy. 

Hedgran and Lind**® have measured the ratio between the 
annihilation radiation and the L line. Assuming equal electron 
and positron mass, this ratio would give (Hp) = 2607.2+0.5, i.e., 
in excellent agreement with the value given above. They have 
also measured the ratio of the Z line and the Au!® y-line. Using 
the Au'®® value as determined with the crystal spectrometer by 
DuMond ef al.,* one would obtain (Hp),=2604.5+0.5, which 
indicates that the crystal value may be about 0.1 percent too low. 
The present investigation thus indicates that the 8- and 8* masses 
are the same, within the given limits of error. 

I am greatly indebted to Dr. Kai Siegbahn for suggesting this 
investigation. 

1K. Siegbahn, Arkiv Mat. Astron. Fysik 28B, No. 6 (1941). 

2D. R. Hartree, Proc. Cambridge Phil. Soc. 21, 746 (1923). 

3 Thomas, Driscoll, and Hipple, Phys. Rev. 78, 787 (1950). 

4A. Hedgran, Phys. Rev. 82, 128 (1951). 

5 A. Hedgran and D. A. Lind, Phys. Rev. 82, 126 (1951). 


* DuMond, Lind, and Watson, Phys. Rev. 73, 1392 (1948); 75, 1226 
(1949); Lind, Brown, and DuMond, #bid., 76, 1838 (1949). 


Photoprotons from Argon under the Action 
of Gamma-Rays of 17.6 Mev 


D. H. WILKINSON AND J. H. CaRvVER* 
Cavendish Laboratory, Cambridge, England 
(Received May 28, 1951) 


INCE the discovery by Hirzel and Wiffler' of the anomalously 

large (y, ) cross sections in many elements there has been 
much speculation’as to the mechanism of the interaction of high 
energy gamma-rays with nuclei. Two theories have been put 
forward to explain the large cross section. In one® the individual 
level properties are chosen to vary in such a way as to favor the 
emission of high energy particles while retaining the idea of the 
initial formation of a compound nucleus: in the other,’ the process 
is imagined as a surface photoelectric effect in which a proton 
lying near the surface of the nucleus is simply ejected on absorbing 
a gamma-quantum, no compound nucleus being formed in the 
ordinary sense 

We have sought to elucidate the mechanism of this interaction 
by determining the energy distribution of the photoprotons 
ejected from A® by gamma-rays of 17.6 Mev produced in the 
reaction Li’(p, y)Be’. Argon at 11 atmospheres was contained in 
a carbon-lined proportional counter of sensitive volume 1220 cc. 
The energy distribution of the photoprotons is shown in Fig. 1; 
the analysis was made with a ninety-nine-channel kicksorter.‘ 
A very weak polonium source within the counter provided the 
energy scale. We made irradiations at various proton energies 
from 450 to 1150 kev, over which range the relative proportion 
of 14.8- to 17.6-Mev lines increases by 3: 1.5 There was no detectable 
change in the distribution; this must be due almost entirely to 
the 17.6-Mev line. 

The tail above group A is probably due to the reaction 
A®(, a)S**. These alpha-particles would contribute little in the 
bulk of the distribution owing to the relatively great importance 
of the barrier at lower energies and can probably be ignored. 

It is immediately apparent that the bulk of the disintegration 
cannot be the result of a surface photoelectric effect, as this would 
give the main group at high energy. Group A we identify with 
the ground state transition: if it were due to a surface effect, it 
would be difficult to understand the strength of group B, which 
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Fic. 1. Proton energy distribution from the photodisintegration of argon. 
(This is the experimental distribution, which must suffer a small correction 
for the wall-effect. The rise at low energy is due to electron build-ups.) 


has about the right spacing frum A to correspond to the first 
excited state in Cl**. 

It is also difficult to adopt the suggestion of Schiff? that high 
energies are favored, as the peak C lies at an even lower energy 
than would be expected on a model using an exponentially in- 
creasing level density of characteristic temperature 1 Mev such 
as seems appropriate from the work of Gugelot.* Using correct 
coulomb wave functions’ through /=5 we have computed the 
expected distribution, which has a maximum at 3.0 Mev, and an 
intensity ratio of 7.7:1 from peak to 7 Mev. (This procedure must 
be rather crude for argon.) The same model predicts a ratio of 25 
between (y, m) and (y, ) cross sections (neglecting all differences 
but the barrier). We may infer a (y, ) cross section of about 
15 mb: our (vy, ~) cross section is 5.4 mb. So the difficulty of 
the cross-section ratio remains without any apparent possibility 
of explanation by the two methods so far suggested. The answer 
may lie in a drastic modification of the shape of the barrier—a 
great change in the nuclear radius cannot be permitted. 

A fuller discussion and other results will be published later. 

* Australian National University Scholar. 
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The Mass of Cl*® 


D. H. WILKINSON AND J, H. Carver* 
Cavendish Laboratory, Cambridge, England 
(Received May 28, 1951) 


HE results of an earlier communication! on the photodis- 
integration of A® by gamma-rays of 17.6 Mev enable the 

mass of Cl** to be determined with some accuracy. We associate 
greup A of 6.80.1 Mev with the transition to the ground state 
of CF. It is very probably due to A®, as A** has a relative abun- 
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Fic. 1. The mass excess of chlorine isotopes over the semi-empirical 
formula: (1) present Cl** mass; (2) betatron value; (3) K** and decay chain 
value. 


dance of only 0.3 percent and A*® of 0.06 percent. The tail in the 
photoproton distribution above group A is due partly to straggling 
effects, though the fairly sharp cut-off above 10 Mev may indi- 
cate a small contribution of alpha-particles from the reaction 
A®(-, «)S*. The maximum energy expected from this reaction is 
9.8 Mev (using the S** mass of Low and Townes? modified to suit 
the recent S*? mass of Motz*). 

If we use the recent value of Niert A® = 39.97524+3, and if our 
assignment of group A is correct, C*=38.97871+ 10. 

The only other direct determination of this mass comes from 
Haslam, Katz, Moody and Skarsgard® whose value of 14.2+0.2 
Mev for the threshold of the reaction A“(+y, p)Cl**, obtained with 
betatron x-rays, disagrees with our own 10.8+0.1 Mev. The 
difference may be explained by their neglect of the effect of the 
potential barrier in analyzing the shape of the excitation curve. 
Their result is CP*=38.98236+ 20. 

If we attempt to arrive at a mass for Cl’ from other nuclei, 
there is again some discrepancy with our own figure. Low and 
Townes? have given K**=38.97613430. Haslam ¢ al.' find 
CF*— A**=3.56 ‘mMU, while Brosi, Zeldes, and Ketelle® find 
A*—K*=0.61 mMU. This gives Cl**=38.98038+-40 (using the 
newer value‘ for A®). 

Some support for our value comes from a consideration of the 
masses of other chlorine isotopes. Low and Townes? have given 
the masses of C]l® through Cl** and compared them with the 
predictions of a semi-empirical formula of the Bohr-Wheeler 
type. In Fig. 1 we show the excess mMU of the actual mass over 
the semi-empirical mass for these isotopes; the actual masses are 
based on the newer value of Motz* for S**. At the position of Cl** 
we show our own value labeled (1), that of Haslam ef al.® labeled 
(2), and that based on K** and the decay chain as (3). 

* Australian National University Scholar. 
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Scintillation Spectroscopy of the Gamma-Rays from 
Slow Neutron Capture in Manganese* 
R. W. PRINGLE AND G. IsForD 
Physics Department, University of Manitoba, Winnipeg, Canada 
(Received April 19, 1951) 

HE development of the scintillation gamma-ray spectrometer 
has made possible many new investigations.' In particular, 
we have recently employed this technique to study the energies 
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Fic. 1. Oscillogram of the Po-Be calibration spectrum, showing also 
photoelectron lines due to Po and a trace of Ra impurity. 


of the gamma-rays excited by slow neutron capture in a number of 
nuclear species, using only the relatively feeble neutron flux which 
is obtained from a 50-mC Ra-Be source. We wish to illustrate the 
method by presenting results for manganese, and hence show that 
an interesting and important field of investigation is now available 
to workers not fortunate enough to have a reactor at their 
disposal. 

The scintillation spectrometer comprised an E.M.I. 5311 photo- 
multiplier which was operated at 600 volts, a j-in. cube NalI-Tl 
crystal, a linear amplifier, a single-channel differential discrimi- 
nator,? a Tetronix Model 511A oscilloscope, and highly stabilized 
power supplies for these units. The neutrons from the source were 
thermalized with the aid of a paraffin wax slow neutron howitzer, 
the crystal and photocell combination being protected as much as 
possible from the effects of Ra gamma-rays and slow neutrons by 
means of a 5-in. lead absorber and a thin boron shield (which 
produces only low energy capture radiation). The target consisted 
of 40 g of metallic manganese arranged to subtend the largest 
possible solid angle at the crystal. The pulse height distribution is 
first measured without the target in position, two simultaneous 
analyses being made with the single-channel discriminator and a 
photographic recording technique involving the oscillograph; and 
the whole procedure is repeated with the target in position. For 
the photographic recording a medium fast ortho film was found 
satisfactory at f:4.5, and exposure times ranging up to 2 or 3 
hours gave an integrated blackening on the film of suitable density 
with only small statistical fluctuations. The latter method appears 
to give a resolution (measured in terms of the full width of a pair 
line at half-height) of 3 percent at 4 to 5 Mev, although the 
differential discriminator gives a value of 6 or 7 percent in the 
same energy range, indicating that the electronic pulse height 
sorting technique employed can cause a considerable apparent loss 
of resolution. Attempts are being made to minimize this effect, 
and a five-channel kicksorter will soon replace the existing dis- 
criminator. 

Some attention had to be given to the use of a convenient 
gamma-ray line to use for calibration purposes in the high energy 
range. In this range one is concerned primarily with “pair lines.””! 
The excited level in C!*, produced in the alpha-bombardment of 
Be, has been the subject of several investigations, some of the 
latest estimates for this level being 4.40 Mev,’ 4.44 or 4.46 Mev,* 
4.44 Mev,® and 4.45 Mev, according to our most recent com- 
parisons with the Co gamma-rays. We have, therefore, adopted 
the value 4.45+0.02 Mev for the gamma-ray from a Po-Be source 
(see Fig. 1). The main pair line appears at 3.43 Mev corresponding 
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2. Oscillogram of the spectrum excited by neutron 
capture in manganese. 


to the escape from the crystal of both annihilation quanta, and 
the weaker line at 3.94 Mev is due to the occasional capture of 
one such quantum by the crystal. The line at 4.45 Mev is too 
faint to show up in the reproduction. The lower energy group has 
been shown to correspond to the photoelectron lines produced by 
a trace of radium impurity in the polonium source, and to the 
polonium gamma-ray at approximately 790 kev. 

Figure 2 illustrates the spectrogram obtained with the manga- 
nese target in position. The oscillograph trigger level has been set 
fairly high to eliminate most of the intense low energy background 
pulses. It is apparent even from this reproduction that there are 
two intense bands, one at the end of the spectrum (consisting of 
three apparently associated pair lines), and the other at a some- 
what lower energy (also consisting of three lines). Each of these 
bands has thus been identified with a homogeneous gamma-ray, 
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Fic. 3. Differential pulse height distribution for the spectrum excited by 
neutron capture in manganese. (A) Po-Be calibration line at 3.43 Mev. 
(B) Main pair line of manganese gamma-ray of 5.37 Mev. (C) Main pair 
line of manganese gamma-ray of 7.15 Mev. 
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the most prominent line in each group being the lowest energy 
pair line and corresponding to B and C in the differential discrimi- 
nator distribution of Fig. 3. A is the Po-Be 3.43-Mev calibration 
line. The values of the two gamma-rays, as obtained from three 
photographs, are 5.27 Mev and 7.17 Mev, the corresponding 
differential discriminator values being 5.37 Mev and 7.15 Mev. 
We have, therefore, adopted values of 5.32+0.05 Mev and 
7.16+0.05 Mev for the gamma-rays of neutron capture in Mn®, 
thus concluding that the latter figure represents the binding energy 
of the last neutron in Mn* and that there exists an excited level 
in the same nucleus of 1.84 Mev. The lower energy gamma-ray 
has not previously been reported, but recently Kinsey e al.,® 
using a magnetic coincidence pair spectrometer in conjunction 
with the Chalk River reactor, have reported a gamma-ray of 
7.25+0.03 Mev for manganese. However, manganese is classified 
by them as having a ground-state transition which predominates 
over that of all other radiation, a conclusion which does not 
follow from our own results which suggest a comparable intensity 
for the two radiations reported. 

It is recognized that an improvement in technique would 
probably be the use of a triple coincidence device to count only 
the main pair line for each gamma-ray, as discussed by Johansson.’ 
Such an arrangement would, however, require a much stronger 
neutron flux than was available. In conclusion we would emphasize 
that the photographic technique provides an excellent means for 
the rapid survey of neutron capture spectra, especially if micro- 
photometer recording is available. A few homogeneous gamma- 
rays have been obtained with targets of Cd, Cl, Ni, and W, 
superimposed on continuous backgrounds of unresolved radiation. 


* This project has been assisted by the National Research Council of 
Cana 
tR.W. Pringle, Nature 166, 11 (1950). R. Haistadter ot). A. McIntyre, 
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No. 4, 30 (1949). R. W. Pringle and S., Standil, Phys. ‘Rev. 80, 762 (1950). 

2K: I. Roulston, Nucleonics 7, No. 4, 27 (1950). 
¢ Eriaaie. Roulston, and Standil, Phys. Rev. 78, 627 (1950). 
Bradford and W. Bennett, Phys. Rev. 78, 302 (1950). 

op: EK Bell and W. H. Jordan, Phys. Rev. 79, 392 (1950). 

* Kinsey, Bartholomew, and Walker, Phys. Rev. 78, 481 (1950). 

7S. A. Johansson, Nature 106, 794 (1950). 


Excitation Curve for the H*(p, ~)He‘ Reaction* 
C, E. Fax 
Brookhaven National Laboratory, Upton, New York 
AND 
G. C. Parupst 


Department of Terrestrial Magnetism, Carnegie I 
Washington, D. C. 


(Received May 28, 1951) 
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T has been recently suggested by Argo et al.! and Jarvis et al.? 
that the compound He‘ nucleus might have an excited level 
near 23 Mev. In order to investigate the existence of this level, the 
excitation curve for the H*(p, y)He* reaction, which had been 
measured at Los Alamos up to 2.5-Mev proton energy, has been 
extended to 3.4 Mev. 

The electrostatic generator of the Department of Terrestrial 
Magnetism of the Carnegie Institution was used to produce a 
monoenergetic proton beam. The target, which was made avail- 
able through the courtesy of Dr. T. W. Bonner of the Rice Insti- 
tute, consisted of tritium absorbed in a layer of zirconium 220 
ug/cm? thick (energy loss for 2.5-Mev protons ~50 kev) evapo- 
rated on a tungsten button. The y-ray yield was detected by a 
cylindrical NaI(T1) crystal, 3.8 cm in diameter and 3.0 cm thick. 
The crystal was mounted on a magnetically shielded RCA 5819 
photomultiplier and located 1.25” away from the center of the 
target, with its axis at 90° with respect to the direction of the 
proton beam. The pulses were fed into a cathode follower, fast 
amplifier, and scaler arrangement and were biased at the input 
of the scaler. 

The response of the crystal to y-rays of various energies was 
tested by using Co™, F%(p, y)Ne™, and H*(p, y)He* 7-rays. In 
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Fic, 1. Calibration curve for NaI(TI) crystal used in this experiment. 
The y-ray pulse heights are maximum heights measured from integral bias 
curves. 


each case the maximum pulse height was determined by measuring 
the end points of the respective integral bias curves. Figure 1 
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Fic. 2. Integral bias curve produced by y-rays from a 50-kev target of 
Zr-H* bombarded by 1.4-Mev protons and measured by a esis crystal 
(3.8-cm diameter, 3.0-cm height). 


shows the results, from which it can be seen that the response is 
linear with respect to energy. The integral bias curve produced 
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Fic. 3. Excitation curve for the H*(, 7) He‘ reaction. 
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by the H*(p, y)He* y-rays was quite steep (Fig. 2), which agrees 
with the measurements of Good ¢ ai.‘ for a similar detector. 

Only about 1 microampere of beam was used in order to prevent 
overheating of the target. Furthermore, all points were repeated 
during one run to make sure that tritium was not lost from the 
target. 

The resulting excitation curve is shown in Fig. 3. The steepness 
of the pulse distribution of y-rays made the constancy of the over- 
all gain of the system very critical and limited the experiment to 
+10 percent accuracy even though the counting statistics were 
about 3 percent. Nevertheless, it is quite evident that no large 
resonance exists up to 3.4-Mev proton energy. This is in agree- 
ment with the calculations of Flowers and Mandl. The experi- 
ment, however, does not rule out a weak (up to 30 percent) broad 
resonance superposed on the rising cross section. 

It should be noticed that the slope of this excitation curve is 
less than that measured by Argo et al.' This difference in slope 
can possibly be explained by the fact that the crystal used in this 
experiment subtended a half angle of about 25°, while that in the 
Los Alamos experiment subtended about 5°. Consequently, we 
detected a larger fraction of the angle-independent part of the 
(A+B sin*@) y-ray distribution, which appears to be a consider- 
ably slower function of energy than the sin*@ term.! 

We should like to express our thanks to Dr. M. Tuve for 
making this collaboration possible, Dr. N. P. Heydenburg for his 
over-all aid, Dr. E. O. Salant for suggesting the experiment, and 
Dr. T. W. Bonner of the Rice Institute for the loan of the tritium 
target. : 

* Research carried out under contract with AEC. 
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Fast Neutron Energies Determined by the Use of 
Resonant Scatterers* 


P. H. STELSON AND W. M, PRESTON 


Laboratory for Nuclear Science and Engineering, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 


(Received May 28, 1951) 


N this note we wish to suggest and illustrate a method of 

measuring fast neutron energies which utilizes total neutron 
cross-section resonances. Essentially, the method consists of 
measuring scattering cross sections, using as a scatterer an 
element such as lithium, beryllium, or sulfur whose cross section 
is a known function of neutron energy,’ and as a source neutrons 
of unknown energy produced by monoenergetic protons incident 
on thin targets of the nuclei of interest. The identification of 
resonances then allows one to deduce the energy of the neutrons 
and hence the Q-value of the reaction. The method has been used 
to determine (a) the Q-value for the reaction Mn™(p, n)Fe®, 
(b) the position of an excited state of Mn® produced by the re- 
action Cr(p, n)Mn®, and (c) an upper limit for the width of the 
ground state of the B® nucleus produced by the reaction 
Be*(p, n) B®. 

The (p,m) thresholds for light elements are quite sharp and 
are convenient as voltage reference points. However, for heavier 
elements with low (p, ) thresholds, the higher coulomb barrier 
causes the yield near threshold to be very low and the measure- 
ment correspondingly more uncertain. Richards et al.‘ obtained a 
threshold value of 1.18+0.01 Mev for the Mn*(p, »)Fe® re- 
action, while McCue and Preston* found a threshold value of 
1.020.02 Mev. Therefore, we have employed the method men- 
tioned above to determine the Q-value for this reaction. 

The total neutron cross section of beryllium in the region of the 
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Fic. 1. The resonance at 625 kev in the total neutron cross section of 
beryllium is shown in (a) as a function of the energy of the protons incident 
ona thin manganese target and in (b) for protons incident on a thin lithium 
target 


large resonance at 625 kev was measured using a beryllium metal 
scatterer 1.90 cm in thickness and 5.08 cm in diameter placed a 
mean distance of 7.6 cm from the target in the forward direction. 
A BF; long counter with the front face 30 cm from the target was 
used as a neutron detector. The geometry of the arrangement 
results in rather poor absolute values (too low) for the cross 
section, but these were not of primary interest; the arrangement 
was chosen to secure practical counting rates. Figure 1(a) shows 
the resonance in beryllium obtained by bombarding an 8-kev 
manganese target with the proton energies indicated. Figure 1(b) 
shows this resonance as measured by bombarding a 3-kev lithium 
target with protons. Taking a Q-value of —1.645 Mev for the 
Li’(p, m) reaction and applying corrections for the target thickness 
and average angle subtended by the scatterer, one obtains a value 
of 0.623 Mev for the position of the resonance. Using this value 
and applying corrections for target thickness and average angle 
subtended by the scatterer to the data obtained with the manga- 
nese target, one calculates a Q-value of —1.006+0.010 Mev and 
a threshold of 1.024+0.010 Mev for the Mn®*(p, n)Fe® 
reaction, where the error is estimated from the errors in the 
determination of the proton energy, peak position of the resonance, 
and target thickness. 


hence 
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Fic. 2. The total cross section of lithium is shown as a function of the 
energy of the protons incident on a thin enriched Cr® target. The dashed 
line is the cross section expected for the ground-state neutrons. The reso- 
nance is due to neutrons leaving Mn® in an excited state. 
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Fic. 3. The resonance at 585 kev in the total cross section of sulfur as 
measured by neutrons from the Be*(p, ”) B® reaction. 


A photographic plate, proton-recoil investigation of the neutron 
spectrum resulting from the proton bombardment of an enriched 
Cr® target indicated a ground state Q-value of —1.3720.05 Mev 
for the (p,m) reaction and a first excited state in the residual 
nucleus Mn® at approximately 370 kev, corresponding to a 
Q-value of —1.74+0.05 Mev.* We have been able to detect the 
neutrons which leave Mn® in the excited state by measuring the 
total cross section of lithium, which has a large isolated resonance 
at 265 kev. A metallic lithium scatterer 10 cm in thickness and 
2.54 cm in diameter encased in a thin-walled steel container was 
placed a mean distance of 8.5 cm from a 15-kev target’ of en- 
riched Cr. A small propane gas, proton-recoil counter placed a 
mean distance of 23.5 cm from the target was used as a detector. 
Figure 2 shows the resonance obtained. The dashed line is the 
value for the total cross section one would expect for the neutrons 
which leave Mn*® in the ground state. After correcting for target 
thickness, we have a Q-value for the excited state of —1.771 
+0.010 Mev, agreeing with the photographic plate determination. 

The nucleus B® is unstable against disintegration into a proton 
and Be® or two a-particles. The review article of Hornyak et al.$ 
states that one would expect a width of perhaps 10 kev for the 
ground state, and they interpret the report of Johnson e al.® as 
indicating that experiment shows the width to be approximately 
120 kev. However, we believe the statement of Johnson ef al. 
refers to experimental width and not to natural width. We have 
determined an upper limit for the width of the ground state of 
B® by measuring the sharp resonance (natural width ~1.5 kev) 
at 585 kev in the total neutron cross section of sulfur, using 
neutrons produced by the Be*(p, n)B® reaction. The total width 
of the resonance thus obtained is 4 kev, as shown in Fig. 3. This 
width is due to the energy spread of the incident neutrons, and 
the natural widths of the sulfur resonance and the ground state 
of B®. We estimate the energy spread of the neutrons because 
of target thickness and geometry to be at least 3 kev. Using this 
value and taking 1.5 kev for the natural width of the sulfur 
resonance, we obtain an upper limit of approximately 2 kev for 
the width, or a mean lifetime of greater than 3X 10~'* sec, for 
the ground state of the B® nucleus. 

* This work was supported jointly by the ONR and BuShips. 
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thresholds of Cr*, Cré, and Cr®™ are all above the proton energies used. 
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Disintegration of Ce'** and Pr'* 
Evant KonDAIAH 
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ILE-IRRADIATED “Speckpure” Ce was studied, using 
mainly spectrometer and coincidence techniques. The §-spec- 
trum consisted of several electron peaks superimposed on a com- 
plex continuous 8-spectrum. No measurable number of positrons 
could be observed in the spectrometer’ using a positron baffle. 
The photospectrum taken in the same spectrometer showed several 
photolines. Table I gives the energies of the internal conversion 


TABLE I. Energies of internal conversion electrons and photons 
from Ce and Ce, 








Energy of 
the photons 
Nature of the peak kev 


Energy of 
the peak 
kev 


Parent 
isotope 





K-internal conversion 
L-internal conversion 


15.7 +0.5 
49.2+1 


$6.8+1 Celis 


(K —2L) Auger line 
(K —L—M) Auger line 


27.721 
34.841 


35.441 


K-internal conversion 
L-internal conversion 
K-photoline 
L-photoline 


102 +1.5 
137 +1 
$5.7+1 
12S +2 


K-internal conversion 
L-internal conversion 
K-photoline 
L-photoline 


244.742 
278.5 +1.5 
197.2 4:1 
263.2 +3 


K-internal conversion 
K-photoline 


608.6 +4 
559.2 +4 


617.425 K-photoline 











and photoelectron peaks observed in the 8- and y-spectra and 
the corresponding energies of the photons concerned. All the lines 
attributed to Ce in Table I are found to decay with the 33-hour 
half-life within the statistical errors. 

Fermi analysis of the 8-spectrum recorded within 24 hours 
after the sample was taken out of the pile, showed as many as 
five components and an indication of a sixth component. They are 
1.37+0.01 Mev (Ce™*), 1.09+-0.02 Mev (Ce™), 0.86 Mev (Pr'*), 
0.57 Mev (Ce), 0.42 Mev (Ce™), and 0.37 Mev? (Ce). 

Fermi analysis of the §-spectrum taken after eighteen days’ 
decay showed that the first two components 1.37 and 1.09 Mev 
had disappeared and the maximum energy of the strongest 8 in 
this spectrum was 0.915+-0.015 Mev corresponding to the Bmax of 
Pr'* reported by Feldman ef al.? The presence of the intense soft 8 
of Ce! makes it almost impossible to resolve the probable 370-kev 
B of Ce™. 

On the basis that all the Fermi plots are linear, it was found that 
the 1.09-Mev @ is 1.4 times more intense than the 1.37-Mev 8. 
An estimate of the intensity of the y-rays from the photospectrum 
showed that the 705- and the 649-kev y-rays are of almost equal 
intensity, while the 283-kev y-ray is about 4.5 times more intense. 
The intensities given in the disintegration scheme are based on 
these estimates and are very approximate. 

Comparison of the intensity of the Auger lines to that of the 
K-conversion lines in the 8-spectrum showed that the Auger 
electrons are ~12 percent of the K-lines. This is precisely what is 
to be expected for this element of high Z value, and it is not 
necessary to assume the presence of the K-capture Ce"? (36-hour 
half-life) in our samples. Probably the slow neutron capture cross 
section for Ce™*® is very small, or Ce'** is less abundant than it is 
thought to be. 

On the basis of the estimates of the multipolarity of the y-rays 
from the internal conversion lines, the ft-value considerations of 
the §-transitions and the spin-orbit coupling model** of the 
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Fic. 1. Proposed decay scheme for Ce and Pr!. 


nucleus, the term schemes for the various levels in the disintegra- 
tion scheme are suggested in Fig. 1. 

Incidentally, from our measurements Ce™! appears to emit a 
single y-ray of energy 14342 kev besides the §-rays, and this is 
in agreement with the observations of Freedman ef al.* 

It is a great pleasure to thank Dr. Kai Siegbahn for encourage- 
ment and supervision and Professor Manne Siegbahn, the director 
of this institute, for providing me with all the facilities to work 
at this institute. 

A detailed paper will appear in Arkiv for Fysik. 

1H. Slatis and K. Siegbahn, Arkiv Fysik 1, No. 17 (194 

* Feldman, Lidofsky, Macklin, and La’ Phys. Rev. 76, "Nass (1949). 

*M. G. Mayer, Phys. Rev. 78, 16 (19: 


‘ Haxel, ensen, and Suess, Z, Physik 2s, 295 (1950 
5M. reedman and D. W. Engelkemeir, Phys. Rew. 79, 897 (1950). 


On the Ratio of the Nuclear Magnetic and Electric 
Quadrupole Interactions for Atomic Cl** and Cl” 


VINCENT JACCARINO AND JoHN GorDON KING 


Research Laboratory of Electronics, Massachusetis Institute of Technology, 
Cambridge, Massachusetts* 


(Received May 29, 1951) 


HE hyperfine structure of the *P 3,2 state of the stable chlorine 
isotopes has been re-examined by the atomic-beam radio- 
frequency magnetic resonance method. The new measurements 
disagree with the work of Davis, Feld, Zabel, and Zacharias' and 
resolve the discrepancy that has existed between the ratio of the 
nuclear magnetic dipole interaction constants, a*/a*’, and the ratio 
of the nuclear magnetic moments y*/p*’ as measured directly in 
nuclear induction experiments.** The new results for the ratio of 
the quadrupole interaction constants, b*/b*", agree with the recent 
measurements, by Livingston, of the ratio of the chlorine quadru- 
pole interaction constants in solid crystals.‘ 

Figure 1 of reference 1 shows the energy levels of an atom with 
I= J=} in an external magnetic field. Deviations from the in- 
terval rule may be introduced by the interaction of the nuclear 
electric quadrupole moment with the gradient of the electric 
field due to the electrons, by a nuclear magnetic octupole inter- 
action, and by perturbations between adjacent fine structure levels 
with the same value of the total angular momentum F.' Theo- 
retically, the latter two are much smaller, but our data indicate 
that one or both may be present; however, this does not affect 
the values of a and 5 given below. A precision experiment is under 
way to determine the magnitude of such effects. An experiment is 
also in progress to measure the ratio a*/a* in the metastable 
J =} state.® 

The experimental procedure was generally similar to that of 
D. F. Z. Z.,! and only a few details will be given here. Beams con- 
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TaBLE I. Frequencies of various transitions observed in a weak magnetic field. 








Crs 








(2,0€-41,0) 


(1,0€70,0) (2219111) 


Transitions used 


Observed frequency (Mc/sec) 


corrected to x = 150.145 


a —b+100.8¢ 


355.244 


Theoretical splitting* 2a —b —S0.4¢ 


(3 -1€92 -1) (1,0¢40,0) erat ie (3-142 -1) 


670.018 298.116 555.294 


3a +b +14.4c 


127,404 


2a —b —S0.4c 3a +b +14.4¢ 


a —b +100.8¢ 





* The constants a, 6, and c are defined in reference 1. 


taining as much as 95 percent chlorine atoms were produced by 
maintaining an arc discharge in a fuzed-quartz tube mounted in a 
microwave cavity, which was matched to a 50-watt, 10-cm mag- 
netron power supply. Considerably narrower resonances were 
obtained as a result of improvements in the homogeneous and rf 
transition fields. All resonances observed were at least 20 times 
the background unsteadiness in the case of Cl’ and as much as 
200 times the background unsteadiness in some transitions in 
the case of Cl®. 

In these experiments the spacing between different F levels was 
observed at magnetic fields of less than 0.5 gauss. The separation 
of the field independent pairs 


( =) 
2,1>1,1 
from the field dependent pairs 

2,241,1 

2,1<41,0 
was used in second-order perturbation calculations to correct the 
zero-field hyperfine structure intervals. A typical observed reso- 
nance curve is shown in Fig. 1, which corresponds to Fig. 5 of 
reference 1. The widths of the field-independent transitions are 


those expected from the uncertainty principle. 
The results of these measurements are given in Table I. From 
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Fic. 1, Observed resonance curves, at a magnetic field of <0.5 gauss 
for a field-independent and a field-dependent resonance between the F =2 
and F =1 hyperfine structure levels. 


them the following values of ¢ and } may be calculated: 
a® = 205.050+0.005 Mc/sec, 6%=54.873+0.005 Mc/sec, 
a =170.681+0.010 Mc/sec, 6% =43.255+0.010 Mc/sec. 


These data are consistent with a nuclear magnetic octupole of 
less than 400 cycles for each isotope. 

Recent measurements on nuclear magnetic moment ratios are 
given in Table II. The agreement is seen to be complete within 
the present experimental errors. Table III lists the results of work 


TABLE II. Data on the nuclear magnetic constants of Cl and Cl’, 


Method 


ge, ‘wal 


1.2014 +0.0001 
1.2013 +0.0001 
1.20136 +0.00005 


Nuclear induction* using HCl 

Nuclear induction using LiCl 

Atomic beam magnetic resonance 
(this paper) 


* See reference 2. 


TABLE III. Recent data on the nuclear electric quadrupole 
constants for Cl®* and Cl’. 


Method egQ(Cl*) /egQ(CH?) 
1.2691 +0.0003 
1.2682 +0.0006 
1.2670 +0.0005 
1.26878 +0.00015 


Microwave spectra® CH3Cl 
CICN 
GeH;Cl 
Direct quadrupole transitions in 
solid chlorine compounds? (the 
average of eight measurements 
on five different solids) 
Atomic beam magnetic resonance 
(this paper) 


1.2686 +0.0004 


* See reference 7. > See reference 4. 
on the nuclear electric quadrupole ratios from recent literature. 
The most accurate data, those of Livingston, agree with our own 
to within the experimental error. Some microwave absorption 
measurements,’ however, are stil] in disagreement with our results 
and those of Livingston, for reasons that are not fully understood 
at present. 

Using Eq. (26) and the relativistic corrections of reference 1, 
we obtain 


Q= 
and the most recent measurements? of u® and y*’, we obtain 


Q* = (—0.07894+0.00002) x 10-* cm?, 


— (8/3) (uo?/e*) (m/ Mo) (u/1)(F/ R)(b/a), 


Q* = (—0.0621340.00002) x 10-* cm?. 


We wish to thank Professors B. T. Feld and J. R. Zacharias for 
their encouragement and assistance. 


* This work has been supported in part by the Signal Corps, Air Materiel 
Command, and ONR 
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Neutron Thresholds in Light Elements*t 


E. B. Tucxert 
Yale University, New Haven, Connecticut 
(Received May 1, 1951) 


N investigation of the neutron thresholds obtained by deu- 
teron bombardment of lithium, beryllium, boron (natural 
and enriched'), carbon, and lead fluoride targets has been carried 
out. Thresholds have been reported previously at deuteron energies 
of 920, 990, and 1920 kev?“ for the reaction Be%(d, n)B™ and at 
1.84 Mev‘ for O'%(d, n)F7. A*number of (p, ») thresholds have 
also been investigated.** 
The apparatus used (Fig. 1) was complicated by the high 


TARGET, 


CYCLOTRON 
BEAM 





12 INCHES 


Fic. 1. Apparatus for detection of neutron thresholds. 


neutron background and the need for varying the deuteron energy. 
In addition to the shielding shown in the diagram almost a ton 
of water was found necessary to cut down the background from 
the cyclotron, and even so the background level was high. The 
range cell for varying the bombarding energy was filled with 
helium. The average values of stopping power of helium needed 
in calculations were obtained by numerical integration of Mano’s 
results.*7 In order to check on these calculations two experi- 
mental evaluations were made of the stopping power of helium 
relative to air. A direct comparison of deuteron ranges in helium 
and in air was made, and a value of stopping power was also 
calculated from the experimental threshold results assuming the 
previously published value of the lowest Be%(d, m)B” threshold 
(920 kev). Both of these determinations were slightly higher than 
the average stopping power calculated from Mano’s work but 
were within the estimated experimental errors. 

The experimental curves (Fig. 2) show neutron yield plotted 
against average deuteron energy, using a value of atomic stopping 
power of helium relative to air of 0.350. The values assigned to 
the thresholds are calculated, using the extrapolated beam energy 
(3.9 Mev) and stopping powers which depend on the energy range 
concerned (the maximum variation from the value 0.350 is about 
2 percent). The probable error is estimated in all cases to be 
+0.15 Mev. The yield curve for carbon shows only resonance 
peaks, as can be seen by comparison with previous results.* The 
detection system is such that both resonances and thresholds can 
be observed. In general, it is expected that the thresholds will 
show a sharper increase than the resonances, and when using a 
homogeneous beam the over-all shapes of response should differ 
considerably. Another method of distinguishing between the two 
types of yield is to compare fast neutron yield curves with BF* 
counter yield curves. The yield obtained from a lithium target 
(not illustrated) could also be attributed to previously reported 
resonance levels.® The results obtained for the reaction Be*(d, m) B” 
indicate two levels. The lower threshold has a value of 0.91 Mev, 
in good agreement with previous work.*~* ™ "! The upper inflection 
point at 2.3 Mev might well be due to a resonance level judging by 
its sharpness. Ajzenberg" has obtained levels in B® at 6.37, 6.57, 
and 6.81 Mev but finds them weak compared with levels at 5.91 
and 6.11 Mev. Owing to poor resolution (the width of the deuteron 
beam at half-maximum was 150 kv) a combination of these levels 
might account for the response observed. Bonner,‘ however, 
obtains a threshold at a deuteron energy of 1.920 Mev. 

The curve for F!*(d, n)Ne™ indicates an increase in yield at 
1.3 Mev and a steady increase thereafter. No fast neutron yield 
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Fic. 2. Relative number of neutron counts versus mean deuteron energy 
for C™, Be®, and PbF: targets. For relative yields from the different targets 
multiply yield for Be® by 4, PbF: by 2. The ordinate then represents 
hundreds of counts on a scale of 256. The Be® curve has been terminated 
at 2.7 Mev to prevent confusion. No beryllium thresholds were observed 
above this energy. 


curve has been obtained for this reaction, but the shape of the 
yield indicates a broad resonance in Ne*! about 20 Mev above 
ground. An exact value cannot be given because no yield maximum 
is obtained. If it is a true neutron threshold, this would indicate 
that close spaced levels begin in Ne™ at 11.9 Mev above ground 
(see reference 12 for energy level diagram of Ne™). 

Yields from targets of natural and enriched boron (96 per- 
cent B™) are compared in Fig. 3. It appears that the reaction 
B'1(d, n)C" is responsible for the entire yield. Results on the 
fast neutron yield from B"(d, m)C™ indicate that the first slow 
increase (about 1.3 Mev) is due to a resonance level in C. The 
1.9-Mev threshold agrees very well with the 1.84 threshold for 
O'4(d, n)F". The fact that this threshold is observed for both 
targets seems to indicate an oxygen contamination. The rise at 
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Fic. 3. Neutron yield versus mean deuteron energy for B(d, n)C. The 
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the end of the curve is not complete enough to obtain an accurate 
threshold energy, but an approximate value of 3.4 Mev is assigned 
to it. There is no way of determining whether this last rise is due 
to a resonance level or not. The fast neutron yield curve" referred 
to above does not reach this energy. 

The author would like to thank Professor E. C. Pollard for 
suggesting the problem and for advice during the work. Also the 
author is grateful to T. W. Bonner for communicating, results 
before publication. 
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Bonner on work done by Burke 


Alpha-Particle Range-Energy Curve for 
Kodak NTA Emulsions* 


Sreicert, E. C. Toops, anp M. B. SAMPSON 
Indiana University, Bloomington, Indiana 
(Received May 23, 1951) 


F. E. 


HE range-energy curves for Ilford B1 emulsions reported by 

Lattes, Fowler, and Cuer! have been used as standards for 
several years. Recent observations, however, indicate that the 
alpha-particle curve rises too steeply at the higher energies. 
Berlman? has modified the proton curve for use with alpha- 
particles and obtained a curve suitable for Ilford E1 plates. 
A modified curve has been derived for Kodak NTA emulsions at 
this laboratory. 

The stopping power of the emulsion relative to air for alpha- 
particles was calculated as a function of the energy by using the 
procedure outlined by Webb.* The emulsion is approximated by a 
homogeneous compound having the composition given by Rot- 
blat.4 The atomic stopping powers used were interpolated from 
plots of stopping power versus atomic number and energy, as 
constructed from Bethe’s® semi-empirical tabulation. This data 
was then combined with Bethe’s* range curves for air, and the 
resultant curve of range in emulsion versus alpha-particle energy 


TaBLe I. Calculated and observed a-particle ranges. 
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Range 
microns 
Po 5. 21.2 
Thc J . 
ThC’ S 47.1 
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124° 
90° 


Range Energy 
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6.88 
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55.6 
65.0 
74.9 
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Fic. 1. Calculated alpha-particle range-energy curve for Kodak NTA 
emulsions, with experimental check points. 


shown in Fig. 1 was obtained. Points were calculated at 0.5-Mev 
intervals, representative values being given in Table I. The curve 
rise is less steep than indicated by Lattes, Fowler, and Cuer, and 
there appears to be good agreement with the recent work of 
Rotblat. The agreement of this curve with experimental data has 
been obtained in this laboratory, extending the accurate measure- 
ment of tracks to 14.9 Mev. Experimental points were taken using 
natural alpha-particles from polonium and thorium-active deposit 
sources and the two long-range alpha-groups in the Al*"(d, a)Mg™* 
reaction, observed at various angles under Bethe’s conditions of 
good geometry. The Q-values’ and deuteron energy are known by 
magnetic analysis to 10 and 40 kev, respectively. The angle of 
observation was accurate to 15 minutes. Data obtained using this 
curve agree very well with published work using aluminum foils 
and counters.* Curves showing some of the alpha-groups obtained 
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Fic. 2. Typical data obtained from plates. Peak I, Po; II, ThC; III, 
‘Ale 7(d, a)Mg®. The energy scale is plotted above for comparison. 


in these experiments are given in Fig. 2. The calibration points on 
the range-energy curve were obtained by taking the average value 
from several plates to obtain good statistics. The position of the 
peaks was observed not to shift as a function of time of exposure 
in vacuum over the range of several minutes to one hour. 


* This work was assisted by the joint program of the ONR and AEC. 
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Determination of the Ratio of the g,(*Si;.) Values 
for Potassium and Hydrogen. The Gyromagnetic 
Ratio of the Electron* 


W. B. PoHLMAN,t B. BeperRson, AND J. T. EISINGER 


Research Laboratory of Electronics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


(Received June 1, 1951) 

HE gyromagnetic ratios (g,) of the alkalies have been care- 

fully investigated by Kusch and co-workers! in order to 
compare experimental g-values with theoretical computations of 
the spin gyromagnetic ratio of the electron,* g,. In view of theo- 
retical calculations,’ as well as Kusch’s result which shows that 
the g-values of the light alkalies agree to one part in 40,000, it 
seemed justifiable to assume these g-values to be the same as g,. 
As a check on this assumption, the g-value of a light alkali and 
that of hydrogen were compared. The H atom, having only a 
single orbital electron, is free from all perturbations which might 
arise in the alkalies due to the presence of inner electrons; it can 
therefore be assumed that g,(2S,) for H is indeed equal to g,. 
The present experiment is a determination of the ratio of the 
gy-values of K and H. 

The atomic beam magnetic-resonance method was used to 
investigate the low field Zeeman effect of the hfs of the Sj levels 
of K** and H'. The transitions (F = 2, mrp= —1)¢>(F =2, mr= —2) 
for K and (F=1, mr=0)«>(F=1, mp=—1) for H were observed 
at the same magnetic field, and the ratio of the g’s was calculated 
from the two observed frequencies by means of the Breit-Rabi 
formula.‘ 

The homogeneous magnetic field in which these transitions took 
place was produced by a single turn of copper sheet carrying 
currents of from 200 to 300 amperes, giving fields of from 20 to 
30 gauss. A type-K potentiometer placed across a shunt in series 
with this magnet made it possible to control the field to 1 part 
in 30,000. Fluctuations of the earth’s field were measured with an 
Askania magnetometer and were found to be less than 0.5 milli- 
gauss during the course of a run. A run consisted of the measure- 
ment of the potassium transition frequency (vx), followed by the 
measurement of the hydrogen transition frequency (vq), after 
which yx was remeasured. In no case was the difference in vx 
before and after the determination of vq greater than 1 kc/sec. 

In order to produce a beam of atomic hydrogen, a microwave 
discharge source was used but was later replaced by a Wood’s 
tube which we found to give a larger percentage of atoms. The 
beam was detected by means of a Stern-Pirani detector. The 
production and detection of the K beam followed conventional 
procedures. 

The frequencies were measured by means of a General Radio 
type 620A wave meter. This instrument was calibrated between 
its crystal check points, so that it could be used to determine 
frequencies to within one part in 20,000. The half-widths of 
typical K and H resonance curves were about 5 and 15 kc/sec, 
respectively, which allowed the determination of their peaks to a 
precision of one part in 20,000. Table I lists the data obtained in 
ten independent runs. The last column in Table I is calculated 
from 


ga(K) _ x% (1—gi(4)/gs(H) JAvx 


g1(H) ~ 2a [1—gr(K)/g(K) JOvn "7 
where xx=[gy(K)—gi(K) JucH/hAvx is calculated from vx by 
use of the Breit-Rabi formula, and zg is obtained in a similar 
manner. The values used for g;(H), g:(K), Ava, and Avx are those 
appearing in the literature.’ The average value of gy(K)/g,(H) is 
1.00016+0.00006, where the quoted error is the average deviation. 

Kusch and co-workers have measured the ratio g,/g (Na) 
= 15.1927 10‘, where g, is the proton gyromagnetic ratio. From 
this ratio, and the value g,=3.04200X10-* Bohr magnetons, 
determined by Gardner and Purcell,* gs(Na) is found to be 
2(1.001138+0.00006) B. M. Using this value and the present 
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Taste I. Data obtained in 10 independent runs. 





gs(K) ‘es(H) 





va (Mc/sec) *K (Mc/ sec) 


1.00023 





experimental result, one obtains 
gs(H) =2(1.00098+0.00008) B. M. 


The theoretically obtained g, when first- and second-order and 
relativistic corrections are included is 2(1.001127) B. M., which is 
15 parts in 10° greater than g7(H) given above. 

Further experiments are in progress to improve the precision 
and we are continuing our search for possible sources of systematic 
errors. We wish to thank Professors J. R. Zacharias and B. T. 
Feld for their continued help and encouragement. 

* This work has been he in part by the Signal Corps, the Air 
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Radii of Even-Even Nuclei with 
Alpha-Fine Structure 


MELvin A. PRESTON 
McLennan Laboratory, University of Toronto, Toronto, Canada 
(Received May 21, 1951) 


HE evaluation of nuclear radii for even-even a-emitters has 

been discussed by Perlman and Ypsilantis' and by Kaplan.? 

The latter used the exact results of the one-particle square well 
model for zero angular momentum, viz: 


A= (0;/270)G exp(—2wo), (1) 


where (;/2ro) is the collision frequency of the a-particle with the 
potential barrier, exp(—2wo) is the barrier penetrability and G is 
a function determined by the model used, the exact form for a 
square well being given® in Eqs. (4.3) and (4.4) of reference 3. 
These papers stress the remarkable agreement with an A! law 
for the radii of even-even nuclei. Perlman and Ypsilantis have 
also considered the fine structure lines of Th™, Th®”, and Ra?**, 
which give information about the radii in some low excited states 
of the product nuclei. These authors have not discussed the effect 
of the angular momentum of the a-particle on the value obtained 
for the radius. This note will show the magnitude of this small 
effect. 
If the a-particle has angular momentum /h, Eq. (1) becomes 


Ar= (0;/270)GiQi exp(—2w). (2) 


The explicit forms of the functions are given in Eqs. (5.3) and 
(5.4) of reference 3. Q; represents the effect of / on barrier 
penetrability, and for constant energy Q; decreases monotonically 
as / increases. G; represents the effect due to angular momentum 
inside the nucleus. For 1<2 or 3, G; can increase with /, and with 
certain force models, including the rectangular well, it can out- 
weigh the effect of Q:, giving an over-all increase in \;. For 
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higher /, \: decreases rapidly. It might be thought‘ that G; should 
decrease with /, since in the same potential well, the increase of 
centrifugal force would decrease the average kinetic energy and 
so reduce the frequency of collision with the barrier. However, 
it must be remembered that the depth of potential well has little 
physical significance, and preserving the same depth for different 
l’s would be meaningless. The physically important fact is that 
the barrier is relatively high and the leak through jt is small and 
therefore the wave function must nearly vanish at r=ro; this 
implies mo;ro/h~first root of Ji43, where 2; is approximately 
the maximum velocity in the nucleus. Since the first roots of the 
bessel functions increase with /, we see that the necessity of 
“almost” imprisoning the a-particle in the nucleus can lead to a 
higher frequency of collision with the barrier and hence make G; 
an increasing function of I. 

Using the formula (2) for a square well, the results shown in 
Table I have been obtained. The ground-state radii were re- 


TABLE I. Deviation of radii of excited states from ground-state radii. 





Deviation (percent) 


Group 
Present PY 


abundance 


0.80 
0.20 


Parent 
_nucleus 


Thao 


Alpha- 
energy 





4.76 


4.69 —0.7 


$.517 0.72 
5.431 0.28 


4.877 
4.695 








calculated and substantial agreement with the results of Kaplan 
was obtained. The deviation of the radius for each excited state 
from that for the ground state is listed as a percentage of the 
ground-state radius for /=0,1. The corresponding figure from 
reference 1 is listed in the last column. For /=1 or 2, the radius 
will be smallest and will then increase rapidly for higher /’s. 
Thus, although our figures are somewhat different from those of 
Perlman and Ypsilantis, it seems likely that there will be no 
large discrepancies for / up to about 3. There does not appear to 
be any reliable information on the multipolarity of the transitions 
in question. 

11, Perlman and T. J. Ypsilantis, Faye. Rev. 79, 30 (1950). 

21. Kaplan, Phys. Rev. 81, 962 (19 

3M. A. Preston, Phys. Rev. 71, Gos (1947). 


4G. Gamow and C. L. Critchfield, Theory of Atomic Nucleus and Nuclear 
Energy-Sources (Oxford University Press, London, England, 1949), pp. 202-3. 


High Energy Bremsstrahlung and Pair Production* 
J. W. DeWrre anv L. A. Beacn 
Cornell University, Ithaca, New York 
(Received May 24, 1951) 


HE energy spectrum of photons from the Cornell syn- 

chrotron has been observed under various conditions with 
a magnetic pair spectrometer.! The’photon’beam was collimated 
by a slit, $ inch high by 1 inch wide, located 12 feet from the 
synchrotron target. The photons traversed a negligible amount of 
material before entering the spectrometer. The true coincidence 
counting rates from the spectrometer were corrected for the 
known variation of the pair cross section with energy! and for a 
geometrical efficiency which arises from the inability to detect 
all of the electron pairs from the }-mil gold radiator. The spectrum 
from a thin synchrotron target in the form of a 4-mil tungsten 
ribbon is shown in Fig. 1. From such a target one would expect 
to get a bremsstrahlung spectrum integrated over all angles of 
the scattered electrons,? and this is borne out by the good fit to 
the curve which is the spectrum predicted by the Bethe-Heitler 
theory,’ modified to account for the resolution of the spectrometer. 
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Fic. 1. Thin target photon spectrum from the synchrotron. The relative 


numbers of photons are multiplied by the corresponding energies. The 
resolution functions for the two sets of data are indicated by the triangles. 
The curve is computed from the Bethe-Heitler formula. 


The maximum energy of 312 Mev is based on an absolute calibra- 
tion of the spectrometer, which is estimated to have a limit of 
error of 2 percent. 

The spectrum from our “standard” target, a 40-mil tungsten 
wire, has also been observed. The data indicate relatively fewer 
high energy photons than aie present in the thin target spectrum. 
The ratio of 250-Mev photons to 50-Mev photons is five to ten 
percent lower than the corresponding ratio for the thin target 
data. This effect is in qualitative agreement with the cloud- 
chamber measurements of Powell, Hartsough, and Hill‘ and their 
calculated thick target spectrum, but a quantitative comparison 
with their calculations is made difficult by the uncertainty in 
our effective target thickness. For a given electron beam the 
thick target gave a total photon beam intensity only six times 
the thin target intensity, as measured with an ionization chamber 
behind one cm of lead. However, there is evidence of multiple 
electron traversals through the thin target; thus no conclusion 
on the effective thickness of the wire can be drawn from this. 

The shape of the.spectrum at the high energy cutoff has 
been investigated more closely by taking data at slightly different 
settings of the spectrometer field in order to get more points on 
the steep portion of the curve. The data for both the thick and 





W270 Mev 











10 


Fic. 2. The frequency of electron pairs from 270-Mev photons, plotted 
against the fraction of the energy carried by the positron. The experimental 
points are plotted, together with the curve expected from the Bethe-Heitler 
theory of pair production. 
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thin targets fit the calculated curve to within the statistical errors, 
which are similar to those in Fig. 1. However, the shape of the 
cutoff is measurably altered by spreading the beam in time. 
With a beam pulse 2.5 milliseconds long, the measured energy 
spread is about 2 percent, in agreement with the spread predicted 
from the time variation of the 30-cycle magnetic field. 

Some experimental data on the energy sharing between mem- 
bers of electron pairs have also been obtained. Preliminary results 
were affected by scattering by the walls of the spectrometer 
vacuum chamber,® but after this effect was eliminated, the results 
shown in Fig. 2 were obtained for 270-Mev photons and a }-mil 
gold pair former. The experimental points represent relative true 
coincidence rates for various pairs of counter groups representing 
the same total momentum of the electron pairs. The errors are 
the standard statistical errors. The curve is the Bethe-Heitler 
differential cross section; the agreement is well within the 
statistics. 

* Supported by the joint program of the ONR and AEC. 

1 DeWire, Ashkin, and Beach, Phys. Rev. 82, 447 (1951). 

2 L. L. Schiff, Phys. Rev. 70, 87 (1946). 

3H. A, Bethe and W. Heitler, Proc. Roy. Soc. (London) 146, 83 (1934). 

* Powell, Hartsough, and Hill, Phys. Rev. 81, 213 (1951). 


*M. Camac (private communication). 
* J. W. DeWire and L. A. Beach, Bull. Am. Phys. Soc. 26, No. 3, 42 (1951) 


Gamma-Radiation from I'* 


Frep C. MAIENSCHEIN,* Joz Keacy Barr,* AND WILLIAM B. BAKER* 
Nepa Division, Fairchild Engine and Airplane Cor oration, 
ak Ridge, Tennessee 
(Received May 28, 1951) 


HE decay of the photoneutron activity created by neutron- 
irradiated U*** as measured by Bernstein and Talbot! has 
recently been analyzed by Ergen® and yielded tentative evidence 
for the existence of a gamma-ray above the photoneutron thresh- 
old of Be in the spectrum of I'**. This gamma-ray has been con- 
firmed by Parker? using photoneutron methods and separated I'**. 
Since earlier absorption measurements’ indicated no gamma-ray 
energies above 1.4 Mev, the present investigation was carried 
out to find this gamma-ray energy. Further interest may be 
evidenced in the I'* spectrum, since the Brookhaven National 
Laboratory has recently announced‘ the production of this isotope 
for medical purposes. 

Numerous sources of I'%? were distilled from separated Te in a 
4 M HNO; solution with the addition of 7 percent H,O.. The 
iodine was collected as Nal in a dilute NaOH solution. The source, 
in all cases, was allowed to stand a sufficient time so that iodine 
activities from short-lived tellurium isotopes were not present. 
The measured half-life was 2.4 hr. For the preparation of the 
many sources used, the authors are indebted to Dr. George W. 
Parker of Oak Ridge National Laboratory. 

Energy measurements were made by three methods, all using 
Nal crystals. In the first method, a single NaI crystal was used 
to obtain the spectrum shown in Fig. 1, curve A. This spectrum 
was run several times and was observed to decay with a half-life 
of 2.3 to 2.4 hr. Energies of the three gamma-rays listed in 
Table I were determined, using Cs'*”7, Co, and ThC” gamma-rays 
as standards. The intensities in Table I were estimated by cor- 


TABLE I, Gamma-rays in 1, 


Gamma-ray energy 
From single- From Hofstadter- 
crystal type two-crystal 
spectrometer spectrometer 


Relative intensity 
from single 
crystal 
spectrometer 


0.69 37 
(0.80) 
1.41 


2.02 
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Fic. 1. Single-crystal and coincidence spectra of 1%, 


recting the heights of the photoelectric peaks above background 
by the photoelectric cross section of Nal. A similar estimate with 
a Na* source indicated equal intensities of the two gamma-rays 
within 14 percent. 

Further measurements were made using two complete single- 
crystal spectrometers connected in coincidence, the source being 
placed midway between the two 1}-in. crystals which were about 
j-in. apart. For curve B, Fig. 1, one channel was fixed at the 
photoelectron peak of the 1.4-Mev gamma-ray with a window 
width of 15 units. The other channel, with a 2-unit window width, 
was varied to give the spectrum shown. A broad low energy peak 
was found at about 0.2 Mev. It seemed probable that this peak 
was due to backscattered secondary Compton gamma-rays. In 
order to reduce this effect, a }-in. lead shield was placed between 
the crystals with a hole drilled in it so the source could see both 
crystals. Measurements made with a stronger source with this 
arrangement are shown in curve C, and the low energy peak had 
now disappeared. This curve was corrected by subtracting the 
chance coincidence rate as determined with a Cs'® source. The 
background rate amounted to about 25 percent of the total 
counting rate at the higher energy peak. 

Since a peak occurs in the coincidence curves at 0.7 Mev (note 
that the gain had shifted slightly since the single run which was 
made two weeks earlier), the 0.7-Mev gamma-ray is in coincidence 
with either the 1.4 or the 2.0-Mev gamma-ray. The latter possi- 
bility was eliminated by another coincidence run in which the 
fixed channel was placed at 0.7 Mev. Since no coincidences were 
observed at 2 Mev, the 0.7-Mev gamma-ray must be in coincidence 
with the 1.4-Mev gamma-ray. The marked inequality of the 
intensities of these gamma-rays is in general agreement with 
earlier indications that the beta-spectrum is complex.’ The 2.0- 
Mev gamma-ray presumably represents the cross-over transition. 

A final set of energy measurements was made with a Hofstadter- 
type two-crystal spectrometer. Since the coincidence counting 
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rates at the high energy gamma-ray were quite low, it proved 
expedient to record the data by photographing the oscilloscope 
screen. The oscilloscope was made to operate as a gate by modu- 
lating the intensity with the pulse from the degraded-gamma- 
counting crystal. Figure 2 shows a reproduction of such a photo- 


Fic. 2. 1% spectrum with Hofstadter-type two-crystal spectrometer. 
graph. The original negative shows lines corresponding to the 
three gamma-rays at energies listed in Table I, together with the 
pair line from the high energy gamma-ray and an indication of a 
weak line at 0.8 Mev. 

* Now at Oak Ridge National Laboratory. 

1 Bernstein and Talbot, AECD-1833 (unpublished). 

?W. K. Ergen, private communication, 

*K. Way, Nuclear Data, NBS Circular No. 499, 152 (U. S. Government 
Printing Office, Washington, D. C., 1950). 

4 Winsche, Stang, and Tucker, Nucleonics 8, 14 (1951). 

* R. Hofstadter, Phys. Rev. 78, 617 (1950); and Bair, Maienschein, and 
Baker, Phys. Rev. 81, 283 (1951). 


On the Hyperfine Structure of Hydrogen and 
Deuterium 
F. E. Low 
Institute for Advanced Study, Princeton, New Jersey 
AND 
E, E, SALPETER 
Nuclear Studies, Cornell University, Ithaca, New York 
(Received June 4, 1951) 


Laboratory o 


REIT e al.' have shown that, if the Breit hamiltonian is 

used, the ratio of the hyperfine structure in deuterium and 
hydrogen is given, except for correction terms of relative order of 
magnitude of a*(m/M), by 


vp/¥H) theor = (3/4)(mp/mu)*(up/ up). (1) 


Very accurate measurements of the ratios of the hyperfine 
structure? and of the magnetic moments* of deuterium and 
hydrogen have been carried out recently. These give 


(2) 


\YD. Jex on, 
a=i—[ yp/ PH) =| = (1.702:0.008) x 10 ‘, 


(¥D/ ¥H) theor. 


Low‘ has discussed in detail the effect of the structure of the 
deuteron on the ratio (vp/vq). The largest source of error in his 
result was the uncertainty in the expectation value (27R)s for 
the S-state part of the wave function for the deuteron ground 
state, y~' being the “radius” of the deuteron. The accuracy of low 
energy measurements on the neutron-proton forces has been im- 
proved greatly in the last few years, and the present value’ for 
the effective triplet range p:(0, —e) is now (1.704+0,.030) x 10-¥ 
cm and for the deuteron binding energy (2.226+-0.003) Mev. 
From the above value for p,(0, —e) a value for ps(—e, —e), the 
effective range defined in terms of the deuteron ground-state wave 
function, can be calculated separately for each shape of the 
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neutron-proton potential.’ Approximate deuteron ground-state 
wave functions for each potential shape were used, accurate at 
small distances as well as asymptotically and containing one 
arbitrary parameter each. This parameter was fixed so as to give 
exactly the appropriate value for p,(—«, —«). Using these wave 
functions (2yR)s was then calculated for each potential shape. 
Due to some fortuitous cancellation (2yR)s does not depend 
strongly on potential shape. For a Yukawa and square well 
potential (2yR)s was found to be 1.44 and 1.47 respectively, with 
intermediate values for an exponential and gaussian potential. We 
shall use a value of 

(2yR)s= (1.45;+0.03). (3) 
Using this value the numerical result of Low’s* calculation 
becomes 

A=(1.98+0.10) x 10~¢. (4) 


The value (4) obtained for A was based on the assumption that 
(a) the Breit hamiltonian is completely correct and (b) each 
nucleon behaves as a point-particle with both its electric charge 
and magnetic moment concentrated in a point and fixed. In the 
derivation of the Breit hamiltonian from quantum electrodynamics 
by means of second-order perturbation theory, the recoil energy 
of the nucleus has to be neglected compared with the energy of the 
virtual photon which is interchanged. No completely consistent 
alternative for the Breit hamiltonian has, as yet, been applied to 
this problem. The correction to the Breit term due to the nuclear 
recoil can, however, be estimated by a simple nonrelativistic 
calculation. The integral obtained for this correction from the 
nonrelativistic region (photons of energy much less than the rest 
energy of the nucleus) involves a logarithm whose numerical 
value is about 10. A relativistic treatment would, presumably, 
result in the addition to this logarithm of some term of the order 
of magnitude of unity. 

For a nucleus of unit charge and mass AM this nonrelativistic 
calculation results in a factor, multiplying the expression for the 
hyperfine structure, of 

1—(4/xA)(h/Mcap) log(ao/ro), (5) 


where dy is the Bohr-radius and ro is a cut-off radius of the order 
of the nuclear Compton wavelength. For the case of deuterium 
the range of integration for distances smaller than the range of 
nuclear forces should really be treated separately. However, to the 
accuracy of a nonrelativistic treatment, it suffices to replace ro 
by (4/Mc). This leads to a value of A larger by (0.340.1) x 10™4 
than the value given in (4). Relativistic effects for the electron 
cannot contribute to the ratio (vp/vq#), and there seem to be no 
other relativistic terms for the nuclei which could alter A by as 
much as the error (+10~*) quoted above. 

We therefore conclude that the rather large difference between 
the values (4), plus the recoil correction term, and (2) for A, 
obtained from the calculation and experiments, respectively, 

(+0.58+0.20) x 10-* 


is a result of the structure of the nucleons themselves. One possible 
effect would be a dependence of the magnetic moment of one 
nucleon on the proximity of another. This would mean that the 
value of 4 percent, assumed for the percentage D-state of the 
deuteron in the above calculation,‘ is incorrect. Another possi- 
bility® is that the magnetic moment of a nucleon is spread over a 
certain finite radius. If all of the discrepancy in A mentioned above 
were due to, say, only the anomalous part of the magnetic moment 
of a nucleon being spread out uniformly up to a certain radius, 
this radius would have to be rather large, of the order of magnitude 
of at least 2X 10~ cm. 

1G. Breit and R. E. Meyerott, Phys. Rev. 72, 1023 (1947); Breit, Brown, 
and Arfken, Phys. Rev. 76, 1299 (1949). 

2A. G. Prodell and P. Kusch, Phys. Rev. 79, 1009 (1950). 

2? Smaller, Yasaitis, and Anderson, Phys. Rev. 81, 896 (1951). 

4F, Low, Phys. Rev. 77, 361 (1950). 


5 E. E. Salpeter, Phys. Rev. 82, 60 (1951). 
*A. Bohr, Phys. Rev. 73, 1109 (1948). 
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Total Neutron Cross Sections of Magnesium 
and Silicon* 


R. E. Fietps anp M. Watt 
University of Wisconsin, Madison, Wisconsin 
(Received May 31, 1951) 


HE total cross sections of magnesium and silicon for fast 

neutrons have been reported by Freier, ef al.,' for neutron 
energies from 550 kev to a few Mev. Since the only information 
for energies below 550 kev consisted of a few scattered points 
measured with photoneutrons,? the present investigation was 
undertaken to fill in the low energy region. 

Fast neutrons were produced by bombarding a lithium target 
with protons from an electrostatic generator. At neutron energies 
from about 135 kev to 800 kev, neutrons emitted in the forward 
direction were used, while at lower energies observations were 
carried out at an angle of 115° to the incident proton beam. Cross 
sections were determined from simple transmission measurements. 
Magnesium samples in the form of metallic cylinders and silicon 
samples in the form of crushed silicon metal packed in cylindrical 
brass containers were interposed between the neutron source and 
a BF; proportional counter in the same geometry as described 
previously. The neutron-energy spreads stated in the captions 
were estimated from the proton-energy spread, the target thick- 
ness, and the angle subtended by the counter. Corrections were 
made for background and for neutrons scattered into the counter 
by the sample. 

Peaks in the cross section of Si are observed at 195 kev and at 
570 kev as shown in Fig. 1. The heights of these resonances indi- 
cate that both are caused by interaction with Si*, which con- 
stitutes 92 percent of the natural isotopic mixture. From the dip 
occurring on the low energy side of the 195-kev maximum it is 
deduced that s-neutrons are responsible for this resonance. 
Assuming the compound nucleus has spin J =4, the cross-section 
variation calculated from Breit-Wigner theory is 13.5 barns, in 
reasonable agreement with the observed change of 12 barns. 
The 5.5-barn rise at 570 kev requires the formation of a compound 
nucleus with J>4, since a resonance with J=4$ would give an 
increase of only 4.5 barns. 

The cross section of magnesium, shown in Fig. 2, has pro- 
nounced maxima at 85, 275, and 430 kev, all presumed to result 
from Mg* which has an isotopic abundance of 79 percent. The 
19-barn increase at 85 kev is attributed to p-neutrons producing a 
compound nucleus with spin one-half. Such a resonance has a 
theoretical height of 26 barns. The broad peak at 275 kev may 
be due to several unresolved resonances as is suggested by the 
unusual shape. If one assumes the 275-kev peak is due to formation 
by -neutrons of a compound nucleus with spin one-half, the 
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Fic. 1. Total cross section of silicon. Solid circles represent data taken 
at 115° relative to the incident protons; the neutron energy spread for 
these points varies from 20 kev at 14 kev to 30 kev at 135 kev. Vertical 
lines indicate data taken in the forward direction with an energy spread 
of about 10 kev. The heights of symbols give statistical errors. 
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Fic. 2. Total cross section of magnesium. The open circles represent 
data taken at 115° with energy resolution varying from 10 kev at 14 kev 
to 20 kev at 135 kev. Vertical lines indicate data taken in the forward 
direction with an energy spread of about 10 kev. 


theoretical cross-section increase is 8 barns, in agreement with 
the observed value of 8 barns. The calculated variation in cross 
section at the 430-kev resonance is less than the observed 8 barns 
if J is taken to be 3. The compound nucleus must therefore have a 
spin of at least }, spin } giving a calculated increase of 9.5 barns. 
Higher values of J are also possible, but the large observed width 
of the resonance favors the lowest spin value §. There is evidence 
of resonances at 560 kev and 680 kev, but the information is 
insufficient to assign definite spin values. The small maximum at 
22 kev is perhaps due to an incompletely resolved resonance in 
one of the less abundant isotopes. 

As the energy resolution used in this experiment differed from 
that of the other investigations,'* a detailed comparison of results 
is difficult. However, the present data are in qualitative agreement 
with the measurements reported in references 1 and 2. 

* This work was supported by the AEC and the Wisconsin Alumni 
Research Foundation. 

! Freier, Fulk, Lampi, and Williams, Phys. Rev. 78, 508 (1950) 


2? Fields, Russell, Sachs, and Wattenberg, Phys. Rev. 71, 508 (1947). 
* Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 (1949). 


External Photoelectrons from F’-Centers in RbI 


E. TAFT AND L. APKER 
General Electric Research Laboratory, Schenectady, New York 
(Received June 4, 1951) 


HEN external photoelectrons are ejected from F-centers in 

RbI near 85°K, the spectral distribution of the photo- 
electric yield has the form shown by curve (a) in Fig. 1.' Early 
experiments on this distribution in the region of the threshold, 
near 2.2 ev, showed slight variations in form depending on the 
treatment of the sample. More critical examination showed that 
irradiation of the emitter at hy~1.9 ev produced obvious changes 
in the distribution, as shown in curve (b) of Fig. 1. This photon 
energy, 1.9 ev, lies on the high energy side of the optical absorption 
band due to the F-centers. The irradiation evidently produces 
new occupied energy levels from which external photoelectrons 
may be ejected with photon energies as low as 1.6 ev. One con- 
cludes that these new states are due to the well-known F’-centers 
which have been produced in large crystals under comparable 
conditions.” In agreement with this view, the spectral distribution 
returns to its original form when the sample is irradiated with 
photons of energy ~1 ev lying in the absorption band of the 
F’-centers, the centers being ionized and destroyed in this process. 
Warming the sample to 300°K produces a like effect. 

F’-center formation may be observed by this method in other 
alkali halides if appropriate temperatures are used. It is necessary 
to ionize F-centers thermally when they are excited in their main 
absorption band, yet the temperature must not be so high that 
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Fic. 1. Spectral distribution of the photoelectric yield Y in electrons, 
juantum for RbI containing F-centers at 85°K [curve (a)]. After irradia- 
tion of the emitter at hv ~1.9 ev, the distribution changes because F’-centers 
are formed [curve (b)]. The concentration ratio F’/F is of the order of 0.01 
in this particular case. (The logarithms are negative.) 


the F’-centers are unstable.? RbI is convenient because the 
phenomena appear readily at the temperature of liquid air. It is of 
interest to note that by this method one may detect F’-center 
concentrations that are considerably lower than could be measured 
conveniently by the usual optical absorption techniques. 


Taft, Phys. Rev. 81, 698 (1951). 
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Two-Step Isomeric Transition in Sn'!*" (250 Days)* 


= GOLDHABER, 


G. SCHARF .— a E. DER MATEOSIAN, 
G . JounNsoN, AND M. McKeow 


Brookhaven bee Laboratory, Upton, Long Idend, New York 
(Received June 5, 1951) 


IHELICH and Hill' have found that Sn'™ (250 days) 

decays with a highly converted isomeric transition of 
~69 kev. Recently Hill? redetermined this energy and found 
65.3+0.5 key. From the K/L ratio of this y-ray it was concluded! 
that it is a magnetic 2*-pole transition. In analogy with other 
isomers in this region (Te, Sn'") and in accordance with the strong 
spin-orbit coupling model’ this magnetic 2*-pole transition is 
expected to be /y/2—d3/2. As the ground state of Sn'™® is known 
to be sj, this should be followed by a magnetic dipole transition, 
as Mihelich and Hill' have pointed out. A search for this second 
y-ray with a Sn" source produced by slow neutron bombard- 
ment of enriched Sn''* was carried out both with a scintillation 
counter and a proportional counter. No new y-ray was found, 
indicating that the second step is either highly converted or too 
close in energy to the Sn K x-ray to be resolved. Therefore, a teche 
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nique was evolved which allows one to observe the sum of two or 
more -transitions if they follow each other in <~1 usec. A Tl 
activated Nal crystal containing Sn!" was grown by the Bridg- 
man method as adapted by Hofstadter.‘ Reagent grade sodium 
iodide mixed with 0.1 percent thallous iodide was melted down 
under fore-vacuum in a vycor crucible. After cooling, a few tenths 
of a mg of SnOz, containing Sn", was introduced into the 
crucible. The crucible was pumped out again and sealed off. To 
produce the single crystal, the crucible was lowered at a rate of 
0.2’/hr through a combustion tube furnace operated at 700°C 
The crystal was used in connection with a 5819 RCA phototube as 
a scintillation spectrometer. The pulses due to the sum of the 
conversion electron energies were observed on a Dumont 248 
oscilloscope screen and then photographed with a polaroid 
camera.’ An oscilloscope trace corresponding to a value of 854 
kev for the total transition energy was found. Several external 
y-ray sources were used for calibration. One example is shown in 
Fig. 1. At the left the pulse distribution from the Sn! activated 


Fic. 1. Oscilloscope traces from Sn, At the left is shown the pulse 
distribution from a sodium iodide crystal impregnated with Sn" and at 
the right the same distribution with the spectrum of an external 120-day 
Tm!?° source, consisting of an 84.8-kev y-ray and a 51.4-kev Yb K x-ray, 
superimposed. Two faint electronically produced pulses of equal height 
are shown for comparison. 


crystal without an external source is shown; and at the right, 
superimposed, is the photoelectron spectrum of 120-day Tm’, 
consisting of an 84.8-kev® y-ray and a 51.4-kev Yb K x-ray. The 
Sn! radiation is seen to have approximately the same energy 
as the Tm y-ray. We therefore conclude that a y-ray of 2025 kev 
follows the 65.3-kev transition. The method of the “impregnated” 
crystal for measuring the total disintegration energy is further 
illustrated by Fig. 2, which shows oscilloscope traces from Sn", 
At the left the pulses from a Tl activated sodium iodide crystal 
containing a small amount of Sn!”™ are shown. The lower, intense 
pulse is ascribed to the strongly converted first step' (159 kev). 
The higher pulse corresponds to the sum of the two steps 
[(159+162) kev]. At the right the lower pulse is intensified by 


Fic. 2. Oscilloscope traces from Sn". At the left are shown the pulses 
from a sodium iodide crystal impregnated with Sn!’ corresponding to 
159 kev and 159+162 =321 kev; at the right the lower pulse is intensified 
by the 162-kev y-line from an external Sn"7™ source. 
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Fic. 3. Proposed disintegration scheme for Sn%™, 


adding an external Sn‘! source emitting mainly the 162-kev 
y-tay, which is too close to the 159-kev line to be resolved from it. 

In order to find the conversion electrons from the 20+:5-kev 
transition, a small amount of Sn'" was evaporated on an 
aluminum disk mounted on the inside wall of an argon-filled pro- 
portional counter. Electron peaks corresponding to energies of 
19 kev, 37 kev, and 62 kev were observed, which were interpreted, 
respectively, as the L electrons of a 24-kev y-ray with perhaps 
some contribution from Auger electrons, and the K and L electrons 
of the 65.8-kev 7-ray. Also, a small electron peak of ~80 kev was 
found, corresponding to the sum of the first and last electron 
components. 

Critical absorption measurements of the photon component of 
Sn™™ carried out with an argon-filled proportional counter indi- 
cated that, besides the Sn K x-ray (E=25.09 kev), a radiation of 
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about 24 kev was present which is compatible with the above 
result. However, since the enriched Sn"™* sample which had been 
exposed to neutrons in the reactor contained 0.2 percent of Sn", 
this radiation may possibly be the In K x-ray following K-capture 
decay of Sn", 

Figure 3 shows the proposed disintegration scheme for Sn'™™. 

If one examines the two-step isomeric transitions of Te'*', Te'?*, 
Te'5 on the one hand, and Sn" and Sn!” on the other hand, 
one notes that the second steps have a tendency to decrease in 
energy with increasing mass number. As no second transitions 
take place in the Te and Sn isomers of higher mass number, it has 
to be concluded that the dy/z levels move toward the sy2 levels 
with rising A and eventually cross over.’ 

Extrapolating to lower mass numbers we should expect that the 
dz;2 level of Sn!" must be several hundred kev above the 5,2 level. 
This is in agreement with the fact that In"5 does not decay to the 
dsz level, to which a §-transition would be second forbidden, 
but rather with a fourth-forbidden 8-transition to the 51/2 ground 
state of Sn'5,8 

We should like to thank Mr. A. Smith for valuable help with 
these experiments. 

* Research carried out at Brookhaven National Laboratory under the 


a) of the AEC. 
1j. Mihelich and R. Hill, Phys. Rev. 79, 781 (1950). See also 
Nelson, Ketelle, and Boyd, ORNL 685 (1950) (unpublished). 
D. Hill (private communication). 
Mt. G. Mayer, Phys. Rev. 78, 16 (1951). 
4R. Hofstadter, Phys. Rev. 75, 796 (1949); 
726 (1950). 
‘For the description of this technique see E. 
Cer, Phys. Rev. 82, 115 (1951). 
. L. Caldwell, Phys. Rev. 78, 407 (1950). 
- D. Hill, Phys. Rev. 80, 906 (1950). 
*E. A. Martell and W. F. Libby, Phys. Rev. 80, 977 (1950). 
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Proceedings of the American Physical Society 


MINUTES OF THE MEETING OF THE SOUTHEASTERN SECTION AT CHATTANOOGA, APRIL 5 


HE seventeenth annual meeting of the South- 
eastern Section of the American Physical 
Society was held at the University of Chattanooga, 
Chattanooga, Tennessee, on April 5-7, 1951, and 
was attended by approximately three hundred 
members and guests. A splendid program of sixty- 
five contributed papers and five invited papers was 
arranged by a committee of which Prof. A. H. 
Nielsen of the University of Tennessee was chair- 
man. The abstracts of the contributed papers 
appear below and in the American Journal of 
Physics. At an evening session, Prof. Eric Rogers 
of Princeton University presented a demonstration 
lecture on surface tension. The dinner speaker was 
Dr. F. G. Slack of Vanderbilt whose subject was 
“Physics and the Emergency.”’ The other invited 
papers were as follows: 
An Experimental Course in Reactor Physics at the Oak 


Ridge School of Reactor Technology, E. C. CAMPBELL, Oak 
Ridge National Laboratory, Oak Ridge, Tennessee. 


-7, 1951 


Neutrons as Waves and Particles, C. G. SHuLL, Oak Ridge 


National Laboratory, Oak Ridge, Tennessee. 

Structure and Physical Properties of the Interstellar Gas 
Clouds, BENGT StrRgMGREN, Director or Yerkes Observa- 
tory, University of Chicago, Chicago, Illinois. 

The many details of arrangement of the meeting, 
including entertainment and visits to some of 
Chattanooga's industries, were admirably cared for 
by a committee having Prof. M. S. McCay of 
Chattanooga as its chairman. An extensive exhibit 
from the American Museum of Atomic Energy, 
a part of the Oak Ridge Institute of Nuclear 
Studies, attracted many visitors. 

There were two half-day symposia devoted to 
work of the National Bureau of Standards, one on 
the achievements of computing machines in the 
field of physics, one on stable isotopes and their 
uses; there were five invited papers in addition to 
those comprised in the symposia. Our Division of 
High-Polymer Physics had three sessions consisting 
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partly of invited and partly of contributed papers. 
The entire scientific programme is republished on 
following pages. 

The banquet of the Society was held on Friday 
evening in the Terrace Room of the Shoreham 
Hotel, with an attendance of 272. E. U. Condon of 
the National Bureau of Standards and A. T. Water- 
man of the National Science Foundation spoke. 

The Council met on Thursday morning. Two 
candidates were elected to Fellowship and one 
hundred and twenty-nine to Membership; their 
names are appended. 

The Council considered the problem of financing 
Science Abstracts, of which journal the Institution 
of Electrical Engineers (London) has increased the 
subscription-rates: this is neither a cause for sur- 
prise nor a cause for blame, since both the unit 
printing costs and the size of the journal have risen 
considerably. Although final action is reserved until 
the June meeting, our members may expect to pay 
in 1952, in addition to dues, an extra $2.00 by those 
who want either Physics Abstracts or Electrical 
Engineering Abstracts, and an extra $7.50 by those 
who want both. These subscription-rates will fall 
very far short of meeting our share of the costs of 
Science Abstracts; the Society will make an addi- 
tional contribution to the fixed charges of that pair 
of journals. Further details will be given in the 
next issue of these Proceedings. 

Passing to a more cheerful subject: our Wash- 
ington meeting occurred in the semicentennial year 
of the National Bureau of Standards, an institution 
which over and above its scientific eminence has the 
distinction of having entertained more of our mem- 
bers at meetings of the Society than any other. 
Mindful both of this special contribution to the 
Society and of the value of the Bureau to the 
science of physics, the Council authorized the 
presentation of a scroll to the National Bureau of 
Standards. The text of this scroll (which is sub- 
joined) was read aloud at the banquet of the Society 
by President Lauritsen, and the scroll itself will be 
delivered to the Bureau in due time. It is but a 
small return for the many services of the Bureau to 
the American Physical Society. 

The Nominating Committee assembled on the 
Friday afternoon, and nominated to office in the 
Society, for terms commencing in 1952, the follow- 
ing Fellows: J. H. Van Vleck for President; Enrico 
Fermi for Vice-President; K. K. Darrow for Secre- 
tary; G. B. Pegram for Treasurer; R. B. Brode and 
W. V. Houston for posts on the Council (four-year 
terms) W. P. Allis, F. G. Brickwedde, W. B. 
Fretter, Conyers Herring, H. W. Leverenz, and 
Arnold Nordsieck for posts on the Board of Editors 
with allocation to Physical Review (three-year 
terms) S. K. Allison and N. F. Ramsey for posts 
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on the Board of Editors with allocation to Reviews of 
Modern Physics (three-year terms). Messrs. Van 
Vleck, Pegram, and Darrow were nominated also 
by the membership-at-large. 

According to reports reaching the office of the 
Society, we have lost through death one of our 
Honorary Members (V. Bjerknes) and also F. R. 
Bichowsky, R. A. Gardner, W. D. Harkins, J. W. 
Hornbeck, E. Ossofsky, H. F. Reid, C. E. Skinner, 
J. C. Southard, L. B. Spinney, and W. B. White. 


Elected to Fellowship at the 1951 Washington Meeting: 
R. Becker and K. I. Roulston. 

Elected to Membership at the 1951 Washington Meeting: 
Richard B. Allen, Carroll O. Alley, Jr., Donald E. Andersen, 
Elliot R. Babcock, Alfred E. Bakanowski, José A. Balseiro, 
Richard G. Barnes, Eugene H. Beach, Harold J. Bernstein, 
Hugo W. Bertini, Howard Boyet, Francisco D. A. Q. A. 
Brandao, Hezzie R. Brannon, Jr., Wallace R. Brode, David 
F. Brower, Douglas E. Brown, Mary Patricia Burgan, Daniel 
K. Butler, James W. Butler, Joseph J. Caldwell, Jr., Robert 
J. Campana, James G. Campbell, John P. Carcelli, Byron M. 
Carmichael, Warren P. Chernock, Emerson V. Clarke, Jr., 
Clarence S. Clay, Henderson Cole, Lawrence P. Dale, G. 
Conrad Dalman, Richard G. Davis, Harold R. Day, Ajay S. 
Divatia, Kenneth W. Downes, William E. Drummond, Walter 
P. Dyke, John J. Earshen, Howard W. Etzel, Donald J. 
Farmer, Harry E. Felthauser, Billy B. Fisher, Carl C. Franken- 
field, Alan D. Franklin, Arthur A. Frost, John Gaffney, Alper 
Garren, Myer Geller, Raymond A. Gilbert, Harold Glaser, 
David Green, Graham D. Gutsche, Frank S. Ham, Joe S. 
Ham, Franklin A. Hamm, Philip N. Hambleton, Edward F. 
Hammel, Wesley H. Harker, Alfred B. Harris, John P. Heller, 
Donald A. Hicks, Robert M. Hill, Frank A. Horak, Chao- 
Sheng Hung, Syoji Ichimura, Frederick R. Innes, Kenneth K. 
Innes, Robert A. Isaacs, Arthur C. Johnson, Jerome Joseph, 
Sylvan Katz, James M. Kennedy, John G. King, William C. 
King, Kenneth E. Kissell, Milton M. Klein, Myron W. Knapp, 
Elton E. Kohnke, Jerome M. Lavine, Samuel H. Levine, 
R. van Lieshout, Raphael M. Littauer, Olin S. Lutes, Donald 
H. Lyons, Leonard A. Mann, Robert S. Margulies, Samson A. 
Marshall, Frederick H. Martens, Carl G. Matland, Laurence 
R. McAneny, Laurence H. Mead, Richard K. Neumann, 
Gerard K. O’Neill, Gordon N. Patterson, William Pavluk, 
Milton O. Peach, William O. Pederson, Julius Perel, Paul J. 
Persiani, Jacques C. Poirier, Robert M. Powell, Ernest 
Rabinowicz, Harlan K. Reynolds, Jasper E. Richardson, 
Benjamin W. Roberts, Jr., Robert Rosenberg, Richard J. 
Runge, John B. Rutherford, Thomas F. Schatzki, Delmar O. 
Seevers, Faison T. Sessoms, Joseph Shapiro, Hari D. Sharma, 
Sidney Singer, Karl Sittel, Morgan Sparks, Arthur J. Steele, 
Richard T. Swim, Avon L. Thompson, Ernest W. Titterton, 
Louis Toller, Arthur G. Tweet, John Vislocky, Alan T. 
Waterman, Jr., James B. Weddell, Robert E. Whitfield, 
Raphael H. Widman, Alan M. Winkelstein, Gaurang B. Yodh, 
Charles J. Zablocki, and Robert W. Zwanzig. 


Kar K. Darrow, Secretary, 
American Physical Society 
Columbia University 
New York 27, New York 


At its meeting the Section elected W. G. Pollard, 
Executive Director of the Oak Ridge Institute of 
Nuclear Studies, as Chairman for 1951-1952. Other 
officers elected were Walter Gordy, Duke Uni- 
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versity, Vice-Chairman; Dixon Callihan, Oak Ridge 
Nationaf Laboratory, Secretary; R. T. Lagemann, 
Emory University, Treasurer; and J. H. Coulliette, 
University of Chattanooga, member of the Execu- 
tive Committee. North Carolina State College at 
Raleigh was chosen as the site of the 1952 meeting. 
Eric Rodgers of the University of Alabama is the 
retiring chairman. 
Dixon CALLIHAN, Secretary 

Southeastern Section 

P. O. Box 247 

Oak Ridge, Tennessee 


ABSTRACTS 


1. Positron-Electron Scattering. G. Ropert Hoke, Uni- 
versity of North Carolina.—Direct cloud-chamber studies of 
positron-electron scattering are rare. Ho Zah-Wei! has found 
that in the case of large fractional energy exchange, i.e., those 
cases in which the electron acquires more than 0.7 of the 
primary positron’s energy, the experimental number of events 
is about three times the number expected according to the 
theory of Bhabha.? The present work is an attempt to deter- 
mine whether this discrepancy is real or perhaps statistical. 
A cloud chamber of 83-inch diameter is used and a uniform 
magnetic field is supplied by Helmholtz coils. A Na-22 positron 
source (0.58 Mev) is mounted in the chamber. Preliminary 
results will be discussed. 


1 Ho Zah-Wei, Phys. Rev. 70, 224 (1946). 
?H. J. Bhabha, Proc. Roy. Soc. (London) 154, 195 (1936). 


2. The Electron Spectrum of Sn'" and In"™**. D. A. Tuomas 
AND S. K. Haynes, Vanderbilt University.\—The electron 
spectrum of Sn™3-[n"™* has been studied from 4 kev to 500 kev 
on a medium resolution magnetic lens, beta-ray spectrometer. 
Nylon windows approximately 18 and 36 ug/cm? were used. 
The former permitted a few of the L Auger electrons at 4 kev 
to be counted. A thin electroplated source of Sn'* produced 
from electromagnetically separated Sn"? gave K Auger elec- 
tron peaks very little broader than the K conversion line of 
the In™* 0.39 Mev gamma-ray. The energies of both the 
Auger peaks and K conversion line were within experimental 
error (~1 percent) of previously reported values. No evidence 
of a K conversion line corresponding to an 0.085-Mev gamma- 
ray was found. The ratio of the total K-Auger-electron yield 
to the K-conversion-electron yield was 0.54 with the thinner 
window. The 20-kev K-LL peak was only 3.8 percent less 
intense for the thicker window. The Auger-K ratio depends 
on the fluorescent yield, the ratio of L to K captures in Sn", 
the conversion coefficient of the 0.39-Mev gamma-ray, the 
fraction of disintegrations going directly to the ground state, 
and the window transmission. Certain difficulties of interpreta- 
tion arise which will be presented. 


1Supported by Research Corporation, Carnegie Foundation, and the 
AEC. 


3. Absorption Studies on Sn" and In"*. H. C. THomas, 
Mississippi State College, S. K. Haynes AND C. D. BRoyLes, 
Vanderbilt University.—Previous experiments by others on 
105-day Sn" have shown it decays by orbital capture to 
In™* (0.39 Mev, N,/N=2.3, 104-min half-life Nx/Ni=5.4). 
The half-life, energy, and K-L ratio indicate that 104-min 
transition must be largely magnetic 2‘ pole. The above value 
of N./Ny is much too high for such a transition. Furthermore, 
disagreement exists as to whether an 0.085-Mev transition 
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precedes the 104-min transition. In order to investigate the 
discrepancies a counter was constructed whose absolute 
efficiency for beta-rays and for gamma-ray energies below 
0.5 Mev was approximately known. The source was electro- 
magnetically separated Sn’ which was irradiated in the 
Hanford Pile. Absorption measurements in Pb show that 
0.085-Mev gamma-rays, if present, occur in less than 1 percent 
of the disintegrations. Comparison of the extrapolated electron 
and 0.39-Mev gamma-ray intensities indicates that the total 
conversion coefficient is approximately 0.29+0.1 which is in 
better agreement with the predicted value of 0.53 for magnetic 
2¢ pole radiation than the previous value. 


! Supported by the AEC. 


4. On the Measurement of Internal Conversion Coefficients 
with Thick Sources. Epwin C. Kipp anp Max Gooprica, 
Louisiana State University —Although increasing the thick- 
ness of a radioactive source may make possible the spec- 
troscopy of its gamma-rays, the thick source obscures, par- 
ticularly for low energy transitions, the internal conversion 
spectrum and, therefore, the determination of the conversion 
coefficients. The question arises as to whether, for a simple 
gamma-ray transition, the measurement of the relative number 
of x-rays may be used to give the conversion coefficient. 

A photographic scintillation spectrometer employing a one- 
inch-thick Nal crystal has been used to obtain the photon 
spectrum from a Cs"? source. Microphotometer curves for the 
photographs are made and evaluated by a density scale put 
on each film. The area under the curve is used to determine 
the relative number of K x-ray and gamma-ray photons de- 
tected. The raw data give about 0.25 for this ratio. Corrections 
must be applied to account for: (1) the detection efficiencies 
of the crystal for the two groups of photons, (2) scattering of 
the x-rays from the shielding onto the crystal, and (3) the 
Auger effect. Estimates of these corrections leave the relative 
number of K x-rays roughly twice the known value of the 
internal conversion coefficient and suggest that conversion 
coefficients found in this way are likely to be high. 


5. Scintillation Spectrometry Using Hollow Crystals. R. C. 
Davis, AND P. R. BELL, Oak Ridge National Laboratory.— 
B-ray spectra measured using flat anthracene crystals as 
scintillation phosphors show a large excess of low energy 
pulses. This excess of low energy pulses seems to be due to 
scattering out of the crystal. Collimated 8-ray beams directed 
into the bottom of a hole in a crystal produce much better 
spectra. Good Kurie plots can be obtained with moderate 
energy 8-rays. The performance will be illustrated by curves 
for phosphorus 32. 


6. 3.5 Year Cd'"* Beta-Activity. JuprrH M. Cassipy, Oak 
Ridge National Laboratory.—The previously reported? long- 
lived beta-activity found in cadmium following a long pile 
irradiation has been assigned to Cd"*, Separated cadmium 
isotopes 108, 112, and 114 were irradiated for 12 days and 
their activities followed for six months. The long beta-activity 
appeared only in the Cd"? sample. Its decay was followed for 
three months on a mica-window counter; the half-life found 
was 3.5+0.5 years. The assignment of the 330 day K-capture 
activity to Cd!°* was also confirmed. Using an activation cross- 
section for Cd" calculated from the relative activities of the 
two transitions is 0.020+0.01 b. The Cd!" 8-spectrum has 
been measured in an anthracene split crystal spectrometer; 
the endpoint is 590+15 kev. 


1J. M. Cassidy and P. R. Bell, Phys. Rev. 79, 418(A) (1950). 
? Carss, Gum, and Pool, Phys. Rev. 80, 1028 (1950). 


7. Conversion Coefficients of Gamma-Rays from Short- 
Period Radioisotopes. Jack H. Kaun,* Oak Ridge National 
Laboratory.— Measurements have been made of the conversion 
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coefficients of the low energy gamma-rays associated with the 
following activities: Co® (10.7 min), Nb™ (6.6 min), Ir!” 
(1.4 min), and U** (23.5 min). Results were obtained by using 
a calibrated proportional counter spectrometer with photo- 
graphic recording of self-triggered pulses displayed on the 
screen of an oscilloscope. By recording pulses due both to 
the nuclear gamma-ray and the x-ray emitted following in- 
ternal conversion in the K or L shells, the relative intensity 
of gamma-ray to x-ray is obtained. After suitable correction 
for counter efficiency, fluorescent yield, absorber attenuation, 
and film characteristic the conversion coefficient is computed. 
Comparison of data obtained by this method with that ob- 
tained with a single-channel pulse analyzer on long period 
samples gives good agreement, both for intensity and energy 
measurements. The method has been used also in the investi- 
gation of the x-rays emitted by about 25 different short-period 
radio-isotopes. 

* Fellow of the Oak Ridge Institute of Nuclear Studies from the Uni- 
versity of Tennessee. 


8. Construction of a Double Solenoidal Beta-Spectrograph. 
R. D. Brrxuorr, University of Tennessee and Health Physics 
Division, Oak Ridge National Laboratory.—The design of the 
solenoidal beta-spectrograph has been studied by DuMond,! 
who has found that for an angle of 45° between magnetic 
field and electron emission direction an optimum condition is 
obtained with respect to usable solid angle and resolution. 
An annular ring slit placed at the ring focus of a point source 
permits a resolution approaching 0.1 percent while a solid 
angle of 1 percent of the total sphere is utilized. 

It was desired to apply these favorable characteristics to 
the problem of measuring the stopping power of matter for 
electrons and positrons. A spectrograph consisting of two of 
the slit systems described by DuMond in series has been 
constructed, the first such system for the purpose of selecting 
a monoenergetic beam of particles from a radioactive source, 
and the second in order to permit a measurement of the energy 
distribution curve of the particles after passing through a thin 
absorber placed on, and normal to, the axis of the solenoid. 
In order to avoid having to change the radii and positions of 
the defining ring slits in the second spectrograph a hemispheric 
electrostatic accelerating chamber has been centered about 
the absorber wherein the energy lost in the absorber is re- 
placed, enabling the particles to proceed through the second 
spectrograph whose energy acceptance can then be identical 
with the first. A cylindrical window GM tube is used to detect 
the particles. 

Preliminary tests with the first section of the spectrograph 
using the conversion lines of Ba™’ indicate a kinetic energy 
resolution of 0.8 percent. Thinner backing materials for the 
source of radiation, and a reduction in diameter of the source 
disk to the required value of 0.4 mm should improve this 
considerably. 


1 J. W. M. DuMond, Rev. Sci. Instr. 20, 160 (1949) and 20, 616 (1949). 


9. Disintegration of 1.7-Year Cs’. CHarLEs L. PEACOCK 
AND JOHN L. Braun, Tulane University.—The disintegration 
of the 1.7-year isomer of Cs has been studied with an 180- 
degree-type magnetic spectrometer. None of our observations 
greatly conflict with the more recent findings of observers 
using magnetic lens type spectrometers. 

Essentially, it was found that the Cs™ beta-distribution is 
composed of two groups. There is a low energy group with a 
maximum energy of 92 kev and a higher energy group with 
a maximum energy of 648 kev. The 92-kev group constitutes 
25 percent and the 648-kev 75 percent of the total number of 
transitions. 

Four gamma-rays were observed having the following 
energies: (1) 558 kev, (2) 600 kev, (3) 800 kev, and (4) 1352 
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kev. The following internal conversion coefficients were found: 
(1) peesss —9.05 X 10-8 (magnetic dipole), (2) rasoo—5.67 X 10-8 
(electric quadrupole), (3) xasoo—3.02 X 10~% (electric quadru- 


pole). 


10. Application of the Ranger to Neutron Energy Distri- 
bution. RayMonp E. Hess anp Davin L. Hitt, Vanderbilt 
University—We shall discuss the sensitivity, resolution, and 
range of observation which the Ranger! provides in the study 
of neutron-energy distributions. A plot of observations on 
the radium-alpha-beryllium spectrum, measured by one of us 
at the Argonne National Laboratory, will indicate the results 
obtained in the study of neutrons under sufficiently intense 
gamma-irradiation to render impossible automatic electrical 
counting and precise energy measurement of proton paths by 
conventional methods. The high resolution and sensitivity of 
the Ranger at low energies has made it evident that less than 
10 percent of the neutrons from Ra-alpha-beryllium are 
emitted with energies less than 200 kev, in contrast with 
many earlier measurements which seemed to indicate a large 
group at low energies. We shall discuss projected use of the 
Ranger in analyzing neutron spectra which further illuminate 
the properties of the C* compound nucleus. 


1D. L. Hill, Phys. Rev. 81, 305 (1951). 


11, Fission Fragment Ionization Levels. JAMEs F. PERKINS 
AND Davin L. Hitt, Vanderbilt University—The core of the 
calculation to determine the “ Bragg curve” for fission frag- 
ments is to establish the mean ionization state of each nuclear 
fragment as it passes with given velocity through the chosen 
medium. We shall discuss the application of statistical atom 
models—the Fermi-Thomas and the Hartree models—to the 
calculation of this ionization level and of the fluctuation 
about it. 

This theoretical treatment of the degree of electron stripping 
from high velocity heavy atoms is useful beyond its value in 
correlating the large amount of experimental material on 
fission ionization. By comparison of these data with the pre- 
dictions of the statistical models, new information may be 
derived on the deep-lying electronic energy states which be- 
come subject to observation after the exceptional stripping 
common to the fission fragments. 


12. The Deuteron Problem under the Hypothesis of an 
Attractive Force with a Repulsive Core. M. P. Bryanrt,* 
University of North Carolina.—Assuming the deuteron to have 
a potential of 

V=0,0<r<n 

V=-— Vo, n<r<r 

V=o, r>r 
where r: is the width of the potential well and r'=7r,;+r2, the 
dependence of rz on the value of r'! was investigated for the 
central force case using the theory of the effective range in 
nuclear scattering due to Bethe. These results were carried 
over to the tensor force case where for a given choice 
of r2, r' being determined from the effective range, Vo and the 
ratio of tensor to ordinary potential were adjusted so as to 
yield correct values for the experimentally known quadrupole 
moment and binding energy. The ranges of values of these 
parameters consistent with less than 6 percent D-state are: 


7: 1.86—1.60-10-" cm 
r2:1.86—1.40-10-" cm 
Vo:33.7 —40.6 Mev. 


Thus if there were a repulsive core, it could not extend 
beyond r=.2-10-" cm. 


* Now at Radcliffe College. 
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13. Spectroscopic Research with Isotopes. J. RAND Mc- 
NALLY, JR., Oak Ridge National Laboratory.—The availability 
of separated natural and radioactive isotopes has presented 
new research problems for atomic spectroscopy. Hyperfine 
structure studies of such isotopes lead to information on the 
mechanical, magnetic, and electric moments of the nucleus 
while isotope spectrum displacements, especially for the heavy 
elements, give information on the optical electron configura- 
tions. Studies on isotopes of lithium, samarium, mercury, 
thorium, and uranium will be discussed. 


14. High Dispersion Measurements on the Infrared Spec- 
trum of Chlorine Monofluoride. Atvin H. NIELSEN AND 
Ernest A. Jones,* K-25 Laboratories, Carbide and Carbon 
Chemicals Division Union Carbide and Carbon Corporation, 
Oak Ridge, Tennessee, and the University of Tennessee.t—In an 
attempt to ascertain whether the vibrational constants of 
Wahrhaftig! or those of Schmitz and Schumacher* were the 
correct ones for chlorine monofluoride, the infrared spectrum 
of this molecule has been investigated with gratings. The 
fundamental and first overtone have been resolved into rota- 
tional lines with spacings of about 1 cm~. Because of the over- 
lapping of the Cl**F and Cl*’F bands it was impossible to 
discover the band centers by usual methods of band analysis. 
A method utilizing the microwave data of Gilbert, Roberts, 
and Griswold,’ has, therefore, been used. A theoretical curve 
for the CIF and Cl*"F fundamentals was drawn using an 
arbitrary band center but the appropriate isotope shift. This 
curve and the experimental record plotted to the same scale 
were compared over a light-box until a fit was achieved. The 
band centers and line identifications were, thus, found. Using 
these band-centers the positions of the rotation lines in the 
overtone were calculated and compared with the experimental 
values. There is excellent agreement between computed and 
observed lines. From the band centers thus determined w, and 
x.w, for C*F and Cl*"F, respectively, were computed to be 
786.34 cm™, 6.23 cm™, 778.82 cm=, and 6.11 cm=. 

* Now at Vanderbilt University, Nashville, Tennessee 

t A Frederick Gardner Cottrell Grant-in-Aid > gratefully acknowledged. 

1A. L. Wahrhaftig, J. Chem. Phys. 10, 248 (19 


2H. Schmitz and H. J, Schumacher, Z. Noturforech 24, 359 (1947). 
3 Gilbert, Roberts, and Griswold, Phys. Rev. 76, 1723 (1949). 


15. Infrared Spectrum of ClO,. P. J. H. Wottz anp A. H. 
NriELtsen, K-25 Laboratories, Carbide and Carbon Chemicals 
Division Union Carbide and Carbon Corporation, Oak Ridge, 
Tennessee and the University of Tennessee.*—The infrared 
spectrum of ClO; has been reinvestigated from 2-20y! and 
extended to 384% using LiF, NaCl, KBr, and KRS-5 prisms in 
Perkin-Elmer spectrometers. Bands were observed at 290, 446, 


941, 1105, 1886, 2032, 2207, 2480, 2982, and 3300 cm™. The 
first four are strong, the next two medium, and the remainder 
weak. 

The 446, 941, and 1105 cm™ bands are believed to be the 
fundamental modes. The 446 and 941 cm™ bands are doublets 
which were resolved into rotational structure with spacings 
of about 3 cm~. The 1105 cm band has PQR type structure 
with PR spacing of approximately 30 cm. These band-shapes 
indicate that ClO, has the least moment on inertia per- 
pendicular to the C; axis. The strong band at 290 cm™ 
appears to have PQR type structure with PR spacing of 
18 cm™. With the currently accepted ClO: structure, this 
band is difficult to explain in the ClO; band system. On the 
other hand, its intensity makes it unlikely that it can be 
attributed to an impurity without expecting other impurity 
bands elsewhere in the spectrum. 

Grating measurements are being made on the 941 and 
1105 cm™ bands. 


* A Frederick Gardner Cottrell grant-in-aid is gratefully acknowledged. 
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16. The Infrared and Raman Spectra of Molybdenum 
Hexafluoride. T. G. BurKE anp D. F. Smita, K-25 Labora- 
tories, Carbide and Carbon Chemicals Division Union Carbide 
and Carbon Corporation, Oak Ridge, Tennessee—The Raman 
spectrum of liquid MoF, and the infrared absorption spec- 
trum of gaseous MoF, in the 2~25y region have been investi- 
gated. The Raman spectrum of the liquid was photographed 
using the Hg 4359A line as parent. The infrared spectrum 
from 2 to 154 and from 15 to 25u was obtained with NaCl 
and KBr prisms, respectively, and further work is in progress 
using a KRS-5 prism to investigate the region from 25 to 40u. 
The frequencies observed in both Raman and infrared investi- 
gations are given below. Raman lines were observed at 322, 
645, 742 cm and infrared bands at 435, 740, 770, 831, 888, 
911, 980, 1020, 1045, 1108, 1140, 1208, 1265, 1381, 1479, 
1875 cm™. 


17. Infrared and Microwave Studies of Nitrosyl Fluoride. 
D. W. MacGnuson, K-25 Laboratories, Carbide and Carbon 
Chemicals Division Union Carbide and Carbon Corporation, 
Oak Ridge, Tennessee, and the University of Tennessee.*—The 
following molecular parameters using symmetric top theory 
were derived from 42 rotational lines resolved in the 766 cm 
band and 27 rotational lines resolved in the 1844 cm™ band 
of NOF by the infrared grating spectrometer. 


¥3 v1 
765.85 cm™ 1844.03 cm™ 
0.7512 0.7499 
— 0.000893 —0.00162 
-+0.00000236 +0.0000275 
2B’ 0.7503 0.7483 
2B” 0.7521 0.7515 


The microwave value of B+C, 0.745635 cm™, is to be com- 
pared with the 2B” values. 

A number of rotational transitions have been observed with 
a Stark modulation microwave spectrometer, and from three 
lines positively identified by the number and intensities of 
Stark components A, B, and C were calculated to be 95,191.73, 
11,843.91, and 10,508.45 mc/sec, respectively. The asym- 
metry parameter « is —0.968460. Calculations are in progress 
to fit additional lines to these parameters. 


Band center 
B'+B” 
B’—B"” 
D’+D" 


* A Frederick Gardner Cottrell grant is gratefully acknowledged. 


18. The Microwave Spectrum of Carbonyl Fluoride. D. F. 
Smitu, M. Tipwe.t, D. V. P. Witttams, S. J. SENATORE, 
K-25 Laboratories, Carbide and Carbon Chemicals Division 
Union Carbide and Carbon Corporation, Oak Ridge, Tennessee. 
—Over 60 lines in the region of 16-32 kilomegacycles have 
been observed for the molecule COF:. Some of these have 
been identified as belonging to the K = 1-+2 or to the K = 2-+3 
rotational Q branches, and have been fitted to values of the 
rotational parameters, (a—c)/2=2966.2 mc/sec, and asym- 
metry parameter K = +.9796, with the axis of smallest mo- 
ment of inertia along the C; axis of the molecule. Some of 
these transitions have been shown to belong to the ground 
vibrational state by noting the increase in intensity on chilling 
to dry ice temperatures, while the J identification for J as 
high as 9 has been made by studies of the Stark structures. 
The anticipated alternation of intensities has been noted 
within the individual Q branches. In addition to these Q 
branches, the 09—1_, line has been observed. 


19. The Microwave Spectra of the Deuterated Methyl 
Halides.* James W. Simmons, Emory University.—The hyper- 
fine structure lines of the pure rotational absorption transitions 
J=0—+1 for CD;Cl and J =1-+2 for CD,Br and CD,lI, all in 
the ground vibrational state, have been measured and yield 
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the following values of vo in mc/sec and Jz in gm-cm?X 10-, 
respectively : for CD;CI**, 21683.75 and 77.3760; for CD3CI*’, 
21316.86 and 78.7078; for CD3Br™, 30858.29 and 108.743; 
for CD;Br®, 30724.93 and 109.215; for CDsI, 24161.13 and 
138.884. The quadrupole coupling coefficient, egQ, for each of 
the halides is slightly less than its value in the corresponding 
normal methyl halide. The effect of the zero-point vibrational 
energy is demonstrated in each molecule by the observed 
value of vo for each molecule being of the order of 90 mc/sec 
higher than the value calculated from structural parameters 
for the corresponding normal methyl halide. 


* Work supported by a Frederick Gardner Cottrell grant and by the 
University Center in Georgia. 


20. Intensity Distribution in 2nd Positive Band System 
of N:. Jesse YounG, EpGAR P. BRIGHTWELL, AND JOSEPH W. 
StRALEY, University of North Carolina.—A Hilger E-1 Quartz 
Spectrograph has been converted to a recording photoelectric 
spectrograph by replacing the plateholder with a carriage 
consisting of a slit and a RCA 1P28 photomultiplier tube. 
Using this apparatus the authors have scanned the 2nd 
positive band system in N». The intensity distribution in this 
system of bands has thus been determined quite accurately 
and compared with that quoted in the literature as well as 
with that predicted by the Franck-Condon Principle. The 
instrument has also been utilized as a monochromator to study 
the intensity variation along the length of the discharge tube. 


21. The Infrared Absorption Spectra of Some Citrus Oils. 
E. Scott BARR AND LUGENE G. HUNGERFORD, University of 
Alabama.—The infrared absorption spectra of one grapefruit, 
7 lemon, 7 lime, and 11 orange oils have been measured over 
the region from 2u to 154. These measurements were made in 
connection with a study of vegetable oils which is being made 


at this laboratory. 

Citrus oils are complex mixtures of relatively complex com- 
pounds. Terpenes (C;oHis) may comprise up to 95 percent of 
these oils, with d-limonene being the main component in 
many of them. The observed spectra are, therefore, very 
similar, particularly in the short wavelength region; differ- 
ences are largely in relative intensity of bands. 

Some of the samples made available to us had a large 
fraction of the terpenes removed, but their removal seems to 
have little effect on the absorption band locations, though 
modifying intensities. 

By comparison of the spectra measured here with known 
spectra of some of the components, a large number of the 
observed bands have been given tentative designations. Only 
a few bands seem definitely characteristic of a particular fruit 
oil. Oils of the same kind, but differing in origin or preparation 
give almost identical spectra. 


22. The Near Infrared Spectrum of Nitrous Oxide with 
Long Absorbing Paths.* R. B. Murray,t Ohio State Uni- 
versity—A 22-meter multiple reflection absorption cell for 
observing infrared spectra of gases with long absorbing paths 
has been constructed. The optical system is that due to J. U. 
White.! The infrared spectrum of nitrous oxide has been 
observed with a prism spectrometer from 1.25 to 2.5u with a 
maximum path length of 554 atmometers. Twenty-six com- 
bination and overtone bands were observed, only three of 
which have been previously reported. Nine of these bands in 
the 1.75 to 2.5-u region were examined under higher resolution 
with a prism-grating spectrometer utilizing a 7200 lines-per- 
inch grating in the first order. The path length used in the 
high dispersion work was 6.3 atmometers obtained in a one- 
meter multiple reflection cell. 

Using previously evaluated vibrational constants (w;°, xix, £22) 
term values for the upper vibrational states were computed. 
On the basis of these term values tentative assignments have 
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been made for all the bands. Better agreement between ob- 
served and calculated values is achieved by computing term 
values from the modified set of constants recently evaluated 
by Herzberg? on the basis of a high resolution study of nitrous 
oxide bands below 1.2u. 

* This work has been sponsored in part by the Geophysical Research 
Directorate of the Air Force Cambridge Research Laboratories through a 
contract with The Ohio State University Research Foundation. 

t Now at the University of Tennessee, — Tennessee. 


1J. U. White, J. Opt. Soc. Am. 32, 285 (194. 
2G. Herzberg and L. Herzberg, J. Chem. a 18, 1551 (1950). 


23. An Infrared Spectroscopic Study of the OH Stretching 
Vibration in Ortho- and Parahydroxydiphenyl. MAry-LovIsE 
Josten, NELSON Fuson, AND CHARLES J. LEE, Fisk Uni- 
versity.—The infrared spectra of several isomeric forms of 
hydroxydiphenyl have been studied both in the solid state 
and in solution in carbontetrachloride. Using a spectrometer 
equipped with a lithium fluoride prism the position and shape 
of the absorption profile in the spectral region associated with 
OH stretching vibrations has been given special attention. 
The experimental results are only partially in agreement with 
those obtained by Richards and Thompson. In the interpreta- 
tion of the results reported in this paper evidence for inter- 
molecular hydrogen bonding of different magnitudes for ortho- 
and parahydroxydipheny! will be discussed. 


1R. E. Richards and H. W. Thompson, J. Chem. Soc., p. 1260 (1947). 


24. An Infrared Spectroscopic Study of the NH Stretching 
Vibrations of Pyrrole, Indole and Carbazole. NELSON Fuson, 
Mary-Louise JOSIEN, AND EMERY UTTERBACK, Fisk Uni- 
versity.—The infrared spectra of pyrrole, indole, and carbazole 
have been studied in both solid state and solution in carbon- 
tetrachloride. Particular attention has been paid to the posi- 
tion and shape of the absorption band corresponding to the 
NH stretching vibration, using a lithium fluoride prism in the 
spectrometer. The experimental results, under higher dis- 
persion than that used in the work of Gordy,' are only partially 
in agreement with the results of Wulf? and Freyman.’ A dis- 
cussion of the interpretation of the results will be given 
against a background of theoretical studies made by Pauling,‘ 
Freyman,' and Lecomte.* 

1W. Gordy and S. C. Stanford, J. Am. Chem. Soc. 62, 497 (1940). 

20, R. Wulf and U. Liddel, J. Am. Chem. Soc. 57, 1464 (1935). 

3M. Freyman, Ann. de Chim. (11th Series) 11, 11 (1939). 


4L. Pauling, J. Am. Chem. Soc. 58, 94 (1936). 
5 J. Lecomte, Bull. Soc. Chimie, France, p. 415 (1946), 


25. Solar Energy Utilization: A Study of Transport Sys- 
tems.* M. S. McCay, Department of Physics, University of 
Chattanooga.—An evaluation of the efficiency of internal re- 
flection conductors for high-intensity beams produced by the 
University’s 20-inch astronomical reflector: the efficiency of 
standard absorption units employing heat-exchanger transport 
systems being limited to low average values, the use of various 
reflection channels for conducting concentrated solar energy 
beams from collectors to convenient storage areas is proposed. 
Factors tested in addition to the light-piping properties of 
various conductors are (1) limiting energy density of the beam, 
(2) nature of internal losses, and (3) collector design. 

* Supported in part by a grant-in-aid from the Committee on Research 


| 0D ai Activity, University of Chattanooga-Carnegie Foundation 
Fun 


26. Osmosis Experiments with Silver Membranes. D. E. 
MATTHEWS* AND F. G. Stack, Vanderbilt University.—Porous 
silver membranes, similar to those described by Skinner and 
Slack,! have been used in osmosis experiments. Solutions of 
sucrose, seven members of a series of polyethylene glycol 
compounds, and some polyvinyl alcohol compounds were used 
in these tests. The osmotic pressures encountered were much 
lower than those calculated from van’t Hoff’s law. This is 
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thought to be due to the fact that the membranes allow 
passage of the solute molecules. Greatest deviations are for 
the smallest molecular weights, as expected. For most of the 
compounds used, the curves of osmotic pressure versus con- 
centration rise rapidly at high concentrations. This is con- 
sistent with previous experimental findings and with the 
theory. The curves of osmotic pressure vs concentration for 
the three smallest polyethylene glycols tend to level off at 
high concentration. These compounds are exothermic when 
going into solution. The heat produced by the combination 
of solute and solvent near the membrane may cause diffusion 
which opposes the usual process and results in a lower osmotic 
pressure. The membranes are considered to be selectively 
permeable to the solutes used but not perfectly semipermeable. 


* Now at The University of Mississippi. 
1W. C, Skinner and F. G. Slack, Phys. Rev. 79, 417 (1950). 


27. Apparatus for Studying the Resistance of Materials to 
Mechanical Shock. T. E. ParpurE,* University of North 
Carolina AND IRwINn ViGNESS, Naval Research Laboratory.— 
In developing apparatus for studying the resistance of ma- 
terials to mechanical shock, consideration must be given to 
the ability of the materials to withstand a relatively small 
number of strain cycles involving large plastic deformations. 
Apparatus will be described which has been used to subject 
materials to components of shock motions, which produce 
deformation typical of field conditions. 


* Now at the Naval Research Laboratory, Washington 25, D. C. 


28. A Method for Measuring Group Velocity of Ocean 
Swell. E. W. Kammer, Naval Research Laboratory, Wash- 


ington 25, D. C.—An experiment is described which permits 
the determination of ocean swell group velocity from mean 
seismic noise levels recorded near shore at widely separated 
points. This seismic noise is most effectively produced by the 


swell near the shore through the periodic forces it exerts on 
the ocean bottom. When averaged over 30-minute intervals, 
the noise level varies in magnitude with the average water 
wave amplitude which in turn is a function of certain variables, 
such as the wind velocity, in the distant storm. Unique modu- 
lation features of this average noise level are recognizable in 
the vibration records of widely separated stations and their 
arrival times together with knowledge of the storm path 
permit evaluation of their group velocity. The swell generator 
in this case was a 1950 season hurricane over the Atlantic 
Ocean east of the Bahama Islands. For the observed surface 
water wave period varying between 9 and 10 seconds a theo- 
retical group velocity of about 15 miles per hour was expected, 
as compared with the 11 miles per hour measured group 
velocity. 


29. A Preliminary Report on the Energy Distribution and 
the Half-Life of the Phosphorescent Spectra of Calcite Induced 
by X-Radiation. Guy FoRMAN AND WALTER H. Kruscuwitz, 
Vanderbilt University.—Natural calcite was irradiated with a 
Be window x-ray tube operating at 20 mils current at a peak 
voltage of 45 kv. The crystals were placed approximately 
2 inches from the target of the x-ray tube during the irradia- 
tion. The light emitted from the crystal due to the x-rays was 
passed through a quartz monochromator to a photomultiplier 
tube whose elements were cooled to near dry ice temperature 
to reduce dark current. The output of the photomultiplier 
tube was amplified by a linear de amplifier and passed on to a 
galvanometer. The light passed through the exit slit of the 
monochromator had a band width of 75A or less. Preliminary 
work shows the maximum energy to be at approximately 
6000A with the intensity dropping to 4 maximum value at 
approximately 5850A and 6150A. Half-life measurements at 
room temperature indicate at least two distinct decay times 
of approximately 1 minute and 10 minutes. 
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30. A Device for Improving Fringes in the Michelson Inter- 
ferometer. Ratpu A. LorinG, University of Louisville —lIf the 
dividing mirror of the Michelson interferometer is not silvered 
two sets of fringes will be formed. These may be formed in 
different planes and so they may be separated if a telescope 
is used for observation. However, there are some circumstances 
under which both sets are desirable. Both sets may be ob- 
served simultaneously without confusion if a grid is placed 
at the collimating lens. Then one-half of the field will contain 
one set of fringes and the other half will contain the other set. 


31. A Negative Transconductance Vacuum Tube. Ray 
KInsLow, Tennessee Polytechnic Institute AND WILLIAM C. 
MEECHAM, University of Michigan.—U nder certain conditions, 
the transfer characteristic curve of a vacuum tube utilizing 
crossed electrostatic and magnetic fields has a region of nega- 
tive slope. The shape of this curve makes the tube useful as a 
phase inverter, frequency doubler, frequency tripler, voltage 
regulator, and high frequency square wave oscillator. Theory 
and characteristics of this tube are discussed. The effect was 
first discovered during the development of an electronic flux- 
meter for the Atomic Energy Commission. Further research is 
now being aided by a research grant from the American 
Association for the Advancement of Science. 


32. Ultrasonic Velocity in Fuming Sulfuric Acid. R. T. 
LAGEMANN AND G. B. DowLinG, Emory University.—The 
velocity of compressional waves has been studied in fuming 
sulfuric acid using a variable-path ultrasonic interferometer 
operated at 500,000 cycles/sec. Because of the corrosive 
nature of the acid, it was necessary to incorporate a glass cell 
in the usual apparatus. Measurements were made at concen- 
trations varying from 98.86 to 106.3 percent and for tem- 
peratures ranging from 10 to 30 degrees. In contrast to results 
on weak aqueous solutions of inorganic salts and acids, it was 
found that there exists a series of maxima and minima in 
the velocity as the concentration is varied. The relation of 
these to inflection points in other physical properties of the 
concentrated acid will be pointed out. Although these findings 
are unique, the variation of velocity with temperature is linear 
at each concentration, as is commonly the case. The effect 
on ultrasonic velocity caused by the introduction of an isotopic 
atom into the molecule will be discussed and results given 
for pure, completely deuterated sulfuric acid, acetic acid and 
benzene. 


33. Currents Induced by Moving Charges. BLANp B. 
Houston, JR., AND I. Biocu, Vanderbilt University.—The 
principle of conservation of energy has been used to supple- 
ment the usual circuit equations in a calculation of the pulse 
from a parallel-plate ionization chamber. It appears that the 
principle may serve a similar purpose in other systems in 
which induced charges are important. 


34. A Continuous Indicating Magnetic Flux Meter. WILLIAM 
R. RATHKAMP, Oak Ridge National Laboratory.—lf an alter- 
nating current is passed through a conductor in a magnetic 
field, a small vibration with an amplitude proportional to the 
field strength will result. By measuring the amplitude of this 
vibration electrically, an output signal can be obtained pro- 
portional either to the first or second power of the magnetic 
field strength. Construction and operational details will be 
discussed. 


35. Evaluation of Vacuum Gasket Materials. C. E. Nor- 
MAND AND WILLIAM R. RatTHKAMP, Oak Ridge National 
Laboratory.—A number of vacuum gasket materials have been 
given a qualitative vapor pressure rating by pumping on 
samples with a high vacuum system of low pumping speed, 
and plotting ion gauge pressure against time. Test results and 
details of equipment and procedure will be presented. 
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36. The Anomalous Dispersion of Water at 35,000 Mc. 
RoBerRT E. HoneR, Georgia Institute of Technology—The 
index of refraction (m) and the absorption coefficient (k) of 
water were determined by experimental measurements at a 
frequency of 35,000 Mc. From these experimental values the 
complex dielectric constant, e’—je’’, water was determined 
from the expression e’ —je’’ = (m —jk)*. The power source was a 
reflex klystron modulated by a 2.5 ke square wave. The 
attenuation between two horns submerged in water was 
measured, as the horn separation was varied, by the use of a 
calibrated attenuator and a crystal detector whose output 
was amplified in a high gain amplifier. Observations were 
made at intervals of 5 degrees over a temperature range of 
0°-50°C. 

The object of the measurements was to provide experi- 
mental verification of the Onsager modified equations relating 
to the electrical properties of dipolar liquids. The data ob- 
tained fill a gap in existing observations. 


37. Calculations on Distributions of Lattice Vibration Fre- 
quencies. JAMEs D. ALEXANDER AND GRIFFIN CARMICHAEL,* 
University of North Carolina.—We have calculated the fre- 
quency distributions of lattice vibrations into a “fourth 
dimension,’ for nearest neighbor interactions in the case of 
simple cubic, face central, and body central lattices. In each 
of these cases the calculation can be reduced to a quadrature. 
The results are closely related to Mott’s* results for the 
distribution of electronic levels in narrow bands for simple 
cubic and body centered lattices. We have also investigated 
the effect on the distribution of introducing next nearest and 
second nearest neighbor interaction in the simple cubic case. 
The “effective Debye temperature” resulting from distribu- 
tions of these types shows a decrease with temperature. 

* Now in United States Army. 

1W. A. Bowers and H. B. Rosenstock, J. Chem. Phys. 18, 1056 (1950). 


2 Mott and Jones, Theory of the Properties of Metals and Alloys (Oxford 
University Press, 1936), p. 84. 


38. X-Ray Studies of Cadmium Selenide Transition Layers 
in Dry Disk Rectifiers. Paut B. Pickar anp LLoyp W. 
Morris, Louisiana State University—During the forming 
process in selenium dry disk rectifier manufacture, chemical 
transition layers are shown to appear between the selenium 
and the counter-electrode for several different types of counter- 
electrodes. The interfacial layer will be cadmium selenide 
when a cadmium counter-electrode is used, as was the case 
in the disks of local fabrication. The cadmium selenide layer 
appears during the electro-forming process, under particular 
current and temperature conditions. X-ray diffraction tech- 
niques were used both in the discovery of this layer and in 
the study of the laws of its growth. Curves of selenide layer 
thickness against time of growth have been plotted for various 
constant forming currents and temperatures. With the passage 
of time, the thickness approaches a limiting value which varies 
with current and temperature. A theory has been proposed by 
Dr. George Jaffé which gives a descriptive account of the 
formation and growth of this layer. Experimental results are 
in good agreement with the predictions of the theory. 

This work was supported by the Signal Corps under a Dry 
Disk Rectifier Contract. 


39. Verification of the Value of the Standard Gamma-Ray 
r-Unit with a Thimble Type Ion Chamber. E. B. DARDEN, JR., 
AND C. W. SHEPPARD, Biology Division, Oak Ridge National 
Laboratory.—A redetermination of the ionization intensity due 
to y-radiation from a radium source filtered by 0.5 mm 
platinum has been made with a thimble type y-ray standard 
ion chamber. The mean of four determinations with various 
strength sources yielded a value of 0.838 rhm per gram of 
radium in agreement with the accepted figure. The spread 
was +2.0 percent. Ion current was determined by measuring 
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with a vibrating reed electrometer the JR drop across a 
standard high-impedance resistor. Conversion to the proper 
units by means of the Bragg-Gray principle, appropriate 
corrections for absorption and scattering in the platinum 
filter, and corrections for the deviations of the chamber wall 
material from conditions of exact air equivalence were made 
in accordance with established procedures. 

The special construction of the chamber enables it to be 
employed also as a y-ray dosimeter both for biological ma- 
terial exposed to an open beam and for determining exposure 
intensities in tissue or tissue equivalent media inside dis- 
tributed type sources. 


40. X-Ray Analysis of Electrets. L. H. Ropinson* AND 
C. A. REED, Clemson College.—Electrets were produced in 
lucite cylinders which made it possible to obtain, during the 
production, a uniform electric field largely concentrated in the 
space between tin-coated brass electrodes. Carnauba wax and 
rosin solidified at different cooling rates in an electric field of 
about 12,000 volts/cm. 

X-ray diffraction patterns of the finished electrets were 
made using a flat cassette. When a section of the electret 
was placed so that the x-ray beam was perpendicular to 
the electric field which had been applied, broadening of the 
diffraction rings occurred on an axis perpendicular to the x-ray 
beam and parallel to the electric field. When the section of 
the electret was placed so that the x-ray beam was parallel 
to the electric field, an extra diffraction ring was observed 
just inside the two sharp rings which had been attributed to 
the Carnauba wax. 

X-ray patterns were found to be the same for electrets of 
different strengths. This is in agreement with the statement of 
Good and Stranathan!' that the homocharge is independent of 
the crystalline structure. 


* Now at North Carolina State College. 
1W. M, Good and J. D. Stranathan, Phys. Rev. 56, 810 (1939). 


41. Mass Spectrometer Studies of the Dissociation of some 
Metal Carbonyls. RussELL BALDOCK AND JOHN R. SITEs, 
Oak Ridge National Laboratory—A mass spectrometer has 
been used to study the ionization and dissociation properties 
of a number of compounds proposed for use in the production 
of positive ions by an electric arc operating in a magnetic 
field. From a study of the ion fractions formed by slow elec- 
trons, general predictions can be made concerning the yield 
of singly charged metal ions from the arcs. Data will be 
presented on the dissociation properties of several metal 
carbonyls. 


42. Ionization and Dissociation Studies by Means of a 
Mass Spectrometer. JoHN R. SITES AND RusSsELL BALDOcK, 
Oak Ridge National Laboratory.—Data on the mass fragments 
produced by slow electron bombardment of various compounds 
and the appearance potential of the singly charged metal ion 
involved will be presented and discussed. 


43. The Mass Spectrometric Analysis of a Series of Or- 
ganic-Phosphorous Compounds.* RAYMOND BRANNON, JAMES 
DoziER, AND HowarD Carr, Alabama Polytechnic Institute — 
60° Nier-type mass spectrometer has been used to study the 
ions formed by electron bombardment of ethyl dichloro- 
phosphate, diethyl chlorophosphate, and triethyl phosphate. 
Electrons of 70 volts energy were used in a Winn-Nier! ion 
source. The mass spectra of the compounds and the appearance 
potentials of the major ions will be given. 


* This research was supported in part by the AEC. 
1E. B. Winn and A. O. Nier, Rev. Sci. Instr. 20, 773 (1949). 


44. Construction and Operation of a Constant Volume 
Extrapolation Chamber. T. E. BoRTNER, Oak Ridge National 
Laboratory.—Construction of the more or less conventional 
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type of variable volume extrapolation chamber has been 
refined in this laboratory:to permit ionization measurements 
of high precision and reproducibility near the surfaces of many 
alpha- and beta-emitting materials. However, this type of 
chamber is inherently limited in accuracy with low ionization 
due to either use with weak sources or the small volumes 
resulting from extrapolation to very small distances from the 
emitting surface. 

A constant volume chamber has proven easier to use and 
equally satisfactory as far as results are concerned. The ioniza- 
tion chamber is similar to the variable volume one, but is 
enclosed in a brass and Lucite container which is vacuum and 
pressure tight. The electrode separation may be adjusted to 
the linear part of the extrapolation curve, the effective volume 
measured electrostatically and left at that point. Extrapolation 
is then achieved by varying the air pressure. 

Using a carbon collector, the total rate of ionization in air 
from natural uranium is 14.4 esu/cm*/hr. With the alpha 
filtered out, the rate of ionization due to the residual radiation 
(principally beta) is 0.24 esu/cm*/hr. Agreement by the two 
methods is excellent. 


45. A Recording Photo-Electric Nephelometer. N. UNDER- 
woop* AND A. H. DoERMANN, Biology Division, Oak Ridge 
National Laboratory.—A recording Nephelometer has been 
designed and constructed for measuring bacterial suspensions 
without disturbing their growth by the measurements. Four 
nephelometer housings are placed in an incubator and are 
connected by a sequence switch every 30 seconds to an 
amplifier, whose output operates a Brown recorder. Photo- 
multiplier tubes are used so that adequate illumination is 
obtained from a pen-light flash light bulb operated at about 
one-half voltage. The switch which connects the nephelometers 
in sequence to the amplifier also turns the lights and aeration 
off and on appropriately. Light scatter standards that are 
relatively permanent and scatter throughout their volume 
were made by incorporating a fraction of a milligram per ml 
of a fine powder (titanic acid) into a plastic (Castolite). The 
light scatter standards are made in test tubes the same size 
as the bacterial growth tubes. 


* Now at N. C. State College. 


46. Photoelectric Photometry of Two Eclipsing Stars. C. K. 
SEYFERT AND E. E. Mason, Vanderbilt University.—New light 
curves of the eclipsing stars SV Camelopardolis and AK 
Herculis have been obtained with a refrigerated 1P21 photo- 
multiplier tube attached to the DeWitt 12-in. telescope. Times 
of minima verify the fact that SV Cam decreased its period 
sometime after 1941. 

The light curve of SV Cam represents a total eclipse and 
that of AK Herc a partial eclipse. For both systems the larger 
star has the greater surface brightness and all 4 stars are 
tidally distorted into ellipsoids. Partially darkened solutions 
of the two systems combined with spectroscopic data from 
other sources gave the following results. 

SV Cam AK Herc 
Distance between centers 

of stars 

Mean radius of larger star 
Mean radius of smaller star 
Mass of larger star 
Mass of smaller star 
Density of larger star 
Density of smaller star 


2.67 X 10° km 
1.05 K 10® km 
0.67 X 10° km 
2.60 X 10" g 
1.65 10* g 
0.54 g/cm? 
1.31 g/cm? 


1.23 X 10° km 
0.68 X 10° km 
0.43 X 10® km 
0.50 10" g 
0.34. 10% g 
0.37 g/cm* 
1.00 g/cm? 


47. Theories of Relativity. NATHAN RosEN, University of 
North Carolina.—lIf one is dealing with a homogeneous iso- 
tropic medium in which some phenomenon takes place with 
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which is associated a limiting speed c’ (such as that of wave 
propagation) and which is described by field equations which 
can be made covariant under linear transformations of the 
coordinates and time, then it is possible to set up a c’-rela- 
tivity theory analogous to the Einstein (c-relativity) theory 
but with the speed c’ playing the fundamental role in place 
of c, the speed of light in vacuo. This c’-relativity will have a 
limited domain of validity, but within this domain it can be 
useful in providing a conceptual framework for the description 
of phenomena. Thus, for different phenomena in different 
media one can have many different theories of relativity. Of 
these, the Einstein theory occupies a distinguished position 
in that it embraces the widest range of phenomena. Examples 
of c’-relativity theories are discussed, in particular, the one 
appropriate to the Maxwell equations for a homogeneous 
isotropic dielectric. 


48. Energy Characteristic States of the Bounded Electron 
in a Uniform Magnetic Field. D. J. Besptn, Alabama Poly- 
technic Institute—A formal solution is given for the charac- 
teristic energies and wave functions of an electron confined in 
a circular cylinder in the presence of a uniform magnetic 
field H in the direction of the cylinder axis. The wave functions 
are required to vanish at the walls of the cylinder. The 
Schroedinger equation for the characteristic states is separable 
in cylindrical coordinates with 


(m=0, +1, +2, ---) 
(n=1, 2, 3, ---), 
where L is the eae se and f(r) satisfies the — 
d*f(r) sigh ny 2mHe e&H*r* 
dr? ar dr 


E is a possible energy and E, the part of it due to motion in 
the direction of H. E and f(r) are obtained as series in H, 
but only the coefficients of terms through H? are available in 
closed form. 


v(r, 8, 2) =sin~eimtf(r) 


49. Nuclear Radius and Semi-Empirical Formula. Martin 
L. Gursky AND Davip L. Hitt, Vanderbilt University.—We 
shall review the previous determination of constants in the 
familiar semi-empirical formula for nuclear energy, 


M(Z, A)=BA+(M,—M,)z+427r70Al 
3e? | ay 
Y= FIA7+4+—1 7 
+55a"A +4 Z > +4, 


and compare the results so obtained for the coefficients of 
the fourth and fifth terms, with the results now available 
through analysis of the beta-decay chains measured in recent 
years. We shall suggest a possible new choice of the constants 
in the formula which will be consistent with these new data 
and which will also give a closest approximation to the mass 
defects and the Z-stability line of the known nuclei of atomic 
weight greater than 50. Other criteria to be considered are its 
predictions of fission energy release and photo-fission threshold 
energy values. 

The presently available beta-decay energies suggest a large 
fluctuation of the nuclear radius about the value, R=roA}. 
We shall comment on the bearing of this apparent fluctuation 
on the validity of the statistical model of the nucleus, and 
we shall indicate the nuclear species for which beta-spectra 
should be more closely exiamned to strengthen or dissolve this 
suggestion. 


50. The Random Walk Problem in Relation to the Physi- 
ology of Circulatory Mixing. C. W. SHEPPARD AND L. J. 
SavaGE, Oak Ridge National Laboratory, Biology Division.—An 
understanding of the mechanics of circulatory mixing is of 
basic importance in many branches of mammalian physiology. 
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When a quantity of dye or radio-actively labeled material is 
injected suddenly into the bloodstream it becomes rapidly 
mixed. Uniform concentration is reached usually in less than 
a minute. A big contribution to the randomizing process is 
the passage through capillary beds. Here the inflowing blood 
is separated into a very large number of minute slugs. The 
large spread in the times of traversal for these slugs produces 
a wide dispersal of the injected material. As a first approxi- 
mation to a theoretical treatment the process is compared to 
that of the random walk superimposed on a uniform drift rate. 
The resulting expression is in good agreement with experi- 
mental data. Where the dispersing effect is not too great the 
theory predicts an approximately log-normal distribution in 
time of outflowing tracer. 


51. The Quadrupole Moment and Magnetic Moment of the 
Li’ Nucleus. S. C. CHEN AND R. D. PRESENT, University of 
Tennessee.-—The experimental quadrupole moment appears to 
be positive (Q~2X10-* cm?) and the magnetic moment yg is 
accurately known to be 3.257 nm. The unexpected result for Q, 
opposite in sign to that predicted for a *P3/2(3) ground state, 
has been previously explained in two different ways (a)! by 
admixture to *P3/2(3) of other states arising from the 2p con- 
figuration with symmetries (2+1) and (1+1+1), (b)? by 
admixture of P(3) and D(3) states from the higher configura- 
tions 2p*3p and 2p*4f. In case (b) P states alone suffice to 
explain a small, positive Q and 7. =3.123 nm. If Q is as large as 
2X 10-** cm*, both cases (a) and (b) require uw to be consider- 
ably smaller than 3.257 nm, the difference being probably 
much larger than the exchange moment could account for 
(if it had the right sign). We have combined the previous 
treatments (a) and (b) to give a wave function of 13 terms; 
the maximum Q is found to be 3.4 10-* cm* and the maxi- 
mum yu is 3.80 nm. Calculations are in progress with the 13 
term function to determine the maximum value of Q com- 
patible with the experimental value of yu. 


1R. Avery and C. Blanchard, Phys. ae 78, 704 (1950). 
?R. D. Present, Phys. Rev. 80, 43 (1950). 


52. Drift Velocity of Electrons in Argon. P. R. BELL, W. H. 


JORDAN AND R. C. Davis, Oak Ridge National Laboratory.— 
Previous measurements of the drift velocity of electrons in 
argon have shown wide discrepancies in the values obtained. 
The purity of the argon is an important factor. We have used 
spectroscopic argon purified by hot calcium and copper oxide 
in an ionization chamber. The time required to collect the 
electrons produced by a fission fragment was measured on an 
oscilloscope. Curves showing the collection time as a function 
of Z/p, the electric field strength per unit of gas pressure, are 
presented. The measured drift velocities vary from 0.1 X 10* 
cm/sec at low fields up to 0.33X10* at a Z/p of 0.3 volt/ 
cm/mm Hg. The effect of adding small amounts of known 
impurities to the argon has been investigated. 


53. The Motion of a Conducting Sphere in a Uniform Mag- 
netic Field. Joun Ropert SHEWELL, Alabama Polytechnic 
Institute —The motion of a solid isotropic conducting sphere 
in a uniform magnetic field is determined in terms of the 
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initial angular velocity about the center of mass, the initial 
velocity of the center of mass of the sphere through space, 
and the time. The currents due to translational and rotational 
motion are independent, so the force and torque equations 
can be separated. These equations are solved. The general 
motion of the sphere and two special cases will be discussed. 


54. A Wilson Cloud-Chamber Study of Low Energy Elec- 
tron Pairs. A. P. Bripncrs, D. A. Cowan, AND J. I. Hopkins, 
Vanderbilt University.—A cylindrical, rubber diaphragm cloud 
chamber, filled with helium gas and ethyl alcohol-water vapor, 
was used to study the electron-positron components of low 
energy pairs. Wide angle stereoscopic pictures were taken of 
the electron-positron tracks produced within the chamber by 
the gamma-rays from Na*™. A low Z gas, helium, and thin, 
.9 mg/cm*, gold foils were used to reduce scattering. A study 
of the energy and angular distributions of the electron- 
positron pairs is being made. A report on progress of this 
work will be made. 


55. Methods of Projection of Stereoscopic Pictures. D. A. 
Cowan AND A. P. BripGes, Vanderbilt University.—An accu- 
rate determination of the inclination angles of cloud-chamber 
tracks has been accomplished by the use of wide-angle 
stereoscopic pictures. Three methods of projection have been 
used; the one best suited for faint tracks is described here. 
Tracings of each image of a track are superimposed on a 
plane representing the center of the chamber; the actual 
projection of the circular track in this plane is accomplished 
with the aid of a special device. Since the elevation of any 
point on the track is a function of the distance separating the 
two images of that point, the inclination angles are easily 
calculated. 


56. Single-Channel Analyzer. J. E. FRANCIS, JR., AND P. R. 
BELL, Oak Ridge National Laboratory.—A single-channel ana- 
lyzer has been built for measuring the energy spectrum ob- 
tained from scintillation counters and proportional counters. 
This analyzer has the advantage of using fewer tubes and 
components than preceding models! without sacrificing pre- 
cision. The analyzer contains a ‘“‘window” amplifier followed 
by two pulse height selectors, a memory circuit, and an anti- 
coincidence circuit. The window amplifier amplifies a segment 
of the pulse distribution. The “lower’’ pulse height selector is 
biased to trigger on very small pulses from the amplifier. The 
output from this selector is used to turn on the memory circuit. 
This output is also differentiated to obtain a pulse marking 
the end of the input pulse. This pulse is used to hold on the 
memory circuit and is also fed into the anti-coincidence circuit. 
The “upper’’ pulse height selector triggers only if the output 
from the amplifier is above a certain value. The pulse from 
this selector is fed into the memory circuit. The memory 
circuit’s signal is fed into the anti-coincidence circuit which 
permits the lower selector’s differentiated pulse to pass if there 
is no memory signal. 

' Francis, Jr., Bell and Gundlach, Phys. Rev. 79, 418(A) (1950). W. C 


Elmore and M. Sands, “ Electronics," ““‘ Experimental Techniques,"’ NNES, 
Vol. 1 (McGraw- Hill Book Company, N. Y. 1949). 
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